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Abstract

In this project, I introduce a new Suzuki type generalized (ψ − φ)-weak proximal con-
traction mappings in metric space and prove the existence of the best proximity point
for such mappings in a complete metric space. I provide examples to illustrate the
result.My result extends some of the results in the literature.
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Chapter 1

Introduction

In nonlinear functional analysis, fixed point theory and best proximity point theory
play an important role in the establishment of the existence of a certain differential and
integral equations. As a consequence, fixed point theory is very match useful various
quantitative science involve such equation.
A wide variety of problems arising in different areas of pure and applied mathematics,
such as differential equations, discrete and continuous dynamic systems and variation
analysis, can be modeled as fixed point equation of the form Tx = x. On the other
hand if T is a non self mapping, the given equation dos not necessarily have a fixed
point.

Definition 1.0.1. Let X be any nonempty set and d : X ×X → R is called metric if
satisfies the following conditions.

i. d(x, y) ≥ 0 ∀x, y ∈ X,

ii. d(x, y) = 0 iff x = y,

iii. d(x, y) = d(y, x) ∀x, y ∈ X,

iv. d(x, y) ≤ d(x, z) + d(z, y) ∀x, y, z ∈ X.

If d is metric,then the pair (X, d) is metric space.

Example 1.0.1. If we let d(x, y) = |x− y| , (R, d) is a metric space.

Definition 1.0.2. Let (X, d) be a metric space and Let T : X → X be any map. The
map is called contraction if there exists k ∈ [0, 1) such that d(Tx, Ty) ≤ kd(x, y)∀x, y ∈
X.

Example 1.0.2. Let X = R, d(x, y) = |x− y| , Let T : X → X by Tx = x
3
. Then T

is a contraction mapping.

Definition 1.0.3. Let X be any nonempty set and T : X → X be any map.A point
x ∈ X is said to be fixed point of T if T (x) = x.

Example 1.0.3. Let X = [0, 1) and Tx = x
3

then 0 is a fixed point of T .
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Definition 1.0.4. Let (X, d) be metric space, a sequence {xn}in X said to be a Cuachy
sequence if for any ε > 0, there exists NE such that d(xn, xm) < ε for all n,m ≥ NE

Definition 1.0.5. We say that a metric space (X, d) is complete, if every Cauchy
sequence has a limit in X i.e, every Cauchy sequence converges to an element in X

Definition 1.0.6. A function ψ : [0,∞)→ [0,∞) is called an altering function if the
following properties are satisfied:

i) ψ is monotone increasing and continuous;

ii) ψ(t) = 0 if and only if t = 0.

In 2015, Shyam et al.[13], introduced a new class of contraction mappings called
generalized weak contractions for self mappings in metric space and in their work they
extend Suzuki theorem [14].
In this project motivated and inspired by Shyam et al.[13], I introduced the notion of
a generalized Suzuki type(ψ− φ)-weak proximal contraction mappings in metric space
and proof a best proximity point results for Suzuki type generalized (ψ − φ)-weak
proximal contraction mappings in metric space.

1.1 Statement of problem

This project focused analysis on the existence of best proximity point results for Suzuki
type generalized(ψ − φ)-weak proximal contraction mappings in metric space and it
focused on analysis the uniqueness of best proximity point results for Suzuki type
generalized(ψ − φ)-weak proximal contraction mappings in metric space.

1.2 Objectives of the project

1.2.1 General Objectives of the study

The main objectives of this project is to proof best proximity point results for Suzuki
type generalized(ψ − φ)-weak proximal contraction mappings in metric space.

1.2.2 Specific Objectives of the study

1. To proof the existence of the best proximity point results for Suzuki type gener-
alized( ψ − φ)-weak proximal contraction mappings in metric space.

2. To proof the uniqueness of best proximity point results for Suzuki type generalized
( ψ − φ)-weak proximal contraction mappings in metric space.

3. To provide an example that supports the main result.

1.3 Significance of the study

It will help other researchers in this particular field of study in the feature as a reference
and the outcome of this project make contribute to project activities on study area.
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1.4 Delimitation of the study

This project delimited to finding the best proximity point results for Suzuki type
generalized(ψ − φ)-weak proximal contraction mappings in metric space.
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Chapter 2

Literature Review

Many problems can be formulated as equations of the form Tx = x, where T is a
self-mapping with some suitable domains. From the fact that fixed point theory plays
an important role in furnishing a uniform treatment to solve various equations of the
form Tx = x, however, in the case that T is non-self-mapping, the given equation does
not necessarily have a fixed point. In such case, it is worthy to determine an approx-
imate solution x such that the error d(x, Tx) is minimum. This is the idea behind
best approximation theory. A classical best approximation theorem was introduced
by Fan[2]; that is, if A is a nonempty compact convex subset of a Hausdorff locally
convex topological vector space B and T : A→ B is a continuous mapping, then there
exists an element x ∈ A such that d(x, Tx) = d(Tx,A). Afterwards, several authors,
including Prolla [7], Reich [9], and Sehgal and Singh [12] , have derived extensions of
Fans Theorem in many directions. A number of authors have improved, generalized
and extended this basic result either by defining a new contractive mapping in the
context of a complete metric space or extends best proximity results from fixed point
theory(see [3],[6],[10][11]).

In this project, I extend the concept of generalized weak contraction type map-
pings to the case of non self mappings. In particular we study the existence of best
proximity points for generalized Suzuki type (ψ, φ)- weak proximal contraction map-
pings in metric space. Further I present several consequences of our obtained results.

