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Abstract

Numerical method is a major branch of mathematics course.The advantage of eigen
values and eigen vector in study of matrix and use in physics.

This project paper contain four chapter:namely introduction of eigen values and
eigen vector, literature review, eigen values and eigen vector and application of eigen
values and eigen vector. More generally chapter one contain introduction concepts
define matrix type.Chapter two contains literature review. Chapter three dominant
eigen value and eigen vector, Properties Of Eigen values And Figen vectors,description
of the method , example of eigen value and eigen vector, Failure of the Power Method,
extensions to the power method, the inverse power method, deflation eigen values of a
real symmetric matrix, householder’s method.The last chapter contain application of
eigen values and eigen vector in this chapter:Numerical Determination of Eigenvalues
and Eigenvectors and population growth. The last is summary, main Matlab code and
bibliography
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Notations

A Matrix A

(ABJ), o sipyeeeeeeeeeineinenns a Matrix A, i is row matrix,j is column matrix and m X n is row by matrix
Det oo Determinants of amatrix
Lo Unit or identity matrix

MATLAB o, Matrix laboratory

INX M oo s Row by Column

s Eigen values of matrix

X Eigenvector of matrix



Chapter 1
1 INTRODUCTION

1.1 Background Of The Study

A major branch of numerical analysis is devoted to the development of efficient algo-
rithms for n X m matrix can be considered as a function that uses matrix multiplication
to take m—dimensional vectors into n— dimensional vectors. So ann x n matrix A takes
the set ofn— dimensional vectors into itself. In this case certain nonzero vectors have
x and Az parallel, which means that a constant exist with A — A\l = 0 There are two
main numerical problems which arise in connection with the matrices. One of these is
the problem of finding the inverse of a matrix. The other problem is that of finding
the eigenvalue and the corresponding eigenvectors of a matrix. We concerned to the
latter one. Matrices find applications in most scientific fields. In physics, matrices are
used to study electrical circuits, optics, and quantum mechanics. In computer graphics,
matrices are used to project a 3-dimensional image onto a 2-dimensional screen, and
to create realistic-seeming motion. In fact the computation of eigenvalue of a matrix
is required in many engineering and scientific problems. For instance eigenvalue are
required while finding the frequencies associated with i. The vibrations of a system of
masses and springs ii. The oscillations of a triple pendulum iii. Symmetric vibrations
of an annular membrane These are only a few of countless examples where eigenvectors
and eigenvalue are important The word eigenvalue comes from the German word Eigen
wert where Eigen means characteristic and Wert means value. However, what the word
means is not on your mind! You want to know why I need to learn about eigenvalue
and eigenvectors. Once I give you an example of an application of eigenvalue and eigen-
vectors, you will want to know how to find these eigenvalue and eigenvectors.



1.2 OBJECTIVES OF THE PROJECT

1.2.1. General objectives
The general objective of this is project is computing eigenvalue of a matrix.

1.2.2 Specific Objectives

The specific objective of this intends to explore the following objectives:
1. To demonstrate how to compute dominant eigenvalue of a matrix and analyze con-
vergence, failure and extension of the method.
2. To demonstrate how to compute eigenvalue of a real symmetric matrix
3. To analyze the efficiency of the methods we used in real symmetric matrix.
4. To show some applications of these methods.
5. Computing Eigen values of a matrix by using MATLAB



1.3 MATHEMATICAL PRELIMINARIES

In this section we will discuss some basic definitions, concepts and theorems which help
to understand the main part of the project.

#Definition 1.3,1 A matrix is an array of elements arranged in rows and columns. Such
a matrix is usually denoted by

ailz a2 @13 - Qip
G21 Q22 A23 -+ Q2

A= . = [aij] , where a;1,a12,- - - ,a1, where are called elements of
Am1 Am2 Am3 - Amn

A. The matrix said to be of size nxm . If m=n, it said to be a square matrix of order The

elements a; in a square matriz form the principal diagonal (or main diagonal)De finitionl
+ ajg ++ -+ + ay, is called the trace of A denoted by Tr(A).

#Definition 1.3.2 A diagonal matrix is a square matrix whose non-diagonal elements are

all zero. In particular, the n-square matrix with 1’s on the diagonal and 0’s elsewhere,

ai; Q12 0 0
as; azy a0
0 az azgs as
0 0 43 Q44

denoted by I is called the unit or identity matrix. A= Matrices of

the type , are called tri-diagonal matrices.

