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Abstract

This project deals about Interpolation. It contains Three chapters. The first

chapter 1s about Introduction. The second chapter is about Interpolation with equal in-
terval. It has two section: Newton’s Forward Difference Interpolation Formula and
Newton’s Backward Difference Interpolation Formula. The third chapter is about In-
terpolation with unequal intervals. It has two section:Lagrang’s Formula For Unequal

Intervals and Newton’s Divided Difference Interpolation.
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Objective

Define interpolation.

To discuss Newton’s forward difference interpolation formula

To discuss Newton’s backward difference interpolation formula

To discuss Lagrange’s formula for unequal intervals

To discuss Newton’s divided difference interpolation



Chapter 1

Introduction To Interpolation

1.1 Introduction

Interpolation is important concept in numerical analysis. Quite often functions may
not be available explicitly but only the values of the function at a set of points, called
nodes, tabular points or pivotal points. Then finding the value of the function at any

non-tabular point, is called interpolation.

Definition 1.1. Suppose that the function f(z) is known at (n+1) point (xq¢ , fo)

s (r1, fi) ... (%0, fn) where the pivotal point x; spreat out over the interval [a ,b]
satisfy a=xy < w1 <...<xp,=b and fi =f(x;) then finding the value of the function at
any non tabular point xs(ro<z<x,) is called interpolation.

Interpolation is done by approximating the required function using simpler functions
such as, polynomaials. polynomial approximations assume the data as exact at the

(n + 1) tabular points and ginerate an Nth degree polynomial passing through these

(n + 1) points. Howewver, if the given data has some errors then these errors also will
reflect in the corresponding approximated function.

More accurate approximations can be done using splines and chebicheve, legender and
hermite polynomials but polynomials of degree n or less passing through(n + 1) points
are easy to develop and useful in understanding numerical defferenciation and numerical
integral.

Hence the present chapter is devoted to developing and using polynomial interpolation



formula to the required function.



Chapter 2

Interpolation With Equal Interval

2.1 Newton’s Forward Difference Interpolation For-
mula

Given the set of n+1 values, with (zo,%0),(z1,¥1),(T2,Y2),. - . (Tn,yn) of x and y, it is
required to find y,(x), a polynomial of degree nth such that y and y,(x) agree
at the tabulated points.
Let the values of x be equidistant, that is:

ri-x;_1=hfori=1,2,3,...,n

Therefore,
1 = Xy + h
To = XTo + 2h

Let y,(x) be a polynomial of nth degree, it may be written as:
Yn(X) = ap + a1(x - xo) + as(x - xo)(x - 1) + az(x - xo)(x - 1) (x - 22) + ...+
(X - 20)(X - 1) o (X = Tp1)eeeennnn (1.1)

Here, the coefficients, ag , a1 , ..., a,1 , are computed as follow:

Putting x = z¢ in (1.1) gives,



Yn(z0) = ap = Yo = aop (since the other terms in (1.1) vanish)
Again putting x = x; in (1.1) gives,

Yn(z1) = ag + a1(x - ©9) = yn(x1) = 11 = ap + a1h

Now, solving for a; gives:

— A
a; = y1hyo — A%

h
Similarly , putting x = 23 , x =23, ..., x = 2, in (1.1) , we get
_ APy _ Ay _ Ay
a2 = 332 > 43 = 3p3 5 -0 = Tn

Now, Substitute these values of a’s, in (1.1) we get

YUn(X) = yo + 20 (x - wg) + S (x - mg)(x - 1) + A (x - @) (x - 1) (x - T3) + ...
A0 (x = 20) (X - 1)+ - (X = 1) (1.2)

Again put, x = xy + ph in (1.3) and rearranging we get:
Yn(x) = yo + pAyo + %AQ?/O + WAB% L+ p(p—l)(p—27)1~!-~(p—(n—1))Anyo

This equation (1.4) is called Newton’s Forward Interpolation Formula.



