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Abstract

We have analyzed the quantum and statistical properties of the cavity light beam produced
by a coherently driven degenerate three-level laser with a degenerate parametric amplifier
(DPA) in a closed cavity and coupled to a squeezed vacuum reservoir via a single-port
mirror. Applying the large-time approximation scheme, we have obtained the steady-state
solutions of the equations of evolution for the expectation values of the atomic operators
and the quantum Langevin equations for the cavity mode operators. We calculated the
mean photon number, photon number variance, quadrature variance, and quadrature
squeezing for the cavity light using the steady-state solutions. We have seen that the light
generated by the three-level laser is in a squeezed state and the squeezing occurs in the
minus quadrature. The maximum quadrature squeezing of light generated by three level
atom is 60% below vacuum-state level. The parametric amplifier and stimulated emission
rate increase the mean and photon number variance, whereas the squeezing parameter
decreases mean and photon number variance. It so turns out that the parametric amplifier
increases the squeezing significantly. It is also found that one effect of the coupling of the

top and bottom levels is to increase the mean and photon number variance.



Chapter 1

Introduction

Three-level cascade lasers have received considerable interest in connection with its poten-
tial as a source of light with interesting non-classical features [1-4]. A three-level laser is
a quantum optical system in which light is generated by three-level atoms inside a cavity
usually coupled to a vacuum reservoir via a single-port mirror. The quantum properties
of the light is attributed to atomic coherence that can be induced either by preparing the
atoms initially in a coherent superposition of the top and bottom levels [5| or pumping its
top and bottom energy levels with a strong classical driving field [6,7] or using these mech-
anisms together [8]. Such mechanism imposes a constraint on the populations of atoms
in the bottom and top levels in which transitions to and from could not be made in the
electric dipole approximation. The classical pumping radiation, therefore, contributes to
the observed non-classical properties by facilitating atomic population transfer pathway
in which the induced correlation is transferred to the emitted photons.

In squeezed light the noise in one quadrature is below the vacuum or coherent level
at the expense of enhanced fluctuation in the other quadrature, with product of the un-
certainties in the two quadrature’s satisfying the uncertainty relation [9,/10]. This feature
is a direct consequence of quantum nature of light and cannot be explained within the
classical framework. Due to the quantum noise reduction achievable below the vacuum
state level, squeezed light has potential applications in the detection of weak signals,

in low-noise communications and high precision measurements in atomic fountain clocks



and interferometers [11-14]. Squeezed light can be generated by various quantum opti-
cal processes such as subharmonic generations [15|, four-wave mixing [9,/16], resonance
fluorescence [15,17] and three-level laser under certain conditions [15,18]. When a three-
level atom in a cascade configuration makes a transition from top to the bottom level
via the intermediate level, two photons are generated. If the two photons have the same
frequency, then the three-level atom is called a degenerate three-level atom; otherwise, it
is called non-degenerate. The two photons are highly correlated and this correlation is
responsible for the production of squeezed light. Degenerate three-level atom is an atom,
which is its valence electron has three possible energy levels. The energy gap between the
first level and the second level is the same with the energy gap between the second level

and the third level as shown in Fig(1.1).

—_—a)

Figure 1.1: Degenerate three-level atom

Moreover, one of the various possible mechanisms employed in enhancing the non-
classical properties is introducing a non-linear crystal inside the laser cavity [19-21]. Usu-
ally, these properties get amplified in a certain condition in response to the non-linearity
introduced into the laser cavity. The non-linear crystals used in such cases are often
degenerate or non-degenerate parametric amplifiers, which are defined in terms of the
frequencies produced after the down conversion process. A parametric oscillator is one
of the most interesting and well characterized optical device in quantum optics. In this
device a pump photon interacts with a non-linear crystal inside a cavity and is down
converted in two highly correlated photons. If these photons have the same frequency the
device is called a degenerate parametric oscillator, otherwise it is called a non-degenerate

parametric oscillator. The correlation between these frequencies leads to the production



of squeezing up to 50% below the standard quantum limit |22|. Degenerate parametric
amplifier is a phenomenon in the non-linear optics, where a pump mode of frequency w
down converted into a pair of signal photons each of frequency 2w [9].

In our case we seek to analyze the quantum and statistical properties of degenerate
three-level laser whose cavity contain degenerate parametric amplifier (DPA) driven by
coherent light with a closed cavity coupled to a squeezed vacuum reservoir via a single-port
mirror. Strong coherent light is used to couple the top and bottom levels of a degenerate
three-level atom, and a non-linear crystal called a degenerate parametric amplifier is
placed inside the laser cavity, with the pump mode emerging from the parametric amplifier

not coupling the top and bottom levels of the atoms.



1.1 Statement of Problem

Many prior work focused on the quantum and statistical properties of a degenerate three-
level laser with a parametric amplifier that is driven by coherent light coupled to a vacuum
reservoir in which the effect of an external noise on the quantum properties and photon
statistics is completely neglected. Apart from the quantum and statistical properties of
degenerate three-level lasers with parametric amplifiers driven by coherent light coupled to
squeezed vacuum reservoir, the calculation of the squeezing and statistical properties of the
cavity mode, as well as the effects of vacuum reservoir on photon statistics and quadrature
squeezing of the cavity light, has received special attention. The quantum and statistical
properties of degenerate three-level lasers with a degenerate parametric amplifier would
be the main focus of this thesis. This thesis also focuses on the impact of squeezed
vacuum reservoir noise on photon statistics, as well as quadrature squeezing of cavity
light. Numerous scientists and engineers have been working to understand the quantum
and statistical properties of three-level atoms, which has resulted in many fascinating
and helpful theoretical and experimental findings. The quantum optical system under
consideration is expected to produce a squeezed light which has potential applications in

precision measurements and in noiseless communications.