#Definition 1.3.3 A square matrix A in which a;;= aj; .is called symmetric matrix.
#Definition 1.3.4 A determinant of a square matrix A of order n denoted by |A| is
defined in terms of order n-1 determinant:

Al=>00 (=1 ay;]Aij| Here, Ay; is an (n — 1)x)(n — 1) matrix obtained by deleting
the first row and j** column of A.

#Definition 1.3.5 If|A| # 0 , then A is said to be a non-singular matrix; other
#Definition1.3.6 The transpose of a matrix A, denoted by AT | is obtained by converting
the rows of A into the columns of A one at a time in sequence.

#Definition 1.3.7 A square matrix is said to be orthogonal if AAT =1 |ie. AT = A~!
#Definition 1.3.8 Matrix B is the inverse of a square matrix A which is written as A™!
if AB#BA = I . For both products to be defined simultaneously and must be square
matrices of the same order.
¢ Definition 1.3.9 Let A be a square matrix of dimension n x n . The scalar A is
said to be an eigenvalue for if there exists a non-zero vector X of dimension such that
Ax=X xThenon—zerovectorXiscalledtheeigenvectorcorrespondingtotheeigenvalue. T hus, i fisaneiger
for a matrix A, then AX=MXx,x#0 or (A-AI)X = 0 . This equation has a non-trivial
solution if and only if A-AI is singular, that is, if| A—AI| which is called the character-
istic equation of the matrix A.

#Definition 1.3.10 Matrices A and B are similar if there is a non-singular matrix S such
that B = S~1AS
#Definition 1.3.11 Real matrix is matrix whose elements consist entirely of real numbers.



Chapter 2

2. LITERATURE REVIEW

They developed an approximate approach to calculate Eigen-vector derivatives for sym
metric matrices, which showed that eigenvector derivatives can be written as a lin-
ear combination of the eigenvectors themselves. Juang et3 al. [1989], Bernard and
Bronowicki [1994] and Akgin [1994] extended this approach to systems with repeated
eigenvalue.

While Akgin’s method [1994] showed improved con-vergenc, Juang et al. [1989]
considered the repeated eigenvalue derivative case. Lim et al. [1989] used singular
value decomposition to calculate eigenvector derivatives for re-peated eigenvalue. Hou
and Kenny [1992] also presented an approximate analysis when repeated eigenvalue ex-
ist. In addition, Rudisill and Chu [1975.], and Doughty [1982] studied the eigenvector
derivative problem for non symmetric matrices The most significant development in the
study of eigenvector derivatives appeared in 1976, through the pivotal work of Nelson
(30) which has since seen wide range of applications throughout engineering analysis
and design. The signifcant advantage of Nelson’s approach for calculating eigenvector
sensitivities is that it only requires thos Eigenvectors that are to be differentiated. His
algorithm also preserves the bandedness and symmetry of the matrices which reduces
the computing time and allows the use of enceinte storage and solution techniques.
Unfortunately, this method could not be used with repeated eigenvalues and it was
valid only for the eigenvectors evaluated using mass normalization. A decade later in
1986, Ojalv (31, 32) extended Nelson’s approach to incorporate repeated eigenvalues
that have unique eigenvalue sensitivities. Ojalvo’s method was further modified by
Mills-Curran (33) and Dailey (34) addressing some of the issues in references (31, 32).
While Mills-Curran’s method was easy to implement on a computer, it was not robust
whereas Dailey’s method was more rigorous but difficult to incorporate into programs.
But even these methods were not perfect as they assumed unique second-order eigen-
value sensitivities, which is not always the case.

Friswell [35] addressed this issue in 1996 with a method that evaluates the eigen vector
sensitivities when there are repeated eigen values and eigenvalue sensitivities. Zhang
and Wang [36] addressed the same issue with a different approach. More recently in
1997, Lee and Jung [37] presented an algebraic method to calculate the sensitivities for
both distinct and repeated eigenvalues.Nelson’s method [30] has served as a basis for
much of the eigenvector sensitivity analysis since its introduction nearly three decades
ago. Therefore, most of subsequent derivations and applications [31-37] consider eigen-



vectors with mass normalization only, as Nelson did.As a result, little attention has
been given to the role of the normalization condition in the computation of eigenvector
sensitivities. This this is provides a generalized approach for calculating the eigenvector
sensitivities which can accommodate any normalization condition.