Example 1.1
using Newton’s forward difference interpolation formula,find the form of the function

y = f(x) from the following table:

Solution 1.1
The forward difference table for the data is given above. Since n = 3, the cubic Newton’s

forward difference interpolation polynomial becomes:

x | f(x) | A A% | A3
0] 1

1
1] 2 -2

-1 12
21 1 10

9
31 10

) =+ o+ Eaptaty + e
Where,p:wzx_zozx
y3(x) = yo + xAyo + LEUAZy, 4 HEDEZD A3y,
ys(x) = 1 + x(1) + 220 2) 4 e=DE=2) (19
y3(x) =1+ x- (22 — ) + 2(x)(2? — 32 + 2)
(x)

y3(x) = 223 - T2? + 6x + 1



2.2 Newton’s Backward Difference Interpolation For-
mula

Given the set of n + 1 values, with (2o , y,) , (1, v1) , (T2, ¥2) , -- -, (Tn , Yn) Of X
and y , it is required to find y,(x) , a polynomial of degree nth such that y and y,(x)
agree at the tabulated points.

Let the values of x be equidistant , that is:

ri-x;_1=h,fori=1,2,3,....n
Therefore,

$1:$0+h

$2:[E0+2h

Like (1.2) let y,(x) be a polynomial of nth degree , and written as:

Yn(X) = ag + a1(x-z,) + as(x - 2) (X - Tpo1) + a3(x - ) (X - Tpo1)(X - Tpo) + ...+
(X - Tp) (X = Tpo1)e o (X = 20)eveeinnnns (1.1)

Here, the coefficients , ag , a1 ,..., a, + 1, are computed as follow:

putting x = ¢ in (1.1) gives,

Yn(xn) = ag =>yn = ap (Since the other terms in (1.1) vanish)

Again putting x = x,,_1 in (1.1) gives,

Yn(Tpn1) = Yn1 = a0 + a1(x[n - 1] - ) = Yn(Tn_1) = Yn-1 = Yn - 1h

Now, solving for a; gives:

a; = yn*}:ll/n—l _ Vyn

h
Similary, putting x = z,, 2 , X = Zp,_3, ...,X = x¢ in (1.1), we get
_ V% _ V¥ _ V'
Qp = 2!h2n , A3 = 3!h3n y weey O = nlhn

Now, Substitute these values of a’s, in (1.1) we get

Un(X) = Yo + (% - @) + (X - ) (X - 1) + (X - 2) (X - Zp1) (X - Tpo)
o T (x 3) (X - @) (X T) e, (1.2)

Again put, x = x,, + ph in (1.2) and rearranging we get:
Yn(X) = Y + PVyn + p(p;!rl)v2yn + p(p+1)'(p+2) V3y, + ...+ p(p+1)(p+2)---(p+(n—1))Vnyn

3! n!

This equation (1.2) is called Newton’s Backward Interpolation Formula.



Example 1.2

Find solution using Newton’s backward difference formula.

x | f(x)

0] 1

110

21 1

3] 10
x =4

Solution 1.2
The value of table for X and Y

x| 01121 3
yl1]0]1]10

Newton’s backward difference interpolation method to find solution

Newton’s backward difference table is

x| fx) |V |V V3
0] 1

-1
11 0 2

1 6
211 8

9
3] 10




The value of X at you want to find the f(x): X =4
h:.ib’l-ﬂl():l—o:l

Newton’s backward difference interpolation formula is

+ pVy, + pp+1 szn + p(p+1 +2)V3

V(X) = Yn

y(4) =10 + 1(9) + M@) + —1(1“3(”2) (6)
y(4) =10 +9 + 8+ 6

y(4) =33



Chapter 3

Interpolation With Unequal

Intervals

3.1 Lagrang’s Formula For Unequal Intervals

Let y=f(x) be a real valued continuous function defined in an interval [a,b].