1.2 Research Questions

1. What effect does the squeezing parameter have on the quantum and statistical

properties of a degenerate three-level laser that is coherently driven?

2. What effect does the parametric amplifier, coupling coherent light amplitude, and
photon stimulated emission rate have on the quantum and statistical features of a

coherently driven degenerate three level laser?

3. For cavity light beams, how can we calculate and describe the photon statistics,

quadrature variance, and quadrature squeezing?



1.3 Objectives

1.3.1 General Objective

The primary goal of this thesis is to investigate the quantum and statistical properties of

a degenerate three-level laser with a degenerate parametric amplifier in side a cavity.

1.3.2 Specific Objectives

The specific objectives of this thesis are:-
v' To calculate the photon statistics, and the quadrature squeezing of the cavity light.

v' To study the effect of squeezing parameter on the quantum and statistical properties

of coherently driven degenerate three-level laser.

v' To study significance of the parametric amplifier, amplitude of the coupling coherent
light, and the stimulated emission rate of photon on the quantum, and statistical

properties of degenerate three-level laser.



1.4 Significance of Study

The out come of our study can be:

e Used to go from squeezing production to application, as well as to demonstrate

experiments and well-understood squeezing sources.
e Useful to find some convenient means of generating a bright squeezed light.

e Other researchers interested in the quantum and statistical features of light created
by a coherently driven degenerate three-level laser with parametric amplifier can

use this document.



Chapter 2

Operator Dynamics

In this chapter, we consider a three-level laser that consists of a cavity with degenerate
three-level atoms in a cascade configuration. As shown in Fig (2.1) (Adapted from
with some modifications), the top, middle, and bottom levels of a three-level atom are
represented by | a)y,| b)x, and | ) respectively, where as k=1, 2,..N are the number of
atoms inside the cavity. In addition, we assume the transitions between levels | a); to
| ). and | b)x to | ¢)x dipole allowed, and with direct transitions between levels | a) to

| ¢)x dipole forbidden.

N-atoms

la>k —

16>
lc>

——
Squeezed vacuum

reservoir

Figure 2.1: Schematic representation of a degenerate three-level laser with a degenerate
parametric amplifier (DPA) coupled to a squeezed vacuum reservoir.

Before obtaining the master equation for our system, we first write the Hamiltonian

describing various interactions. In this system, there are three cavity interactions. One of



this is the driving coherent light interacts with the three-level atom. In this interaction,
the coherent light couples the top and bottom levels of the atom. The Hamiltonian
describing the coupling of the top and bottom levels of the three-level atom by driving

coherent light is given by [7]

Hy = i) (61F¢ — éfor) (2.1)

where

op = |c){al (2.2)

is lowering atomic operator, A is the coupling constant, ¢ is annihilation operator of driving

coherent light. We can write ¢ = ¢' = yu for classically treated driving coherent light and

rewrite Eq. (2.1) as

N Q. )
H, = iy (61F — &%), (2.3)

where €2 = 2\p is a positive real c-number proportional to the amplitude of the coupling
coherent light.
The Hamiltonian describing the interaction between a degenerate three level atom and

the cavity mode a in the dipole and rotating wave approximations is expressible as [10]

i, = ig (61 + 6f")a - al (65 + 1)) (2.4)
where
o = |b)wrlal, (2.5)
and
Gy = |c)ux (0] (2.6)

are lowering atomic operators, @ and &' are the annihilation and creation operators for
the cavity modes, g is the coupling constant between the atom and the cavity modes.

The light emerging from the non-linear crystal does not couple the top and bottom levels.



The parametric interaction is described by [24, 25|

oy = % (a* —a'?), (2.7)

in which € = 28 \y with \q is the coupling constant between the pump mode and nonlinear
crystal, and (8 is proportional to the amplitude of the driving pump mode.

Hence, on the basis of Egs. (2.3)),(2.4), and the interaction of a degenerate three
level laser with the cavity modes and the coupling of the top and bottom levels of the

three-level atom by driving coherent with DPA can be described by the Hamiltonian

0 ;
A =iz (o —ot) + = (a* =) +ig (61 +ofa—aleh +51) . (28)

2.1 Master Equation

The quantum analysis of the interaction of a system such as a cavity mode or a three-
level atom with the external environment is a relatively complex problem. In order to
study the dynamics of the cavity radiation of the combined system, it is necessary to
obtain the relevant equations of evolution. The external environment, usually referred
to as a reservoir, can be thermal light, ordinary, or squeezed vacuum. The dynamics of
the system is describable by the master equation. The master equation for a degenerate

three-level atom interacting with a squeezed vacuum reservoir is given by [26]

dp .

d—’; = —i[H,p] + g(N0 +1) {Qdﬁfﬁ —a'ap — ﬁd*d} + gNo {zeﬁﬁa —aa'p — paal

(2.9)
K
+ 5 Mo [Qdﬁd —a?p — pa® +2atpat —ap — /3&*2} ,
where

Ny = sinh?(r) (2.10)
My = sinh(r) cosh(r) (2.11)

10



with r being squeezed parameter.