The project has involved collected information from books available in libraries,
recent journals and different websites. All information obtained has recorded and the
following activities have done.



Chapter 3

3. EIGEN VALUES AND EIGEN
VECTOR

3.1 DOMINANT EIGENVALUE OF A MATRIX

Eigenvalue of a matrix A that is largest in absolute value is called dominant eigenvalue.
Power method is an iterative technique used to determine the dominant eigenvalue of
a matrix. In this section we will discuss: how to find the dominant eigenvalue, conver-
gence of the method, its failure and some extensions of the method.

3.2 Properties Of Eigen values And Eigen vectors

1.If a square matrixA has n linearly independent eigenvectors, then a matrix P can be
found such that P~'AP is a diagonal matrix whose diagonal elements the eigenvalues
are of A. The transformation of A by a non-singular matrix P topAP is called a simi-
larity transformation.

2.Any similarity transformation applied to a matrix leaves its eigenvalues unchanged.
Particularly similarity transformation on symmetric matrices that use orthogonal ma-
trices preserves symmetry as well as eigenvalue i.e. If A is symmetric, then A and
PTAP are symmetric matrices and have the same set of eigenvalues, where P is an
orthogonal matrix.

3.IfA(A#£0) is an eigenvalue of a matrix A then § is the eigenvalue of A™!.

There are a number of general properties of Eigen values and Eigen vectors which you
should be familiar with. You will be able to use them as a check on some of your
calculations.

Property 1 : Sum of eigenvalues

For any square matrix A:

sum of eigenvalues = sum of diagonal terms of A (called the trace of A)

Formally, for an n x n matrix A: Y " | \; = trace(A)
(Repeatedeigenvaluesmustbecountedaccordingtotheirmultiplicity.)

Thus if A =4,\9=4,A3=1 then 37 A, =9

Property 2: Product of eigenvalues

For any square matrix A:



product of eigenvalues = determinant of A

formally A AoAs......\, T\ = det(A)
The symbol 7 simply denotes multiplication, as ), denotes summation.
Example: Verify Properties 1 and 2 for the 3 x 3 matrix:

2 -1 0
Al-1 2 -1
0o -1 2
whose eigenvalues were found earlier.

Solution:
The three eigenvalues of this matrix are:
A =(2-V2) =2 = (2+V2)
Therefore:A\; A As=(2 — v/2)(2)(2 + v/2) = 4 = det(A)
Property 3: Linear independence of eigenvectors
Eigen vectors of a matrix A corresponding to distinct eigen values are linearly indepen-
dent i.e. one eigenvector cannot be written as a linear sum of the other eigenvectors.
The proof of this result is omitted but we illustrate this property with two examples.
We saw earlier that the matrix
A 10

1 2

has distinct eigenvalues Ay = 1 \y = 2 with associated eigenvectors \;=1 ,A\o=2

1 0
_ 1 2
()%l_l}x()[ll

respectively.
Clearly X is not a constant multiple of X® and these eigenvectors are linearly inde-
pendent. We also saw that the 3 x 3 matrix
2 -1 0
A= |-1 2 -1
0o -1 2
had the following distinct eigenvalues A\; =2 — v/2, Ay = 2, A3 = 2 + /2 with corre-
sponding eigen vectors of the form shown:
1 1 1
1) _ 2)_ 3) _
2+ = {\/5 1},)(()_ 0 » a® = _1/§
Clearly none of these eigenvectors is a constant multiple of any other. Nor is any one
obtainable as a linear combination of the other two. The three eigenvectors are linearly
independent.
Property 4: Eigenvalues of diagonal matrices A 2 x 2 diagonal matrix D has the form

a 0
Sy
. la—A 0
|ID-AI| =0 IS[ 0 d—
So the eigenvalues are simply the diagonal elements a and d. Similarly a 3 x 3 diagonal
matrix has the form

]:0 i'e (a-A)(d-\) =0



D
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having characteristic equation ID-AI| =(a-A)(b-A)(c-\)=0

so again the diagonal elements are the eigenvalues.