Let xg,x1,%9,....,x, be (n+1) distinct points which are not necessarily equally spaced
and the corresponding values of the function are yo,y1,....,yn

Since (n+1) values of the function are given corresponding to the (n+1) values

of the independent variable x, we can represent the function y= f(x) is a polynomial in
x of degree n.

Let the polynomial is represented by

f(x)=ag(x - 1) (x - T2)...(Xx - z,) + a1(x - 20)(X - X2)....(X - ) + a2(x - 20)(x - 21)(x -
x3) .. (X - )

F o F ap(x - xo) (X - 1) (X - Ty Eq(1)

Each term in Eq(1) being a product of n factors in x of degree n, putting x=x in Eq(1)
we get

f(x) = ao(xo - 1) (20 - T2)....(T0 - Tp)
f(zo)

@ = (xo—z1)(xo—22)...(x0—2n)

putting x =z, in Eq(1) we get

f(x1) = a1(xo - x1) (w0 - x2). .. (T0 - Ty)
fz1)

z1—20)(x1—22)...(T1—Tn)

alz(

10



Similarly putting x = x9, x = x3, X = x,, in Eq(1) we get
f(z2)

To—x0)(x2—21)...(T2—Tn)

CLQI(

Tn—20)(Tn—21)...(Tn—Tn—1)

(In:(

Substituting the values of ag,ay,...a, in Eq(1) we get

—f< ) (z—z1)(x—22)...(T—2n) f(I0)+ ((xfwo)(:rfmg)...(xfxn) f(«fl)‘i‘ 4+ (x(x z0)(x—x1)...(T—Tp—1) f(r

(zo—z1)(z0—22)...(TO—TN) z1—20)(x1—22)...(T1—2n)

The formula given by Eq(1) is known as the Lagrange’s Interpolation Formula.

Example 1.1
Apply Lagrange’s interpolation formula to find a polynomial which passes through the
points (0 , -20), (1 ,-12), (3 ,-20) and (4 , -24).

Solution:
We have g = 0, 21 = 1, 29 = 3, 23 = 4, yo = f(z0) = -20, y1 = f(z1) = -12, yo = f(x2)
= -20 and y3 = f(z3) = -24.
The Lagrange’s interpolation formula is:
f(X) _ _(z—z1)(z—z2)(z—3) )f(-’Eo) + ((z—mo)(z—:cg)(m—xg) f(ZL‘l)

(zo—x1)(vo—2z2)(xo—23 x1—x0)(x1—x2)(T1—23)

(z—z0)(x—x1)(x—23) f(.CEQ) + ((x—zo)(a:—z1)(:c—x2) f(.%'g)

(z2—x0)(x2—x1)(r2—23) x3—x0)(z3—71)(T3—72)

Hence
(1) (a-3)(a—4) (2-0)(z—3)(0-4)
f(x) = T-90-9 20) + o) - (12)
(2-0)(a—1)(z—4) (2-0)(z—1)(z—3)
+ B0 e 20) + Goanas (24)

f(x) = 2% - 822 4+ 15x + 20 is the required polynomial.

11
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3.2 Newton’s Divided Difference Interpolation

3.2.1 Divided Difference

Let the data values, (x; , f(x;)) ,i=0,1,2,..., n be given. We define the divided
differences as follows. First divided difference:
Consider any two consecutive data values (x; , f(z;)) and (2,41 , f(2;11)) Then, we define

the first divided difference as:

fla; 2] = Los=LE) 0 1 2 n-1
Therefore, flxg , z1] = %ﬁg:ﬁo) Mz, xo] = % , ete.
f[l’z s CL’Z‘+1] = f[ZL'H_l, J]Z] = IZJ:(ZEA + i(f;:i)l s i=0 s 1 s 2 ge ooy I - 1

We say that the divided differences are symmetrical about their arguments.
Second divided difference consider any three consecutive data values (z; , f(z;)) ,