By substituting Eq. (2.8)) into Eq. (2.9), the master equation for coherently driven de-

generate three level atom with parametric amplifier coupled to squeezed vacuum reservoir

is given by
dp Qo R € raga
d—i = 5 (68— polt + poc —o2p] + 5 [0%p — pa’ + a™p — pa™]
+gottap— polta+ oltap — polta — alokp — alofp+ palok + palof
B T L (2.12)
+ §(N0 +1)|2apat — atap — pata| + §N0 24t pa — aa'p — paal
- gMO [2&;3@ —a%p— pa +2a'pat — a?p — ;3&*2] .

2.2 Quantum Langevin Equation

We recall that the laser cavity is coupled to a squeezed vacuum reservoir via a single-port
mirror. The quantum Langevin equation is helpfull to obtain the correlation properties,
while they are not helpfull to study the analysis of the system. This equation tell the
time evolution of the annihilation operator of the system.

The quantum Langevin equation for the cavity mode operator a is expressible as [5,/10]

da K ~ ~
— = ——a—1ia, H)| + F,(t), 2.13
= —Za—ifa, H] + F(1) (213)
where k is the cavity damping constant and ﬁa(t) is noise operator associated with
the squeezed vacuum reservoir.

This noise operator has the following correlation properties, when the cavity modes is

coupled to a squeezed vacuum reservoir [18}27]

(Fu(t)) =0, (2.14)

11



(E)VFu (1)) = (ET(#)Fo(t)) = kNoS(t — 1), (2.15)

(Fu(OEL()) = (Fa(t)FL(8) = m(No + 1)t — ), (2.16)

—~

(Fat)Fu(t)) = (Fa(t) Fu(t) = —r M. (2.17)

Then, in view of Eq. (2.8), the quantum Langevin equation for cavity mode operator a

turn out to be

d" ~
d_j - —ga — (6% +6F) —cal + F (). (2.18)

2.3 Equations of Evolution for Atomic and Cavity Mode

Operators

Here we seek to derive the equations of evolution of the expectation values of the atomic
operators by applying the master equation and the large-time approximation scheme.
Moreover, we find the steady-state solutions of the equations of evolution of the atomic

operators. To this end, employing the relation

d . - dp
—(A) =Tr(—A 2.1
Sy =Tr(LA), (219)

along with the master equation given by Eq.(2.12)), one can readily establish that

6%) = JAo1") + gltika) — {ika) + (a'ok)). (2.20)

—(6y) = =2 (6l") + g((iga) — (ya) — (alay)), (2.21)

12



9 6%y = S0ak) — () + oloka) — (oka)), (222)
L) = () + 65) + (iothay + (atol)), (2.23)
k) = glofFa) + (atal) — (o1ka) — (alok)), (2.24)

iy = S o1 + (65) — allafta) + (@'ah)). (225)

Where (7%), (fiF) and (%) are the probability of the atom in the top, middle and bottom

level of three level atom, and Eqs.— are nonlinear differential equations and

hence it is not possible to find exact time-dependent solutions of these equations. We

intend to overcome this problem by applying the large-time approximation scheme |7.[17].

Employing this approximation scheme, we get from Eq. the approximately valid
relation

A 29 ~k ~k 2€AT 2 A
— _ A+ LR, 2.26
o= 254 o) - Zat 4 2R 2.26)

Evidently, this turns out to be exact relation at steady state. Employing the adjoint of

Eq.(2.26) into Eq.(2.18]), one easily verify that

2ge 2e

da K2 — 4e2 .
= —(—)a—gl6* +68) + 7(&? +6)%) — ;FT(t) + F,(1). (2.27)

E__( 2K

a

13



The solution of this equation is given by

4dge

A-l-k 4:8 A.'. QH
K2 — 42

(&Zk+‘7b )_

a
K2 —4e2 @ K2 — 4e?

Fi(t) + ———=F,(t). (2.28)

Now introducing Eq.(2.28)) and its adjoint into Egs.(2.20)-(2.25), the equations of

evolution of the atomic operators take the form

Q C C 2 C A
oty = o1+ 1) — ok — P et

2 K2 4e2 0 K2 — 4e? (9%
4eg A ot A ot (o Ak

- MKUbFa(t» — (0, L5 (1)) + (Fu(t)o,)]
2Kkg

A

(A Fat)) — (AL Eu(8)) + (E](t)68)],

i) = (5 + =) (61 + (68) = " (i)
TR + (F6R)] + g [GIE) + (Fl 08,

-G EN0) + (Buoyoh) — G ELD) — (Bt
AR + L0 0) — GIOE0) — EL 0550

14
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(2.30)

(2.31)

(2.32)

(2.33)



d . Q. . . Yek? 4e ik A -
L) =~ 201+ (080) + 5 )+ (o] ;