Let A and B be two nonempty subsets of a metric space (X, d). We use the
following notations:
We write
d(A,B) = inf{d(a, b) : a ∈ A, b ∈ B},
A0 = {a ∈ A : d(a, b) = d(A,B) for some b ∈ B};
B0 = {b ∈ B : d(a, b) = d(A,B) for some a ∈ A}.

Remark 2.0.1. If A = B then A0 = A = B = B0.

Definition 2.0.1. An element x∗ ∈ A is said to be a best proximity point of the non-
self mapping T : A → B if it satisfy the condition that d(x∗, Tx∗) = d(A,B). We
denote the set of all best proximity points of T by PT (A), that is: PT (A) = {x ∈ A :
d(x, Tx) = d(A,B)}.

4



In [4], J. Hamzehnejadi, R. Lashkaripour introduced a property known as RJ-property
and proved best proximity results. The property is as follows.

Definition 2.0.2 (4). Let A and B be two nonempty subsets of a metric space (X, d)
and T : A → B be a mapping. We say that T has RJ-property if for any sequence
{xn} ⊂ A,

limn→∞ d(xn+1, Txn) = d(A,B)
limn→∞ xn = x

}
⇒x ∈ A0.

Remark 2.0.2. [4] Every continuous mapping has RJ- property.

Example 2.0.1. Let A and B two nonempty closed subsets of metric space (X, d)
and T : A → B be a continuous mapping. Let limn→∞ d(xn+1, Txn) = d(A,B)
and limn→∞ xn = x. Since T is continuous. limn→∞ Txn = Tx. This implies that
d(x, Tx) = limn→∞ d(xn+1, Txn) = d(A,B). Therefore x ∈ A0 which implies that T
has the RJ-property.

The following lemma is proved by Babu and Sailaja in [1].

Lemma 2.0.1. [1] Suppose that (X, d) is a metric space. Let {xn} be a sequence in
X such that d(xn, xn+1) → 0 as n→∞. If {xn} is not a Cauchy sequence, then there
exists an ∈> 0 and sequences of positive integers {mk} and {nk} with mk > nk > k
such that d(xmk

, xnk
) ≥ ε, d(xmk−1

, xnk
) < ε and

i): limk→∞ d(xmk−1
, xnk+1

) = ε,

ii): limk→∞ d(xmk
, xnk

) = ε,

iii): limk→∞ d(xmk−1
, xnk

) = ε.

Remark 2.0.3. By using the hypotheses of lemma 2.0.1 and triangular inequality it
can be shown that limk→∞ d(xmk+1

, xnk+1
) = ε, limk→∞ d(xmk

, xnk+1
) = ε and

limk→∞ d(xnk
, xmk+1

) = ε.

Definition 2.0.3. A function T : X → [0,∞) where X is a metric space is called
lower semi-continuous if for all x ∈ X and {xn} ⊂ X with limn→∞ xn = x,
we have T (x) ≤ limn→∞ infT{xn}.

Let ψ denote the class of all functions ψ : [0,∞)→ [0,∞) which satisfy the following
conditions:

(a) ψ is monotone non-decreasing;

(b) ψ is continuous;

(c) ψ(t) = 0 ⇐⇒ t = 0,

further let φ is denote the class of all functions φ : [0,∞) → [0,∞) which satisfy the
following conditions:
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(a) φ is lower semi-continuous function;

(b) φ(t) = 0 ⇐⇒ t = 0.

.
The following theorem is proved by Shyam et al in [13]

Theorem 2.0.1. Let X be a complete metric space. T : X → X be self map such that
for every x, y ∈ X,
1
2
d(x, Tx) ≤ d(x, y) implies ψ(d(Tx, Ty)) ≤ ψ(Mg(Tx, Ty))− φ(Mg(Tx, Ty)),

where
ψ ∈ Ψ, φ ∈ Φ and Mg(Tx, Ty) = max{d(x, y), d(x, Tx), d(y, Ty), d(x,Ty)+d(y,Tx)

2
}.

Then T has a unique fixed point.

More can be read from [13] and the references therein.
In this project, I propose new types of Suzuki type proximal maps to prove best prox-
imity point results.
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Chapter 3

Project Methods

3.1 Study area

Wolkite university under department of mathematics from April, 2021 to July, 2021.

3.2 Project design

This project employed analytical method of design.

3.3 Source of information

The research considered a secondary data such as article, research journals, books
related to best proximity point results for suzuki type generalized(ψ−φ)-weak proximal
contraction mapping.

3.4 Project procedures

In this project the procedure that the researcher followed is the standard procedures
used in the published work of K.K.M Sarma and Yohannes Gebru Aemro, (2017).
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Chapter 4

Result and Discussion

4.1 Main Result

I now introduce the following definition.

Definition 4.1.1. Let A and B be two nonempty subsets of a metric space (X, d). A
mapping T : A → B is said to be a generalized Suzuki type (ψ − φ)- weak proximal
contraction mappings in metric space if there exists ψ ∈ Ψ and φ ∈ Φ such that for all
x, y, u, v ∈ A,

1
2
d(x, u) ≤ d(x, y)

d(u, Tx) = d(A,B)
d(v, Ty) = d(A,B)

⇒ ψ(d(u, v)) ≤ ψ(MT (x, y, u, v))− φ(MT (x, y, u, v)), (4.1)

where
MT (x, y, u, v) = max{d(x, y), d(x, u), d(y, v),d(x,v)+d(y,u)

2
}.