(xip1, f(z41)) and (2442 , f(z;12)) Then, we define the second divided difference as:

| = fleiviipe)—flzizinl 1 g 1 9 n-92
Tipo—T; ) Y ) )ttt

f[f% Lit1, Ti+2

_ flzyxa]—flwo,mi]

Therefore, flxg, z1, 2] pp—

_ [flz2x3]=flz1 0]

, e.t.c.
r3—T1

f'rh T2, x3]

The nth divided difference using all the data values in the table, is defined as;

flz1,22,.. ] = flT0,%1,.,Tn—1]
Ty —x0

f[l‘i, Lit1y Tig2y - - - ,$n] =

The divided differences can be written in a tabular form in table below:

x | f(x) | Firstd.d | Secondd.d | Thirdd.d
xo | f(zo)

f[xo,21]
x1 | f(z1) flzo,z1,29]

flay,25)] flxo,z1,22,23
xo | f(xs) flz1,79,73]

f[xo, 23]
xg | f(x3)

12



Example 1.1
Obtain the divided difference table for the data:

x |-1]012] 3
f(x) | -8 13 |1]12

Solution
We have the following divided difference table for the data.

The divided differences can be written in a tabular form in Table below:

x | f(x) | First d.d | Second d.d | Third d.d
-1 -8

=11
0| 3 S

== =2
2 1 % =4

-1 _ g
3| 12

We mentioned earlier that the interpolating polynomial representing a given data
values is unique, but the polynomial can be represented in various forms. If we write
the interpolating polynomial as;

f(x) = pn(x) = ap + a1(x - xg) + ao(x - o) (x - 1) + az(x - xo)(x - 1) (x - 22) + ...+
an(x - 2o) (X - 21). .. (X - Tp_1)

The polynomial fits the data p,(z;) = f(z;) = fo

Setting, p,(xo) = f(z¢) = fo, since the remaining terms vanish.

Setting,

po(z1) =f(21) = fi=a0 + a1(x - 9) = a1 = hizao _ hzfo flzo , x1]

r—x0 r—x0

13



Similarly:;

ag = flzg , x1, 2o ooy an ="flxg, 1, 29, ..., T,

So, we can write the interpolating polynomial using Divided Difference as;

f(x) = pu(x) = f(z0) + flzo , T1](x - @) + flzo , 1, T2)(x - o) (x - 71) +

flzg , x1 , z2 , @3](x - o) (X - 1) (X - X2)

This polynomial is called the Newton’s divided difference interpolating polynomial.

For an example of a second order polynomial, given (z¢ , yo) ,(z1 , y1) and (x3 , y3)

po(x) = f(zo) + flzo , x1](x - x0) + flxo , 21, 2] (X - X)) (X - x1)

Example
Find f(x) as a polynomial in x for the following data by Newton’s divided difference

formula.

f(x) | 23] 12| 147

x | f(x) | First d.d | Second d.d | Third d.d
0] 2
1
1] 3 4
9 1
2| 12 9
45
5| 147

First we form the divided difference table for the data as follow:

The Newton’s divided difference formula gives;

14



f(x) = f(xo) + (x - zo)f[xo , 1] + (x - @o)(x - x)f[X0 , 1 , T2] + (X - @) (X - x1)
(x - 2)flzo , 21, 22, @3]

fx) =24 (x-0)(1) + (x-0)(x-1)(4) + (x-0)(x- 1)(x-2)(1)

f(x) = 2 + x + 42? -4x 423 -22% -2? + 2x

f(x) = 2% +2% - x + 2

15



Conclusion

Generally,from this project we understand the definition of interpolation and we get
hint that interpolation is important concept in numerical analysis.

We also get to know better about newton’s forward difference interpolation formula,
newton’s backward difference interpolation formula, lagrang’s formula for unequal in-

tervals and newton’s divided difference interpolation are discussed detail.
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