_ Hzi—ﬁwwgkﬁ“(t» + (Fl(0)a3)],

where v, = % is the stimulated emission decay constant.
Ignoring the noncommutativity of the atomic and noise operators as well as neglecting
the correlation between F,(t) and 6%(¢'), assumed to be considerably small |6], one can

write the approximately valid relations

(GE()Eu(1)) = (G50 (Fu(t)) =0, (2.35)
(b () Ea(t)) = 0, (2.36)
(Fa(t)ak(t)) =0, (2.37)
(A () Fa(t)) =0, (2.38)
(i (8) Fu(t)) = 0, (2.39)
(Fl(1)6h(t) =0, (2.40)
(Fl(1)ak(1) =0, (2.41)
(Fl()a5(1) =0, (2.42)
(G5 (8 F(t) = O, (2.43)
(65 (1) Fa(t)) =0, (2.44)
CHOIAGIE) (2.45)

With the aid of Egs. (2.35)-(2.45) we rewrite Eqs. (2.29)-(2.34)) as

15



d ., 1 27K\, ik Vb2 b YekE

_ Z(Q — _ Tk

dt<aa> 2( /€2 482)<0b > HQ —452< a> l€2 —48’52< a >7
d, _ Q Atk YeER Ltk Yk ~ K ’Yc/‘é2 Ak
dt< b> 2< a> 2 4€2<0b >+I€2—4€2< a> 2(/€2_4€2)<0b>7

d,. Q. ) Vek:
%Wf) =56y + (65) + m(ﬁf)-

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

We next sum Eqs. (2.46) - (2.51)) over the N three-level atoms, so that we replace the

term exist in above equation by

16

(2.52)



%<mb> = —§V<mb> - —F+<ml>7
d . Q- - .
E<mc> = §(<NC> - <Na>) - _V<mc> + F(<Nc> - <Nb>)a

d - o - . R
7 W) = v({No) = (Np)) — L((ml) + (i),
d -~ Q .
- —_* T 5
TN = =) + () + (),
where
Vb
v= k2 — 4e2’
VeKE
I= K2 — 42’
27.Kk€e
r +Q
T R2 _4e

17

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)



(2.62)

where j = a, b, c. Hence, the operators Na, Nb, and N, represent the number of atoms in

the top, middle, and bottom levels, respectively.

Furthermore, using the definition 6% = |b)..(al, we have

ma = N\b>kk<a]

Following the same procedure, one can also easily establish that

mb = N|C>kk<b’,

mc = N|c)kk<a|,

Na = N\a)kk<a|,
N, = N|b)i(b],
NC = N|c>kk<c|

In addition, using the definition

m = mg + Ny
and in view of Egs.(2.64)-(2.68)), it can be easily verified that
i = N(N, + N,),

mmt = N(N, + N,),
m? = Ni,.
Employing the completeness relation

18

(2.63)

(2.64)

(2.65)
(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)



e ar+ it =1, (2.73)

we easily arrive at

~ N

(N,) + (N,) + (N,) = N. (2.74)

The steady state solution of Eqs.({2.54))-(2.57) are given by

SO — (M) = Zvlme) + DR — (83)) = 0
ST () + () = v(W) = 0

(2.75)

There are five equations, which are obtained from the linear combination of only atomic

operators. In view of Eq.(2.75)), we see that

() = (4R — (V) + 2 () — (), (2.76)
(R) = S5 (bl + ), (2.77)

(Ro) = () — (gl + (), (2.78)

(No) = 22 (G + (). (2.79)

We note from Eq.(2.76) that (r.) = (i]). We can therefore write

(M) +(ml) = 2(m.). On the basis of this result the atomic operators can be expressed

19



interms of (1) as

(No) = —(ie), (2.80)

= 2 ). (2.81)

Substituting Eq.(2.74),(2.80) and (2.81)) into Eq.(2.76) gives

v(2 420N

M) = N, 2.82

(te) v2 2 (Q+T) + (I'y —2IN)(Q2 + 4T0) (282)
by putting Eq.(2.82),into Eq.(2.80),(2.81), and (2.74) we obtain

. (Q 4 20)T',

N,) = N 2.
We) = o @ 1) 1 (0, — 2@ ) (2:83)

. Q(Q + 2T)

Np) = N 2.84
(No) V2420 (Q+T) + (T —20)(Q+40) (284)
- Q+T ) (Q+2I

(N,) =N — (2 +T4)(Q+2T) N, (2.85)

v2 420 (Q+T) + (Iy —2I)(2 + 4T)

On the other hand, when the cavity modes are interacting with all N three-level atoms

available in the cavity, we can rewrite Eq.(2.27)), as [18]

da K2 — 4e?

o0 = ()t M 1) + Aol + ) + aFu(t) + BEN(E)  (2.86)

in which A;, Ao, «, and 3 are constants whose values remain to be fixed. With aid of
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Eq.(2.69) we can write Eq.(2.86]) as

da K2 — 4e?

= —(F ) A+ Dol + @By () + BEL (1), (2.87)

Moreover, employing Eq.(2.28)), the commutation relations of the cavity mode operator is

A A Vel A A A A
[a,a"] = (7 — 127 (K2 — ) + 4 (1 — 02)]
2.
4K? A - 16¢? - . (2.88)
+ (1{2 _ 482)2 [Fa(t>’ Fa (t)] - (I{Q _ 482)2 [Fll(t)7 Fa (t)]a
and on summing over all atoms, we have
. Vel - N . .
4] = gy (£ (Ne = No) 485N = )]
2.89)
4N K? - ~ 16Ne* . . (
S T T
- (k2 — 482>2[Fa(t)’Fa(t)] o m[Fa(t), F3 ()],
where
N
la,a'] = "[a,af], (2.90)
k=1

stands for the commutator of & and a' when light mode a is interecting with all the N
three-level atoms. On the other hand, using the steady-state solution of Eq.(2.87)), one

can easily verify that

42NN . . 42NN . -

5 all = 1 2

[a,a'] = m(]\[c — Na) + m(]\fa - Ne)
Ak202 . . 16822 . y (2.91)