Now we prove the following theorem, which extends, improves and generalizes some
of the results in the literature on best proximity points.

Theorem 4.1.1. Let A and B be two nonempty, closed subsets of a complete metric
space (X, d). Let T : A → B be a mapping. Suppose that the following conditions are
satisfied:

i): T is a generalized Suzuki type (ψ − φ)-weak proximal contraction mapping;

ii): T (A0) ⊆ B0;

iii): T has RJ-property;

iv): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).
Then T has a unique best proximity point.

Proof. Let x1, x0 ∈ A be such that d(x1, Tx0) = d(A,B). Then by the definition of A0

we have that x1 ∈ A0. Since x1 ∈ A0 and T (A0) ⊆ B0 there exists x2 ∈ A0 such that
d(x2, Tx1) = d(A,B). Again x2 ∈ A0 and T (A0) ⊆ B0 imply that there exists x3 ∈ A0

such that d(x3, Tx2) = d(A,B).
On continuing this process, by induction, we construct a sequence {xn} such that

d(xn+1, Txn) = d(A,B) for all n ∈ N. (4.2)

8



Now for any n ∈ N we have
1
2
d(xn−1, xn) ≤ d(xn−1, xn);
d(xn, Txn−1) = d(A,B);
d(xn+1, Txn) = d(A,B).

Since T is a generalized Suzuki type ( ψ − φ )-weak proximal contraction mapping we
have that

ψ(d(xn, xn+1)) ≤ ψ(MT (xn−1, xn, xn, xn+1))− φ(MT (xn−1, xn, xn, xn+1)), (4.3)

where

MT (xn−1, xn, xn, xn+1) = max{d(xn−1, xn), d(xn−1, xn), d(xn, xn+1),
d(xn−1, xn+1) + d(xn, xn)

2
},

= max{d(xn−1, xn), d(xn, xn+1),
d(xn−1, xn+1) + d(xn, xn)

2
}. (4.4)

Suppose that there exists n0 ∈ N such that xn0+1 = xn0 .
Then by 4.2, we have d(xn0 , Txn0) = d(xn0+1, Txn0) = d(A,B).
This implies xn0 is best proximity point of T .
Suppose xn+1 6= xn for any n ∈ N .
Now from triangular inequality we have
d(xn−1, xn+1) ≤ d(xn−1, xn) + d(xn, xn+1).
so that

d(xn−1, xn+1)

2
≤ max{d(xn−1, xn), d(xn, xn+1)}. (4.5)

From 4.4 and 4.5 we have MT (xn−1, xn, xn, xn+1) = max{d(xn−1, xn), d(xn, xn+1)} , for
any n ∈ N .
If MT (xn−1, xn, xn, xn+1) = d(xn, xn+1) for some n ∈ N ,
applying 4.3, we deduce that
ψ(d(xn, xn+1)) ≤ ψ(d(xn, xn+1))− φ(d(xn, xn+1)).
This implies φ(d(xn, xn+1)) = 0. From the property of φ, we get that d(xn, xn+1) = 0.
Consequently xn = xn+1, which is not true. Thus, we conclude that

MT (xn−1, xn, xn, xn+1) = d(xn−1, xn) for all n ∈ N. (4.6)

Now from 4.3 and 4.6, for all n ∈ N we get

ψ(d(xn, xn+1)) ≤ ψ(d(xn−1, xn))− φ((d(xn−1, xn)), (4.7)

< ψ(d(xn−1, xn)).

Since ψ is non-decreasing from the above inequality we get that

d(xn, xn+1) < d(xn−1, xn) for all n ∈ N. (4.8)

Therefore the sequence {d(xn, xn+1)} is non-negative and non-increasing.
Thus there exists r ≥ 0 such that limn→∞ d(xn, xn+1) = r.
By the lower semi continuity of φ,
we have

φ(r) ≤ lim
n→∞

infφ(d(xn, xn−1)). (4.9)

Taking limit superior as n→∞ in 4.7 and using 4.9, we obtain
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ψ(r) ≤ ψ(r)− φ(r).

Hence φ(r) = 0. This implies r = 0. So we have

limn→∞ d(xn, xn+1) = r = 0.

Now we shall prove that {xn} is a Cauchy sequence in (X, d).
Suppose on the contrary that {xn} is not Cauchy. Then by Lemma 2.0.1 , there exists
an ε > 0 for which we can find sequences of positive integers {mk} and {nk} with
mk > nk > k such that d(xmk

, xnk
) ≥ ε, d(xmk−1

, xnk
) < ε and the identities (i)-(iii) of

Lemma 2.0.1 and Remark 2.0.3 are holds. Hence for any k ∈ N we have

d(xmk, xnk) > d(xmk − 1, xnk) (4.10)

Furthermore from 4.8 and triangular inequality of metric we have

d(xmk, xmk+1) < d(xmk−1, xnk) ≤ d(xmk−1, xnk) + d(xnk−1, xmk)

≤ 2d(xnk, xmk).