We can see that a diagonal matrix is a particularly simple matrix to work with. In ad-
dition to the eigenvalues being obtainable immediately by inspection it is exceptionally
easy to multiply diagonal matrices. Task Obtain the products Dy Dy and D, D; of the
diagonal matrices

a 0 0 e 00
Dy {0 b O Dy |O f O
0 0 ¢ 0 0 g

ae 0 0

solution:DngzDQDl 0 bf 0

0 0 cg

which of course is also a diagonal matrix.

3.3 Description of the Method

The standard method for finding the eigenvalues of a matrix is to solve for the roots
of|A—IX |=0. The power method provides a very straight forward way of approximating
to the dominant eigenvalue and corresponding eigenvector of a matrix of dimension nxn
.We will assume that is real, has a set of eigenvectors, and that the eigenvalues of satisfy
.We will assume that A is real, has a set of eigenvectors, and that the eigenvalues of
ALA2- -+ X satisfy|A1|> [A2

>|An .

Let X be a linear combination of eigenvectors X 1,X2- - -, Xn corresponding toA1,A2- - - An
respectively. Thus

X = cx1+carat- - - +ean

sinceA,;=\;xi we have

Ax:clel + CQAJIQ + -+ CnAl’n

/\1 [Cl$1 + Cz(i\\—?)$2 + -+ Cn(i\\—rf)ﬂfn}

Alr=ci \2xq + coN\ixy

)\% [Cll’l -+ Cz(i—?)l’g + -+ Cn(i—?l’n)]

Akz=X*[cyay + @(i—f)’“:ﬁz +-+ cn(’;—’;)kxn]

The contribution of the term cl)\’fml to the sum on the right hand side increases with k
and, therefore, every time we multiply a column vector by A, it becomes nearer to the
eigenvectorr; . Then we make the largest component of the resulting column vector
unity. For large value of (lf:\ the vector

cx1 + CQ(%)ICI'Q' - —i—cn(/\—l)kxn will converge to c;z; which is the eigenvector corre-

sponds to); . The eigenvalue is obtained as
k+1
A1 =limy o0 % r=12--n

where the index r signifies the r'h component in the corresponding vector. The rate of



convergence is determined by the quotient Ag|A;. The convergence will be faster if Ao\
is very small. Convergence will be discussed this in the next subsection. The following
assumptions also apply to the method:

i. The nxnmatriz Ahasndistincteigenvalues\y, Aa, A, with associated collection of lin-
early independent eigenvectors x1,z9,2,.

ii. The n eigenvalues must be independent .

iii. A has precisely one eigenvalue);, that is larges in magnitude. iv. It is iterative
method, so we start with an initial guessxy such that it must contain some component
of eigenvector x; , so that ¢; # 0. If no suitable approximation is available, we can
choose xy with all its components as one unit, that is o= [1 1 - ,1}T . Sometimes
can be chosen such that |z¢|=1 .

We start with the column vector z, and evaluate Az, which is written as Mz!'. This
gives the first approximation ! to the eigenvalue and ! to the eigenvector. Similarly
we evaluate Az'=Ax? which gives the second approximation. We repeat this process
till [;L‘k — xk_l} becomes negligible. Then A\* will be the largest eigenvalue and z* the
corresponding eigenvector.

Example Determine the largest eigenvalue and the corresponding eigenvector of the
following matrix:

10 4 -1
A=14 2 3
-1 3 1
10 4 -1
solution: let A= 14 2 3
-1 3 1
1
and xg = A= |1 (initial approximation of the eigen vector)
1
10 4 1] (1 13 1.0
AXo=14 2 3 1 =19 =13 |0.62930 =13X; where
-1 3 1 1 3 0.23076
1.0
X7 = ]0.62930
0.23076
10 4 -1 1.0

AXi=14 2 3 0.62930
-1 3 1 0.23076

12.5384
= =16.07692
1.30796
1.0
= 12.5384 |0.48466
0.10429
1.0
12.5384 X5 where X, |0.48466
0.10429

10



4 -1 1.0
AXo =14 2 3 0.48466
3 1 0.10429

11.83436 1.0
=15.282220 = 11.83436 | 0.44634
0.55828 0.04717
1.0
11.83436 X3 where X35 = |0.44634
0.04717
10 4 -1 1.0
AXs=14 2 3 0.44634
-1 3 1 0.04717