<l€2 _ 482)2 [Fa(t>7 Fa (t)] - (K/Q 482)2 [Fa(t)v Fa (t)]
Now once again, comparison of Eq.(2.89) and (2.91) immediately implies that
A=t (2.92)
VN

21



2eg

A==+ ) 2.93
2= E (2.93)
B=+VN, (2.94)
a=+VN, (2.95)
Substituting Eqs. (2.92)) - (2.95) into Eq. (2.87) we obtain
da K2 — 42 g 2eq « R
— = i+ —=—1mm + m! + VNE,(t) + VNE!(t). 2.96
= (et i 2L () M. (290)

As a result of using the large-time approximation approach, the adjoint solution of

Eq.(2.53) to be

(m}) = ——(1ma(1)), (2.97)

_<ma> = __770<ma<t>>7 (298)

2112—1—‘71_‘4,

where 1y = >

By applying similar procedure on Eq.(2.52)), we easily arrive

i) =~ gmlin(0). (2:99)

With the atoms considered to be initially in the bottom level, the solution of Eq.

[2.98)) is found to be

(a(t)) = 0. (2.100)
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Similarly the solution of Eq. (2.99) becomes

(i () = 0. (2.101)

Hence the cavity light to be initially in vacuum state the expectation value of the

solution of Eq.(2.96) turns out to be

(@) =0 (2.102)

we assume that the operator (a) is a gaussian variable with zero mean.
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Chapter 3

Photon Statistics

In this chapter, we will look at the statistical features of light produced by a degenerate
three-level laser, in which coherent light is used to pump N degenerate three-level atoms

in a closed cavity that is connected to a squeezed vacuum reservoir.
3.1 Mean Photon Number

To learn about the brightness of the generated light, it is necessary to study the mean
photon number of the cavity radiation. We want to find the mean photon number for

light modes a over the entire frequency interval. To this end, using the relation.

%<€ﬁ(t)d(t)> _ <d&;§t) (t)> + <aT(t) d‘;it) > (3.1)

By using Eq. (2.98) and the adjoint of this equation, we get

Q>

d . . K2 — 4% . g . . . .
EW@)@(W = —(T)W(t)a(t» + Wi [(@"(t)m(t)) + (mi(t)a(t))]
+ ijgﬁw(t)mf(t» + th(t)at))] (3.2)

+ VN [(Ei®a) + @ 0 Fa0) + @ OF0) + (Faba)]

24



Next we seek to evaluate (a'(t)m(t)). Applying the large-time approximation, one gets
from Eq. (2.98) the approximately valid relation
2Kg deg

a(t) = m+ ml +

VNG —d2) VN - 4e) | R a2

26v/N [Fa(t)+ﬁg(t) . (3.3)

Multiplying the adjoint of Eq. (3.3)) on the right by 7(¢) and taking the expectation value

of the resulting expression, we get

deg 26V N [ - .
A (D) (4) — ot 2 ) .
a'(t)m(t m + [atm—i-atm]
(@0 (0) = Bt + i+ S [Fl(n+ R
(3.4)
Now adding Eq. (2.98)) and Eq. (2.99)), we readily get
d 1 1
—{r S —— — 3 ) 3.5
(1)) =~ 1mm(t) — Tmla(t) (5.5)
A formal solution of Eq. (3.5) can be written as
10 t 10 7 7 ~ ’
(t) = m(0)e % + / e OO (1) + B (), (3.6)
0

where F,,(¢') is atomic noise operator.
Multiplying Eq. (3.6) on the left by Ff(t) and taking the expectation value of the

resulting expression, we have

(EIt)ym(t)) = (El(t)ym(0))e Tt + / e PO B (1) (1))

A

+ (ET()F, (1)) dt'.

Taking into account the fact that a noise operator F' at a certain time should not affect
the atomic variable at earlier time and assuming that the cavity mode and atomic mode

operators are not correlated, we get

(FH ()i (t)) = 0. (3.8)



In account of this result, Eq. (3.4)) takes the form

2rg N $ . 4egN X
VN (2 = 452)[<Na(t)>+<Nb(t>>]+ W(H2_4€2)(mc(t)>. (3.9)

(al(tym(t)) =

Following a similar procedure, one can establish that

. . B 2kgN - - 4egN .

o 0a(0) = = ) + )]+ Sl ), (610)
. B 4egN A A 2kgN “

(1) = T ) + (N0 + ), (311
it (1 (1) = —= o [(Rp(t)) + {8 gl

N(t)) + (Ne(t))] + mi(t)). 3.12
T )+ (] + o). (012
We next seek to evaluate (FJf(¢)a(t)). To this end, a formal solution of Eq. (2.98) can be

written as

a(t) = a(0)e ¥t + /0 e tet) [im<t')+ 29° 5t () + VNIEL(#) + BT (#)]| dt.