Thus we have, 1
2
d(xmk, xmk+1) ≤ d(xmk, xnk) Moreover we have

d(xmk+1, Txmk) = d(A,B);
d(xnk+1, Txnk) = d(A,B),

Since T is a generalized ( ψ − φ)-weak proximal contraction type mapping, from
the above results, we can conclude that

ψ(d(xmk+1
, xnk+1

)) ≤ ψ(MT (xmk
, xnk

, xmk+1
, xnk+1

))− φ(MT (xmk
, xnk

, xmk+1
, xnk+1

)),
(4.11)

where

MT (xmk
, xnk

, xmk+1
, xnk+1

) = max{d(xmk
, xnk

), d(xmk
, xmk+1

),

d(xnk
, xnk+1

),
d(xmk

, xnk+1
) + d(xnk

, xmk+1
)

2
}.

(4.12)

As k →∞ in 4.12, we get that

lim
k→∞

MT (xmk
, xnk

, xmk+1
, xnk+1

) = ε. (4.13)

By taking limit superior in 4.11 and using 4.13, we obtain
ψ(ε) ≤ ψ(ε)− φ(ε). This implies
φ(ε) = 0. Hence ε = 0, which is not true. Thus {xn} is a Cauchy sequence in A.
Since X is complete and A is a closed subset of X there exists z in A such that xn → z.
Now 4.2 and RJ-property of T implies that z ∈ A0.
Suppose that there exists n0 ∈ N such that
1
2
d(x2n0 , x2n0+1) > d(x2n0 , z) and 1

2
d(x2n0+1, x2n0+2) > d(x2n0+1, z).

Then we have

d(x2n0 , x2n0+1) ≤ d(x2n0 , z) + d(z, x2n0+1)

<
1

2
d(x2n0 , x2n0+1) +

1

2
d(x2n0+1, x2n0+2)

<
1

2
d(x2n0 , x2n0+1) + d(x2n0 , x2n0+1)(as{d(xn, xn+1)} is non− increasing)

= d(x2n0 , x2n0+1).
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This is a contradiction. Therefore for any n ∈ N either

1

2
d(x2n, x2n+1) < d(x2n, z) or

1

2
d(x2n+1, x2n+2) < d(x2n+1, z). (4.14)

Thus there exists a subsequence {nk} of the sequence {n} such that
1
2
d(xnk

, xnk+1
) ≤ d(xnk

, z) for every k ∈ N .
Since z ∈ A0 and T (A0) ⊆ B0, there exists w ∈ A such that d(w, Tz) = d(A,B). We
shall show that z = w.
We have that

1
2
d(xnk

, xnk+1
) ≤ d(xnk

, z);
d(xnk+1

, Txnk
) = d(A,B);

d(w, Tz) = d(A,B).

By definition 4.1.1, we have

ψ(d(xnk+1
, w)) ≤ ψ(MT (xnk

, z, xnk+1
, w))− φ(MT (xnK

, z, xnk+1
, w)), (4.15)

where

MT (xnk
, z, xnk+1

, w) = max{d(xnk
, z), d(xnk

, xnk+1
), d(z, w),

d(xnk
, w) + d(z, xnk+1

)

2
}.

(4.16)
Since limk→∞ d(xnk

, z) = 0 and limn→∞ d(xn, xn+1) = 0,

limk→∞MT (xnk
, z, xnk+1, w) = d(z, w).

Taking limit superior in (4.15), we obtain

ψ(d(z, w)) ≤ ψ(d(z, w))− φ(d(z, w)).

This implies φ(d(z, w)) = 0. By the property of φ, d(z, w) = 0. Consequently z = w.
Therefore d(z, Tz) = d(A,B). Hence z is a best proximity point of T. To show the
uniqueness, let u, v be best proximity points of T .
Here we have

1
2
d(u, v) ≤ d(u, v)

d(u, Tu) = d(A,B)
d(v, Tv) = d(A,B)

By Definition4.1.1 we have

ψ(d(u, v)) ≤ ψ(MT (u, v, u, v))− φ(MT (u, v, u.v)), (4.17)

where

MT (u, v, u, v) = max{d(u, v), .d(u, u), d(v, v), d(u,v)+d(v,u)
2

} = d(u, v).

Thus from 4.17 we get ψ(d(u, v)) ≤ ψ(d(u, v))−φ(d(u, v)).This implies that ψ(d(u, v)) =
0. From the property of φ , we get that d(u, v) = 0.
Therefore u = v. Hence T has a unique best proximity point.
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Remark 4.1.1. Observe that the condition (iv) of Theorem 4.1.1 is equivalent to that
A0 6= ∅.
Now we draw some corollaries to our theorem.
Since every Continuous mapping has RJ-property we deduce the following corollary.

Corollary 4.1.1. Let A and B be two nonempty closed subsets of a complete metric
space (X, d). Let T : A→ B be a continuous mapping such that the following conditions
are satisfied:

i): T is a generalized (ψ − φ)- weak proximal contraction type mapping;

ii): T (A0) ⊆ B0;

iii): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).

Then there exists a unique x ∈ A0 such that d(x, Tx) = d(A,B).
If we take ψ(t) = t and φ(t) = (1− k)t, where 0 ≤ k < 1 in Theorem 4.1.1 we get the
following corollary.

Corollary 4.1.2. Let A and B be two nonempty closed subsets of a complete metric
space (X, d). Let T : A→ B be a continuous mapping. Suppose that for all x, y, u, v ∈
A the following conditions are satisfied:

i):

1
2
d(x, u) ≤ d(x, y)

d(u, Tx) = d(A,B)
d(v, Ty) = d(A,B)

⇒d(u, v)≤kMT (x, y, u, v),

where
MT (x, y, u, v) = max{d(x, y), d(x, u), d(y, v), d(x,v)+d(y,u)

2
};

ii): T (A0) ⊆ B0;

iii): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).
Then there exists a unique x∗ ∈ A0 such that d(x∗, Tx∗) = d(A,B).
A direct consequence of Theorem 4.1.1 is the following corollary.