11.73821
= | 5.03421
0.386210

1.0
= 11.73821 | 0.42887
0.032902
1.0
=11.73821X, where = | 0.42887
0.032902

10 4 —1] 1.0 11.6826
AXy= |4 2 3 0.42887 = | 4.95645
1 0.032902 0.319524
1.0
= 11.6826 | 0.424259
0.027350

1.0
= 11.68261 X5 where X5 =10.424259
0.027350

11



10 4 -1 1.0 11.66969
AXs= 14 2 3 0.424259 = | 4.93057
-1 3 1 0.027350 0.300129
1.0
=11.66969 |0.422510
0.025718
1.0
=11.66969 X where xg=[0.422510
0.025718
10 4 -1 1.0 11.6643
AXg= 14 2 3 0.422510 = [4.92217
-1 3 1 0.025718 0.29325
1.0
= 11.66430.42198
0.02514
1.0
= 11.6643 x7 where z7 = [0.42198
0.02514
10 4 -1 1.0 11.6628
AX;= |4 2 31042198 = | 4.91939
-1 3 1 {(0.02514 0.291099
1.0
= 11.6628 10.42180
0.02495
1.0
=11.6628 x7 where xg |0.42180
0.02495
1.0
Therefore the largest eigen value is 11.6628 and corresponding eigen vector is |0.42180
0.02495

We see that zg - x7 is negligible. Thus, the largest eigenvalue is approximately 3.417
and the corresponding eigenvector is [11.6628 —11.6628}T

As k— oo pre-multiplication each time by A, may introduce round-off error. In

12



order to keep the round-off errors under control, we normalize the vector before pre-
multiplying by A. The normalization that we use is to make the largest element in
magnitude as unity. If we use this normalization, a simple algorithm for the power
method can be written as follows

Yr+1 = Axy,

Tr+1 = yk+1/ak+17

where oy is the largest element in magnitude of y; 1. Letey, eq, .....en be eigenvec-
tors corresponding to the eigenvalues Ai, Ao, .....A\y. Since {e;}¥ | are linear independent,
a vector z, can be expressed as x, = ci€1, c2€9, ...cyen Where ¢, ¢q, ....cy are constants,
not all zero. Premultiplication both sides of the expression by A, gives

Ax, = c1 Az, c0Axg, ....,cNATN = aqin

Since ¢; # 0 for some 7, and e; for all i, we have Ax, # 0 . This implies a;; # 0. In
general, we have ag .1 # 1 . Now, the largest element in magnitude ofzy,; is one unit.
Then \; = kh_)rgo (A22) can be written as

Akg
. (Y1) _
A = 1}1—>I£lo A r=12...n

and xyy is the required eigenvector, and as k— oo , agyq also gives |A;| which is
the required eigenvalue.

Suppose for the moment that A has a set of eigenvectors ey, eq, ...... , e, with the
corresponding eigenvalues A1, Ao, ....., A, . We represent the eigenvectors by e; is for
the seek of confusion withx;. Without the loss of generality we can arrange these in
decreasing order of size, that is [A1| > |Aa] > |As] > ..... > | Al
Now we decompose the initial guess x, into a linear combination of the eigenvectors of
A:

To =) i C1€1
Applying the above simple algorithm to this vector,
= A.Z‘O = Z? 1 Cl>\1€1
_

we obtam =% = a% Yo G

P
Tk = alagl....ak El 1 CZ)\kez - alo(jgl - ay {61 + Zz 2 cl( ) }

Now the idea is that since \; is the largest e1genvalue all the terms apart from
the first in the expression in braces tend to zero as k — oo . Thus the eigenvector e;.
dominates the behavior of ) for large k. Notice that this will fail if there is another
eigenvalue of the same size as A; , that is if |[A\y| = |A1|. Therefore we assume that A is
bigger than any other eigenvalue of A: |A;| > |\ foralli =2,3--- n

c1 )\’f

k
Then we can assert that E’\—l) —0ask — oo, foralli > 1, and thus x; ~ o a1

A1)
as k— oo

But we know that z, has the property that its largest element is always equal to
one as does e; .

Therefore x.k — e; as k— oo , and
ar — A\ as k— 0o .

clz\

- — 1as k— oo . This can only occur if
ajao..