K2 —4e>

where n = *—

Multiplying Eq. (3.13) on the left by Fg(t) and taking the expectation value of the resulting

expression, we get

ot a — (FY(Ha e~ 3t 9 te LGNS AN AV te—%(t—t’) AIEAYEN)
(Fa(t)a(t)) = (F;(1)a(0)) +\/W/o (i (t)ym(t )>+m/ﬁ i (£ (t)

(3.14)

In view of Eq. (3.8) and its adjoint along with the fact that a noise operator £ at a

certain time should not affect the atomic variable at earlier time, Eq. (3.14) becomes

(FL0a(0) = VA [ HOURIORE) + EOR O 319
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Similarly
J_/ SR F) + (F@F] )t (3.16)
(@l (t)Fu(t)) :\/N/te_g“‘t”(@a(t)ﬁa(t’»+<Fj(t)ﬁa(t')>)dtg (317)

\/_/ — 2 (t—t") FJr t/>> + <Fa(t)ﬁj(t/)>)dt/, (318)

(@t (O Fa() + (FI D)) + (Fa()a(t)) + (@' (O F] (1)) = 2N (Now + k(No + 1) — 26My).

(3.19)
Now substituting Eqs.(3.9),(3.10),([3.11),([3-12), and(3.19) into Eq. we easily ar-
rive at
d K% — 4e 4kg?
G = (=)@l a0 + L () + (o)
16eg> i 162 ¢? . N 290
+ T4y Mo + gy [(Bb(®) + (V)] (3:20)
—|— 4NI€(NQ — MO + %)
The steady-state solution of this equation is expressible as
(ata) =22 | (L PIR0) + 5(0) + o] + (CPUR0) + (0]
4N7/:2 X e (3.21)
+ mu\fo — Mo + 5)-
Following a similar procedure, one can establish that
ity =22 | L PI0) + (o) + = ma(0)] + L2 0) + ()]
4N7;2 X e (3.22)
mu\fo = Mo+ 5),
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By putting Eqgs.(2.82)-(2.85) into Egs.(3.21))-(3.23) we readily obtain

IR /A (Q+T,)(Q+ 2T
n={ala) = oV (M F2T (Q+T) + (Ty —20)(Q +4T)

K Ye
+4_g[ (2 4 20) N

k242 (Q+T1) + (I'y —2IN)(Q +41)

o, I, (Q+2I) ANK? 1
T s s m o) TN Mot g).

e
(3.24)

For the case where the squeezing parameter is not present (r = 0) and coupled to vacuum

reservoir, Eq.(3.24) can be written us

(Q+T)(Q + 2T)

5 — (ata) = EN Yy
n=laa) =N S T+ S s A
4e v(§2+2I)
— 2
o L S @) (3:25)
2 L (Q+2- 2N K2
G- 820 |+ 22
Ve 242, (Q+T)+ (I'y —2IN)(2 + 41 K2 — 4e?
Eq.(3.24) can also be written in the case e=Ny= My=0
(@la) = N L PP (3.26)
ko |72+ 302 ’ '
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st e vl I (Q+20)

(aaT> = HN{(%) { v2 4+ 2T (Q+T) + ([ —2I)(Q + 4T)
de 2+ 20,(Q+T) + (I'y — 20)(Q + 4T)
k242, (Q+T) + (T, —QF)(Q+4F)]}

)

2
<§)2 (Q+T)(Q+27 ANk (No—Mo—i-l),
Yo' V2420, (Q+T) + (T —2T)(Q +4I) 2 _ 422 5
(3.27)
~9 Ve Vg 2r 9 U(Q+2F)
) K [(%) (%) ]V2+2F+(Q+F)+(F+—2F)(Q+4F)
2 Ly Q2+ 21) ANK |
=l TNy = My + =),
' 8(%){ +V2+2F+(Q+F)+(F+—2F)(Q+4F)} o e WNo— Mo+ 3)
(3.28)
80
for
— =005
= — =0
250 e=0.02
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Figure 3.1: Plots of the steady-state mean photon number [Eq.(3.24])] versus Q, for k=0.8,
~v.=0.4, N=50, r=0.5, and for different values of ¢.

We can see that the intensity of cavity light increases as the parametric amplifier
increases Fig.(3.1). Hence, the presence of parametric amplifier enhances the brightness

of the cavity light and leads to a significant increase in the mean photon number. In
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addition, the maximum mean photon number 7 = 20.32 when ¢=0, n = 20.92 when ¢
= 0.02, and n = 25.4 when ¢ = 0.05. This all results occur when the three-level laser
is operating at 2 = 0. From the plots in Fig.(3.1), we observe that the mean photon
number of the cavity light increases due to the coupling of the top and bottom levels of

the three-level atom by the coherent light.

90

Mean photon number

65

Figure 3.2: Plots of the steady-state mean photon number [Eq.(3.24])] versus Q, for k=0.8,
£=—0.02, N=>50, r=0.5, and for different values of ~..

From the plots in Fig.(3.2) one easily see that the mean photon number increases as
the rate of photon emission (7.) and the amplitude (Q) of coherent light increases and
vice versa.

From the plots in Fig.(3.3) one easily see that as the squeezing parameter, and the
amplitude () of coherent light increases the mean photon number increases, and vice
versa. The mean photon number obtained when the squeeze parameter (r = 0) Eq.(3.25)
is due to the atom interaction with cavity mode, and parametric interaction with cavity

mode.
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Figure 3.3: Plots of the steady-state mean photon number [Eq.(3.24])] versus Q, for k=0.8,
£=0.02, N=50, 7.=0.4, and for different values of r.