Corollary 4.1.3. Let A and B be two nonempty closed subsets of a complete metric
space (X, d). Let T : A→ B be a continuous mapping. Suppose that for all x, y, u, v ∈
A the following conditions are satisfied:

i):
d(u, Tx) = d(A,B)
d(v, Ty) = d(A,B)

}
⇒ ψ(d(u, v)) ≤ ψ(MT (x, y, u, v))−φ(MT (x, u, u, v))(4.18)where

MT (x, y, u, v) = max{d(x, y), d(x, u), d(y, v)d(x,v)+d(y,u)
2

};
ii): T (A0) ⊆ B0;

iii): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).

Then there exists a unique x∗ ∈ A0 such that d(x∗, Tx∗) = d(A,B).
The following example shows that 4.1.1 generalizes 4.1.3. Further, it is interesting to
note that the map T of Example 4.1.1 does not satisfy the hypotheses of the Corol-
lary 4.1.3.
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Example 4.1.1. Let X = R3, d : X ×X → R defined by

d((x1, x2, x3), (y1, y2, y3)) = |x1 − y1|+ |x2 − y2|+ |x3 − y3|;

A = {(0, 0, 0), (0, 4, 0), (4, 0, 0), (4, 5, 0), (5, 4, 0)},
B = {(0, 0, 1), (0, 4, 1), (4, 0, 1), (4, 5, 1), (5, 4, 1)}.
We define T : A→ B by

T (x1, x2, 0) =

{
(x1, 0, 1), if x1 ≤ x2;
(0, x2, 1), if x1 > x2.

Clearly d(A,B) = 1, A0 = A,B0 = {(0, 0, 1), (0, 4, 1), (4, 0, 1), (4, 5, 1), (5, 4, 1)}.
Notice that T (A0) ⊆ B0 and T is continuous. Now we choose, x1 = (4, 0, 0) and
x0 = (4, 5, 0) , then d(x1, Tx0) = 1. Now we define functions ψ, φ : [0,∞)→ [0,∞) by
ψ(t) = t and φ(t) = t

7
.

We now show that T is a generalized Suzuki type (ψ − φ)-weak proximal contraction.
For this regard let x = (x1, x2, 0), y = (y1, y2, 0), u = (u1, u2, 0) and v = (v1, v2, 0) ∈ A
such that

1
2
d(x, u) ≤ d(x, y),

d(u, Tx) = d(A,B),
d(v, Ty) = d(A,B).

Now

v = (v1, v2, 0) =

{
(y1, 0, 0), if y1 ≤ y2;
(0, y2, 0), if y1 > y2.

Now we have to verify the inequality of Definition 4.1.1 for the following cases.
Case i): Let x = (0, 0, 0) and y = (y1, y2, 0). From d((u1, u2, 0), T (0, 0, 0)) = 1 we
get u1 = 0, u2 = 0. Thus, u = (0, 0, 0). Further more 1

2
d(x, u) ≤ d(x, y) implies that

0 ≤ d(x, y).
Sub case i): if y1 ≤ y2 then (v1, v2, 0) = (y1, 0, 0). Now d(u, v) = y1 andMT (x, y, u, v) =
max{y1 + y2, 0, y2,

2y1+y2
2
}. Here for all y = (y1, y2, 0) ∈ A and y1 ≤ y2 we can

easily observe that y1 ≤ 6
7
y2 − 6

7
MT (x, y, u, v). Thus ψ(d(u, v)) = d(u, v) = y1 ≤

6
7
MT (x, y, u, v) = MT (x, y, u, v)−1

7
MT (x, y, u, v) = ψ(MT (x, y, u, v))−φ(MT (x, y, u, v)).

Sub case ii): if y1 > y2 then (v1, v2, 0) = (0, y2, 0). Now d(u, v) = y2 andMT (x, y, u, v) =
max{y1 + y2, 0, y2

2y1+y2
2
}. Here for all y = (y1, y2, 0) ∈ A and y1 > y2 we can eas-

ily observe that y2 ≤ 6
7
y1 ≤ 6

7
MT (x, y, u, v). Thus ψ(d(u, v)) = d(u, v) = y2 ≤

6
7
MT (x, y, u, v) = MT (x, y, u, v)−1

7
MT (x, y, u, v) = ψ(MT (x, y, u, v))−φ(MT (x, y, u, v)).

Therefor in this case 4.1 is satisfied.
Case ii): Let x = (0, 4, 0) and y = (y1, y2, 0). From d((u1, u2, 0), T (0, 4, 0)) = 1 we get
u1 = 0, u2 = 0. Thus, u = (0, 0, 0). Moreover,

1

2
d(x, u) ≤ d(x, y) implies that 2 ≤ d(x, y).i.e; 2 ≤ y1 + |y2 − 4|. (4.19)

Sub case i): if y1 ≤ y2 then v = (y1, 0, 0).
For y = (0, 4, 0), 4.19 not satisfied, so we don’t need to check 4.1 for y = (0, 4, 0). Now
d(u, v) = y1 and MT (x, y, u, v) = max{y1 + |y2 − 4|, 4, y2, 2y1+y2+4

2
}.