13



3.4 Failure of the Power Method

The power method algorithm does not converge if there is not a single largest eigenvalue.
The eigenvalue of real matrix A is general complex, and occur in conjugate pairs (which
necessarily have the same absolute value). So if the largest eigenvalue of A is not real
then the power method will certainly fail. For this reason it is sensible to apply the
power method only to matrices whose eigenvalues are known to be real, for example
symmetric matrices.

3.5 Extensions to the Power Method

We have shown how to use the power method is find a single eigenvalue (generally
the largest) and corresponding eigenvector of a matrix A. In this section we will see
methods whereby more than one eigenvalue of A can be found using variations on the
power method.

3.6 The Inverse Power Method

This method uses A=! . Make y4; = A;kl. By the property of eigenvalues listed
ﬁ /\il are eigenvalues A~!, the inverse power method converge to /\i , the largest
eigenvalue of A~ . Thus this method gives a way of finding the smallest (in absolute
value) eigenvalue of a matrix.

3.7 Deflation

This method operates only for symmetric matrix. The method shifts only one eigenvalue
at a time to zero, leaving the other unchanged. Suppose

A =A—- )\ 2150 \Where A1 and z; were determined by power method.

x?ml

Let x; € A Then
T
141)(1 = f&)(l'— Al m;?l

i1

Case 1 wheni=1
A Xy — X1 =0
Case 2 i > 1 since orthogonal
2114)(11: Al)(l
= The eigenvalues of A; are Xy -+ \,, 0
= Ay is the second largest eigenvalue ( by power method) Continue by setting:

Ay = Ay — Ay T—T CA = Ail -\ TT

In each case we shift the largest eigenvalue \; discovered thus far to zero, and
therefore the power method applied to A; produces the largest remaining eigenvalue
Aix1 -Thus we can generate the eigenvalues of A one at a time in reverse order of

absolute magnitude.

14



3.8 EIGENVALUES OF A REAL SYMMETRIC
MATRIX

Now we shall describe three methods for finding all the eigenvalues of a real symmetric
matrix: Jacobi’s method, Given’s method and Householder’s method. The basic ap-
proach in all the above three methods is to perform successively a series of similarity
transformations on a given real symmetric matrix A by choosing suitable orthogonal
matrix. For example, if Sy is an orthogonal matrix then we obtain

We should note that A; is symmetric since A; = ST AS; = A;. Also since right
side of (3.1) is a similarity transformation, the eigenvalues of A; are same as that of A.
Again by choosing a suitable orthogonal matrix Sy (say), similarity transformation is
made on A; giving Ay = ST A1 Sy = S5(STAS)S,.

The matrix A, is symmetric and has the same eigenvalues as A; which are same
as of A. In this manner a series of transformations are made and finally matrix A is
reduced to a diagonal matrix in the Jacobi method while it is reduced to tri-diagonal
matrix in the Givens and Householder’s methods.

3.9 Householder’s method.

This method also is used for finding eigenvalues of a real symmetric matrix. The method
reduces the symmetric matrix A to a symmetric tridiagonal matrix through a series of
similarity transformation. The transformation matrix (also called Householder trans-
formation) is totally different from that of Jacobi and is such that all the desired zeros
in a row (or in a column) are produced in a single transformation. Thus only n — 2
transformations are needed to reduce a matrix A of order n to tridiagonal form. The
method is a finite method and is more efficient than Given’s approach in that it reduces
whole rows and columns of off-diagonal elements to zero.

The transformation matrix P has the form:

P=1-2WWT Where We R" with WITW =1
WTW is a matrix of order n, and the unit matrix I being of order n, so the trans-
formation matrix P is of order n as well.
(WWT)T — (WT)TWT — WWT
Pl =1 -2WWHT =1 -2WWT =P
PPT = (I —2WWT)(I —2WWT)
=T —4WWT +4aWWITw)wTt
=] —4WWT +4WWT Because WIW =1
=1
And P! = PT = P.
Matrix P is symmetric and orthogonal.
Start by P with the property that A = PMAPW zero’s out the entries in the
first columnA beginning with the third row. That is, such that
ag.i) =0, for each j= 34,.......,n (3.21)
By symmetry, we also have agjl.i) =0