3.2 Photon Number Variance

The variance of the photon number for the cavity light is expressible as

(An)? = (ataata) — (afa)?. (3.29)

Using the fact that a is a Gaussian variable with zero mean and decoupling the first term,

the photon-number variance of the cavity mode can be put in the form [2§]

(An)? = (a'a)(aa') + (a')(a?). (3.30)
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By putting Eqs.(3.21)-(3.23)) into Eq.(3.30)we obtain

(@ = 222 PUR o) + (0 + 0] + (o) + (o]
b= Mot )| | Z | + (o) + )]
+ (O PI0) + <Nb(t)>]} b (No— My + %)] (3.31)
Ve Vo E 214, 27, £ 2 Y
b |2 + P + P+ )
oo ]
Substituting Eqs.— into Eq. we easily obtain
2 _ —|e LEVIEEE I'y (2426
(An)” =7 [ e [%ﬁ [1 V2420 (Q+T) + (Ty — 20)(Q + 4T
4e v(2+2IN)
Lt 2T, (Q+T) + (T} —2I)(Q +4r)]}
2T, (Q+T,)(Q2+20) 4N §K? 1
T (0 — 2 4r)] 7 gz o~ Mot )
Ve v 2l v(€2 +2T)
* {EN [Ki) * (I> e o, (Q+T) + (I, —2I)(Q +4I)
% T, Q(Q + 2T)
= O o ar ) s o, — @ A }}
AN K2 1.]°
K2 — 4e? (No = Mo + 5)}
(3.32)
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Figure 3.4: Plots of the photon number variance [Eq.(3.32))] versus 2, for k=0.8, r=0.5,
N=50, 7.=0.4 and for different value of e.

The photon number variance of cavity light increases as the parametric amplifier in-
creases as shown in Fig.(3.4). In addition, the maximum photon number variance (An)?
= 6.306 x 10* when e=0.01, (An)? = 9.135 x 10® when ¢ = 0.05, and (An)? = 6.807 x 10?

when ¢ — 0.02. These all results occur when the three-level laser is operating at 2 — 0.
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FPhoton number variance
(]

Figure 3.5: Plots of the steady-state photon number variance [Eq.(3.32)] versus €, for
£=0.8, e=0.02, N=>50, 7.=0.4 and for different value of r.

The photon number variance decreases as the squeezing parameter increases, as shown
in Fig.(3.5). The maximum photon number variance (An)? = 3.185x 10* when r=0, (An)?
= 6.269 x 10® when r=0.5, and (An)? = 3.54 x 10® when r=0.75, and all results increase

for large value of driving coherent light.
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Figure 3.6: Plots of the photon number variance [Eq.(3.32))] versus 2, for k=0.8, e=0.02,
N=50, r=0.5 and for different value of ~..

For some values of amplitude of driving coherent light(£2), as the rate of photon emis-
sion 7, increases the photon number variance also increases, as seen in Fig.(3.6). The
photon number variance (An)? = 6.807 x 10*> when v.=1.4, (An)? = 3.123 x 10* when

7.=0.5, and (An)? = 5.608 x 10®> when 7.=1, all results occur Q=0.
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Chapter 4

Quadrature Fluctuations

The quadrature variance and quadrature squeezing of cavity light produced by a coher-

ently driven degenerate three-level laser with closed cavity coupled to a squeezed vacuum

reservoir via a single-port mirror are investigated in this chapter.

4.1 Quadrature Variance

The quadrature variance of the cavity light is now calculated over the whole frequency

range. We obtain the global quadrature variances for light modes a by using the steady-

state solutions of the equations of evolution of the expectation values of the atomic opera-

tors and the quantum Langevin equations for the cavity mode operators. The cavity light

squeezing properties are characterized by plus and minus quadrature operators defined by

and
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An interesting application of the commutator algebra is to derive a relation giving the
uncertainties product of two operators A and B, i.e, AAAB > %|<[121, B])|. Hence, in view

of this, the uncertainty relation of the two quadrature operators can be written as

Bada 2 2| ] () - () (14)

K | K2 — 4e?

where Aa, and Aa_ are the uncertainties in the plus and minus quadratures. On account

of Egs. (2.83)) and Eq. (2.85)), Eq. (4.4) takes the form

Q + 200
Aa.Aa. > e (2 +21)

n{ﬁ—Aﬁ}Nx‘ﬂ+ﬂf49+ry+@+—2mabww)_ly (4:5)

It is interesting to consider some special cases. We first consider the case in which the
nonlinear crystal is removed from the cavity and the cavity mode is coupled to vacuum

reservoir. Thus, upon setting € = 0, Eq.(4.5)) becomes

Ve 420

il 4.6
72 + 302 (4.6)

AayAa_ > Je N |
K

In addition, we consider the case in which the top and bottom levels of the atoms do not

coupled by the pump mode. Hence, upon setting =0 in Eq. (4.6)), we see that
Aa,Aa_ > LN, (4.7)
K

which is the minimum uncertainty relation for vacuum state. Next, we proceed to
calculate the quadrature variance of the cavity light. The variance of the plus and minus

quadrature operators of the cavity light are defined by

(Aax)® = £((a" £a)*) F [(a" + a)]?, (4.8)
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so that on account of Eq. (4.8)), we have