Here for all y = (y1, y2, 0) ∈ A and y1 ≤ y2 we can easily observe that y1 ≤ 6
7
y2 ≤

6
7
MT (x, y, u, v). Thus ψ(d(u, v)) = d(u, v) = y1 ≤ 6

7
MT (x, y, u, v) = MT (x, y, u, v) −
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1
7
MT (x, y, u, v) = ψ(MT (x, y, u, v))− φ(MT (x, y, u, v)).

Sub case ii): if y1 > y2 then v = (v1, v2, 0) = (0, y2, 0). Now d(u, v) = y2 and

MT (x, y, u, v) = max{y1 + |y2 − 4|, 4, y1, y1+|y2−4|+y2
2

}. Here for all y = (y1, y2, 0) ∈ A
and y1 > y2 we can easily observe that y2 ≤ 6

7
y1 ≤ 6

7
MT (x, y, u, v). Thus ψ(d(u, v)) =

d(u, v) = y2 ≤ 6
7
MT (x, y, u, v) = MT (x, y, u, v)− 1

7
MT (x, y, u, v) = ψ(MT (x, y, u, v))−

φ(MT (x, y, u, v)).

Therefore in this case 4.1 is satisfied.
Case iii) Let x = (4, 0, 0) and y = (y1, y2, 0). From d((u1, u2, 0), T (4, 0, 0)) = 1 we get
u1 = 0, u2 = 0. Thus, u = (0, 0, 0). Again

d(x, u) ≤ d(x, y) implies that 2 ≤ d(x, y), i.e, 2 ≤ |y1 − 4|+ y2. (4.20)

Sub case i) if y1 ≤ y2 then v = (y1, 0, 0). Now d(u, v) = y1 and MT (x, y, u, v) =

max{|y1 − 4| + y2, 4, y2,
y1+|y1−4|+y2

2
}. Here for all y = (y1, y2, 0) ∈ A and y1 ≤ y2 we

can easily observe that y1 ≤ 6
7
y2 ≤ MT (x, y, u, v). Thus ψ(d(u, v)) = d(u, v) = y1 ≤

6
7
MT (x, y, u, v) = MT (x, y, u, v)−MT (x, y, u, v) = ψ(MT (x, y, u, v))−φ(MT (x, y, u, v)).

Sub case ii) if y1 > y2 then v = (v1, v2, 0) = (0, y2, 0). Now d(u, v) = y2 and
MT (x, y, u, v) = max{|y1 − 4|+ y2, 4, y1,

y1+2y2+4
2
}. For y = (4, 0, 0), 4.20 not satisfied,

so we don’t need to check 4.1 for y = (4, 0, 0). Here for all y = (y1, y2, 0) ∈ A and
y1 > y2 we can easily observe that y2 ≤ 6

7
y1 ≤ 6

7
MT (x, y, u, v). Thus ψ(d(u, v)) =

d(u, v) = y2 ≤ 6
7
MT (x, y, u, v) = MT (x, y, u, v)− 1

7
MT (x, y, u, v) = ψ(MT (x, y, u, v))−

φ(MT (x, y, u, v)).

Therefore in this case 4.1 is satisfied.

Case iv) Let x = (4, 5, 0) and y = (y1, y2, 0). From d((u1, u2, 0), T (4, 5, 0)) = 1 we get
u1 = 4, u2 = 0. Thus, u = (4, 0, 0). Now

1

2
d(x, u) ≤ d(x, y) implies that

5

2
≤ d(x, y).i.e,

5

2
≤ |y1 − 4|+ |y2 − 5| (4.21)

Sub- case i) if y1 ≤ y2 then v = (y1, 0, 0). Now d(u, v) = |y1− 4| and MT (x, y, u, v) =

max{|y1 − 4| + |y2 − 5|, 5, y2, 2|y1−4|+y2+5
2

}. For y = (4, 5, 0), 4.21 not satisfied, so we
don’t need to check 4.1 for y = (4, 5, 0). Here for all y = (y1, y2, 0) ∈ A and y1 ≤ y2 we
can easily observe that |y1 − 4| ≤ 6

7
. 5 ≤ 6

7
MT (x, y, u, v). Thus ψ(d(u, v)) = d(u, v) =

|y1 − 4| ≤ 6
7
MT (x, y, u, v) = MT (x, y, u, v) − 1

7
MT (x, y, u, v) = ψ(MT (x, y, u, v)) −

φ(MT (x, y, u, v)).
Sub case ii) if y1 > y2 then v = (v1, v2, 0) = (0, y2, 0). Now d(u, v) = y2 + 4 and

MT (x, y, u, v) = max{|y1 − 4| + |y2 − 5|, 5, y1, 4+|y1−4|+|y2−5|+y2
2

}. For y = (5, 4, 0),
4.21 not satisfied, so we don’t need to check 4.1 for y = (5, 4, 0). Here for all y =
(y1, y2, 0) ∈ A , y1 > y2 and (y1, y2, 0) 6= (5, 4, 0). we can easily observe that 4 +
y2 ≤ 6

7
.5 ≤ 6

7
MT (x, y, u, v). Thus ψ(d(u, v)) = d(u, v) = y2 + 4 ≤ 6

7
MT (x, y, u, v) =

MT (x, y, u, v)− 1
7
MT (x, y, u, v) = ψ(MT (x, y, u, v))− φ(MT (x, y, u, v)).