15



We now choose a vector W = (wy, wsy, ....,w,)" so that WTW = 1,(3.21)holds and
in the matrix AV = PWAPW = (I —2WWT)A(I — 2WWT),

we have agll) = a;; and a§11) = 0, for each j= 34,......n. This choice implies n
conditions on the n unknowns wy, ws, .....,w,. Setting w; = 0 gives aﬁ) =ap; . We
want P = I — 2WWT) to satisfy

P(l)(all,agl,am, ...... ,anl)T = (CL117OC,O, ...... ,O)T, (322)

where v will be chosen later. Observe that the element (3, 1) of PWAPW can
become zero only if the corresponding element in PM A is zero. To simplify,

let W = (wy, ws, ... w,)T € R*L,

g = (a1, 031, ..., an)" € R*

P and be the (n-1)x(n-1) transformation matrix,

P=1,,-2WWT

Then (3.22) becomes P

1 : 0 0 [ T
all o all
a21 CL11 all

P ‘ 0 - |... - | «
: : : - Y Py
anl : - D Y Y
0 : L 0-

With Py = (Iny —2WWT)j =g —2(WTH)W = (a,0- - -

let 1 =Wy then

(,0--+,0)7 = (ag; — 2rws, azs_9pws * * * A1 — 27w, 7T,
we can determine all of the w; once we know « and r . Equating components gives

(3.23)

2rwy = a9 — « (3.24)

2rw; = aj; for each (3.25)

Squaring both sides of each of the equations and adding the corresponding terms
gives

Ar2 370y w?j = (am — @) + 307 5 a?jl

Since W2W =1 and w; = 0 we have

> i ywi=1and

4r? =370, 6% — 2aay + o (3.26)

Equation(3.23) and the fact that P is orthogonal imply that

a? = (,0,.....0)(, 0,

..... 0)" = (Py)"Py =gy " P"Pj=§"y

Thus, a? = >_" , a?, which when substituted into (3.26)

j—2 %515
2 _ w2
2r® =37 ,aj — 2aas.
Now, 2r? = 0,implies, aas, = aaz = ... = aa,; = 0, we choose

o= —39”(@1)(2?—2 %2‘1)% ,
which implies that

2% =370 a5 + lan|(327 5 af,)?
Then (3.24) and (3.25) becomes

_a21— __ Qa1 y
wy = === and w; = - for each j = 3,4, ..., n.
To summarize the choice of PM), we have
— no23\1
a = —sgn(asn)(d_;_,a5)?
_ (1.2 1 L
T = (5& — 50&12&)2
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wy = 0,

_ a21—
w2 = 27“a
_ i -
wj = 5~ for each j =3,4,....,n.

With choice,

AV )0 . 0]
1 1 1 1
AL — pMAp® = | 0 a3 Az e ay,

. .1 11 21
o W)l

Having found P and computed A, the process is repeated for k = 2,3,--- ,n—2
as follows :
k

n 1
o= _Sgn(a£+1k)(2j—2 ajk)2

o)
W = 4t foreach j=k+1,k+2,k+3---n
PO = [ — 2w ® (k)"

and AE) = pE) gA(K-1) p(K)

Continuing in this manner, the tridiagonal and symmetric matrix A" ! is formed,
where
AE) — pn=2) p(n=3) ... p(1) 4 p(V) ... p(n=3) p(n—2)

Example Reduce the following matrix to tridiagonal form by Householder’s method;

r= (2 + 265 = 2176250899

wyp =
_ a1 —o V5 _
Wy = T = 2(2.127225?)899) = 0.9732
asi __ 1 _
W3 = 5 = 55776350809) — 0.2298
0
PMO=7-2109732 | [0 0.9732 0.2298]
0.2298

17



0 0 0 0
=0 1 0] -]10 1.8942 0.4472
0 01 0 1.4472 0.1056

1 0 0

= |0 —0.8942 —0.4472

0 04472 —0.8944

The transformation gives the following required tridiagonal form:

1 0 0 3 2111 0 0
AV = pOAO PO 10 —0.8942 —0.4472| |2 3 2| |0 —0.8942 —0.4472
0 04472 —0.8944| |1 2 3| |0 0.4472 —0.8944

3 —2.2356 0
—2.2356  4.5983 —1.1999
0 —1.1998 1.4002

Then the eigenvalues of this matrix is of the symmetric matrix A.