(Aax)? = (a'a) + (aa') + (a™) & (a?). (4.9)

With the help of Eqgs. (3.21)), (3.22)),and (3.23)), one can readily establish that

(B = 22PN + (N4(0) + "= me0) 2 20 (0)] + VIV + (Fil0) £ 20 (1)
£ LRIV + (SN + g (Mo Mot )

(4.10)

Substituting Eq.(2.82) and (2.84)) into Eq.(4.10) we obtain

(Aay)? = Ye (K)QWQ + k2L (24 T) + (T — 2T) (2 4 40) + [8ev + kQ £ 2k0](Q + 2T)
I iv? + 260 (Q+ 1) + k(D4 — 2I)(Q + 41)
N (E)Q[u2+r+(§2+r)+(n —2I)(2+40') + [Qizy](§2+2r)]
Ve v2 4200 (Q+T) + (I'y —2IN)(Q2 + 4T0)
4, T G2+ 20 (Q+T) + (Ty —20)(Q2 +4T) + Q(Q + 2I)
?(i) | V2 4+ 2T (U +T) + (0 — 2T')(Q +4I) ]
).

+

16N K2 1
" (No— My + =

(k2 — 422) 2

(4.11)
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Figure 4.1: Plots of (Aa_)? [Eq.(4.11)] versus Q, for k=0.8, 7.=0.4, and N=50, and for
different values of the amplitude of the pump mode that drives the NLC, .

From the plot in fig.(4.1), we notice that squeezing exhibits in a different manner from
a single cavity radiation, for values of €2 between 0 and 0.45, with differing degree of
squeezing. Moreover, it is possible to realize that the degree of squeezing increases with

the parametric amplifier.
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4.2 The quadrature Squeezing

We seek to calculate the quadrature squeezing of the cavity light relative to the quadrature
variance of the cavity vacuum state. We then define the quadrature squeezing of the cavity
light by

(Aag); — (Aa_)?

S= = R (4.12)

Substituting Eq.(4.7)),(4.11)) into (4.12]) we obtain

v k2 + K2I L (Q+T) + k(T — 2T)(Q + 4T) + [8ev + £Q + 260](Q + 2T)
i) kv? + 260 (Q+T) + k(T — 20)(Q + 4T)
N (E)Q[ﬂ +T (Q+D)+ Ty —20)(Q +40) + [Q £ 20](Q + 2F)]
Ve V2420 (Q+T) + ([, — 20)(Q + 41
N 4_/<<£)2[u2 + 2 (Q+T) + (Ty —20)(2 +4T) + Q(Q + zr)]
€ " Ye V242 (2 +T) + (I'y —2IN)(Q2 4 400) '

S=1-|(

(4.13)
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Figure 4.2: Plots of quadrature squeezing vs Q [Eq.(4.13)], for k=0.8, 7.=0.4, and for
different value of the amplitude of pump mode that drives the NLC, ¢.

We note that, unlike the mean photon number and photon number variance, the

40



quadrature squeezing does not depend on the number of atoms. This means that the
cavity light quadrature squeezing is independent of the number of photons, but it is
dependent on the amplitude of the driving coherent light and the parametric amplifier.
Moreover, we note that the interaction of cavity mode with parametric amplifier increases
the quadrature squeezing. The plots in Fig.(4.2) shows that the maximum quadrature
squeezing is 47.5%, 54%, and 60% for e= 0.002, e= 0.005, and = 0.008 respectively.
The squeezing of the cavity mode increases for(£2<0.2) but decreases for (€2>0.2). In
addition, we have observed that the quadrature squeezing increases with the amplitude of
the driving coherent light until it reaches a maximum value of 60% below the vacuum-state

level.
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Chapter 5

Conclusion

In this thesis, we investigated the quantum and statistical properties of cavity radiation
produced by a coherently pumped degenerate three-level atom whose cavity contain a
degenerate parametric amplifier with closed cavity coupled to a squeezed vacuum reservoir.
With the use of the Hamiltonian that describes a wide range of interactions, we determined
the master equation for a three-level atom in a squeezed vacuum reservoir. Again using the
interaction Hamiltonian and the Heisenberg equation of motion we obtained the quantum
Langevin equations for cavity mode operators, as well as the equations of evolution of the
expectation values of atomic operators, using a large-time approximation technique. The
approximated solutions of the quantum Langevin equations for cavity mode operators, as
well as the correlation features of cavity mode operators, would used to find the solutions
of the equation of evolution of the expectation value of atomic operator. Using the
steady state solution, the photon statistics and quadrature squeezing of cavity light were
calculated.

We have found that the light generated by the three-level laser is in a squeezed state,
and the squeezing occurs in the minus quadrature. The maximum quadrature squeezing
of the light generated by the three level laser is found to be 60% below the vacuum-state
level for certain conditions. The brightness of the cavity light enhanced in the presence of
both the stimulated emission rate and the parametric amplifier. We have seen that one

effect of the coupling of the top and bottom levels is to increase the mean and photon
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number variance. We found that, quadrature squeezing is dependent on the amplitude
of the driving coherent light and the parametric amplifier, not on the number of atoms.
We have shown that the effect of the squeezed parameter is to decrease the mean and
variance of the photon number, but the presence of parametric amplifier € increases them.
We have also seen that for a three-level atoms, the presence of the parametric amplifier

enhances the squeezing of the cavity light generated by the systems under consideration.
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