Therefore in this case 4.1 is satisfied.
Case v) Let x = (5, 4, 0) and y = (y1, y2, 0). From d((u1, u2, 0), T (5, 4, 0)) = 1 we get
u1 = 0, u2 = 4. Thus, u = (0, 4, 0). Now

1

2
d(x, u) ≤ d(x, y) implies that

5

2
≤ d(x, y).i.e,

5

2
|y1 − 5|+ |y2 − 4|. (4.22)
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Sub case i) if y1 ≤ y2 then v = (y1, 0, 0). Now d(u, v) = y1 + 4 and MT (x, y, u, v) =

max{y1 − 5| + |y2 − 4|, 5, y2 |y1−5|+|y2−4|+y1+4
2

. For y = (4, 5, 0), 4.22 not satisfied,
so we don’t need to check 4.1 for y = (4, 5, 0). Here for all y = (y1, y2, 0) ∈ A
and y1 ≤ y2 we can easily observe that y1 + 4 ≤ 6

7
.5 ≤ 6

7
MT (x, y, u, v). Thus

ψ(d(u, v)) = d(u, v) = |y1 − 4| ≤ 6
7
MT (x, y, u, v) = MT (x, y, u, v) − 1

7
MT (x, y, u, v) =

ψ(MT (x, y, u, v))− φ(MT (x, y, u, v)).
Sub case ii) if y1 > y2 then v = (v1, v2, 0) = (0, y2, 0). Now d(u, v) = |y2 − 4|
and MT (x, y, u, v) = max{|y1 − 5| + |y2 − 4|, 5, y1, y1+2|y2−4|+5

2
}. For y = (5, 4, 0),

4.22 not satisfied, so we don’t need to check 4.1 for y = (5, 4, 0). Here for all
y = (y1, y2, 0) ∈ A, y1 > y2 and (y1, y2, 0) 6= (5, 4, 0) we can easily observe that
|y2 − 4| ≤ 6

7
.5 ≤ 6

7
MT (x, y, u, v).

Thus ψ(d(u, v)) = d(u, v) = y2+4 ≤ 6
7
MT (x, y, u, v) = MT (x, y, u, v)−1

7
MT (x, y, u, v) =

ψ(MT (x, y, u, v))− φ(MT (x, y, u, v)).

Therefore in this case 4.1 is satisfied.

Therefore, in all the cases inequality 4.1 holds. Thus, we can conclude that T is a
generalized (ψ − φ)- weak proximal contraction. Moreover all the hypotheses of The-
orem 4.1.1 are satisfied. Hence T has a unique best proximity point. Here we can
not apply Corollary 4.1.3 to show that T has a best proximity point, since T does not
satisfy the condition 4.1.3 of Corollary 4.1.3 at x = (4, 5, 0), y = (5, 4, 0).

4.2 Consequences

In this section I introduce the following definition and obtain some results of best
proximity points.

Definition 4.2.1. Let A and B be two nonempty subsets of a metric space (X, d).A
mapping T : A → B is said to (ψ − φ)-weak proximal contraction type if there exists
ψ ∈ Ψ and φ ∈ Φ such that for all x, y, u, v ∈ A,

1
2

d(x, u)≤ d(x, y),
d(u, Tx) = d(A,B),
d(v, Ty) = d(A,B),

⇒ψ(d(u, v)) ≤ ψ(d(x, y))− φ(d(x, y)).

Theorem 4.2.1. Let A and B be two nonempty and closed subsets of a complete met-
ric space (X, d). Let T : A → B be a continuous mapping. Suppose the following
conditions are satisfied.

i): T is a (ψ − φ ) weak proximal contraction type mapping.

ii): T (A0) ⊆ B0.

iii): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).

Then T has a unique best proximity point.
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Proof. Let x1, x0 ∈ A such that d(x1, Tx0) = d(A,B) . As in the proof of Theorem
4.1.1 we construct a sequence {xn} in A0 such that

d(xn+1, Txn) = d(A,B) for all n ∈ N, (4.23)

and converging to some x ∈ A0.
Since T is a continuous mapping and the metric d is continuous , we have that

d(x∗, Tx∗) = limn→∞ d(xn+1, Txn) = limn→∞ d(A,B) = d(A,B).

Hence T has a best proximity point.
The proof of uniqueness of this best proximity point is similar to that as in Theorem
4.1.1.

If we take ψ(t) = t in Theorem 4.2.1 we get the following corollary.

Corollary 4.2.1. Let A and B be two nonempty and closed subsets of a complete
metric space (X, d). Let T : A → B be a mapping such that for all x, y, u, v ∈ A the
following conditions are satisfied.

i):

1
2
d(x, u)≤ d(x, y)

d(u, Tx) = d(A,B)
d(v, Ty) = d(A,B)

⇒ d(u, v) ≤ d(x, y)− φ(d(x, y)),

ii): T (A0) ⊆ B0,

iii): T has RJ-property,

iv): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).

Then T has a unique best proximity point.

Corollary 4.2.2. Let A and B be two nonempty and closed subsets of a complete metric
space (X, d). Let T : A → B be a continuous mapping such that for all x, y, u, v ∈ A
the following conditions are satisfied.

i):
d(u,Tx)=d(A,B)
d(v,Ty)=d(A,B)

}
⇒ ψ(d(u, v)) ≤ ψd(x, y)− φ(x, y),

ii): T (A0) ⊆ B0,

iii): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).
Then T has a unique best proximity point.
If we take ψ(t) = t and φ(t) = (1− k)t, where 0 ≤ k < 1, in Corollary 4.2.2 we
get the following corollary.

Corollary 4.2.3. Let A and B be two nonempty and closed subsets of a complete metric
space (X, d). Let T : A → B be a continuous mapping such that for all x, y, u, v ∈ A
the following conditions are satisfied.

i):
d(u, Tx) = d(A,B)
d(v, Ty) = d(A,B)

}
⇒ d(u, v) ≤ kd(x, y),
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ii): T (A0) ⊆ B0,

iii): there exist x0, x1 ∈ A such that d(x1, Tx0) = d(A,B).
Then T has a unique best proximity point.

Remark 4.2.1. In the case of self mappings Corollary 4.2.3 reduces to the Banach
contraction principle.
The following example shows the generalization of the main result Theorem 4.1.1 of
this project as compared to Theorem 4.2.1.

Example 4.2.1. Let x = R3, d : X ×X → R defined by

d((x1, x2, x3), (y1, y2, y3)) = |x1 − y1|+ |x2 − y2|+ |x3 − y3|

A = {(1, 1, 0), (1, 4, 0), (4, 1, 0)}, B = {(1, 1, 1), (1, 4, 1), (4, 1, 1)}.
We defined T : A→ B by

T (x1, x2, 0) =

{
(1, 1, 1), ifx1 ≤ x2;

(1, 4, 1), if x1 > x2.
We can easily seen that d(A,B) = 1. For x = (1, 1, 0), y = (4, 1, 0), u = (u1, u2, 0)

and v = (v1, v2, 0). From d(u, Tx) = 1 we get u = (1, 1, 0) and from d(v, Ty) = 1 we
get v = (1, 4, 0). Since there is no ψ ∈ Ψ and φ ∈ Φ

1
2
d(x, y) = 1

2
d((1, 1, 0), (1, 1, 0)) = 0 ≤ d((1, 1, 0), (4, 1, 0)) = 3

implies ψ(d(u, v)) = ψ(3) ≤ ψ(3)− φ(3) = ψ(d(x, y))− φ(d(x, y)).
Thus we can not apply Theorem 4.2.1 to conclude that T has a best proximity point.
However, all the hypotheses of Theorem 4.1.1 of this project can easily be verified for
the map T and conclude that it has a unique best proximity point.

4.3 Application In Fixed Point Theory

Here I deduce certain new and general fixed point results for Suzuki contractions and
we prove the fixed point theorem which is proved by Shyam et al. [13] as follows. Our
results contain properly the main theorem due to Suzuki [15] and many of its extensions
[14].

Theorem 4.3.1. Let X be a complete metric space and T : X → X be such that for
every x, y ∈ X,

1
2
d(x, Tx) ≤ d(x, y) implies ψ(d(Tx, Ty)) ≤ ψ(Mg(Tx, Ty))− φ(Mg(Tx, Ty)),

where ψ ∈ Ψ and φ ∈ Φ are defined as Theorem 4.1.1. Then T has a unique fixed
point.

Proof. Let A = B = X in Theorem 4.1.1. Clearly A0 = X = B0. Thus, T (A0) ⊆ B0

and any self map has RJ- property. I prove that T is a generalized (ψ, φ)-weak proximal
contraction type map. Let x, y, u, v ∈ X, satisfying the following conditions.

1
2
d(x, u) ≤ d(x, y),

d(u, Tx) = d(A,B),
d(v, Ty) = d(A,B).
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Since d(A,B) = 0, we have u = Tx and v = Ty. Then by hypothesis of theorem, we
have
ψ(d(u, v)) = ψ(d(Tx, Ty)) ≤ ψ(Mg(Tx, Ty))− φ(Mg(Tx, Ty)),
where

Mg(Tx, Ty) = max{d(x, y) + d(x, Tx), d(y, Ty)
d(x, Ty) + d(y, Tx)

2
}

= max{d(x, y) + d(x, u), d(y, v)
d(x, v) + d(y, u)

2
}

= MT (x, y, u, v).

Therefore

ψ(d(u, v)) ≤ ψ(Mg(Tx, Ty))− φ(Mg(Tx, Ty)),

which implies that T is a generalized (ψ − φ)-weak proximal contraction type map.
Further condition (iv) of Theorem 4.1.1 is satisfied by taking any arbitrary x0 ∈ X,
we have that d(Tx0, Tx0) = d(A,B) = 0. Let x1 = Tx0, so that there exist x0, x1
in A such that d(x1, Tx0) = d(A,B). Therefore all the conditions of Theorem 4.1.1
are satisfied. Consequently there exists a unique x ∈ X such that d(x, Tx) = 0. This
implies x = Tx. Hence T has a unique fixed point.
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Chapter 5

Conclusion and Future Work

5.1 Conclution

This project is concerned with the existence and uniqueness of best proximity point re-
sults for suzuki type generalized (ψ−φ)-weak proximal contraction mapping in complete
metric space and in this project I have defined the notion of a generalized (ψ−φ)-weak
proximal contraction mappings in metric space.

5.2 Future Work

State best proximity point results for Suzuki type generalized(ψ − φ)-weak proximal
contraction mappings of other space should be considered in the future work and prove
the existence and uniqueness of best proximity point results.
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