Theorem 3.1 A matrix of dimension n is diagonalizable if and only if it has n linearly
independent eigenvectors.

Proof. A matrix Ais diagonalizable if and only if there exists a nonsingular matrix
X and a diagonal matrix D such that A = X DX or equivalently AX = XD, where D
is a diagonal matrix. This is equivalent to saying that there exist n linearly independent
vectors — the n column-vectors of X— such that Axi = dixi, i.e., each of these column-
vectors is an eigenvector of A.

A matrix that is diagonalizable has only semi-simple eigenvalues. Conversely, if all
the eigenvalues of a matrix are semi-simple then there exist n eigenvectors of the matrix
A. Tt can be easily shown that these eigenvectors are linearly independent,
Proposition 3.1 A matrix is diagonalizable if and only if all its eigenvalues are semi-
simple. Since every simple eigenvalue is semi-simple, an immediate corollary of the
above result is that when A has n distinct eigenvalues then it is diagonalizable
Theorem 3.2 The eigenvalues of a Hermitian matrix are real, i.e., A(A) C .

Proof. Let A be an eigenvalue of A and u an associated eigenvector or 2—norm

unity. Then A\ = (Au, u) = (u, Au) = (Au,u) = A

18



Chapter 4

4. Application Of Eigen values And
Eigen Vector

4.1 Numerical Determination of Eigenvalues and
Eigenvectors

Before discussing numerical methods of calculating eigenvalues and eigenvectors we re-

mind you of three results for a matrix A with an eigenvalue A and associated eigenvector

X.

A" (if it exists) has an eigenvalue ; with associated eigenvector X. The matrix (A—kI)

has an eigenvalue (A — k) and associated eigenvector X.

The matrix (A — kI)7!, i.e. the inverse (if it exists) of the matrix (A — kI), has eigen-
1

value = and corresponding eigenvector X. Here k is any real number.

4.2 POPULATION GROWTH

Matrices can be used to form models for population growth. The first step in this
process is to group the population into age classes of equal duration. For instance, if
the maximum life span of a member is L years, then the following intervals represent
the age classes.

(0, %) first age class
(£,20) second age class

The age distribution vector represents the number of population members in each
age class, where
I

T2
= | . first age class

L
second age class
nth age class
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Over a period of % years, the probability that a member of the i*" age class will survive

to become a member of the (i + 1)th age class is given by p; where
0<,p;<1,i=1,2,...m—1

The average number of offspring produced by a member of the th age class is given byb;
where

These numbers can be written in matrix from as flows:

bl b2 b3 bn—l bn
A— |0 pp O -~ 0 0
0o 0 0 -+ poq1 O

Multiplying this age transition matrix by the age distribution vector for a specific time
period produces the age distribution vector for the next time period. That is,

Api = Tin

Example : A Population Growth Model

A population of rabbits has the following characteristics. a. Half of the rabbits survive
their first year. Of those, half survive their second year. The maximum life span is 3
years.

b. During the first year, the rabbits produce no offspring. The average number of
offspring is 6 during the second year and 8 during the third year. The population now
consists of 24 rabbits in the first age class, 24 in the second, and 20 in the third. How
many rabbits will there be in each age class in 1 year?

SOLUTION
The current age distribution vector is
24
Xi=124 0<age<1
20

1 <age <2 2< age <3

and the age translation matrix as

0 6 8
A=|05 0 O
0 05 0
After 1 year the age distribution vector will be
0 6 8| [24 304
A=1[05 0 O 24 | =112 0<age<1
0 05 0 20 122
1 < age <2 2< age <3
EXAMPLE 2

Finding a Stable Age Distribution Vector
Find a stable age distribution vector for the population in Examp le
SOLUTION:

20



To solve this problem, find an eigenvalue\ and a corresponding eigen vectorz such
thatA, = A\, The characteristic polynomial ofA is |[Al — A| = (A + 1)*(\ — 2)

(check this), which implies that the eigenvalues are 1 and 2. Choosing the positive
value, let\ — 2 Verify that the corresponding eigenvectors are of the form

T3 t 1
For instance, if then the initial age distribution vector would be
32
X;=1|8 0<age<1
2
1 <age <2 2< age < 3
and the age distribution vector for the next year would be
0 6 8| |32 64
ro=Az; =105 0 O 8 = |16 <age<1
0 05 0 2 14
1 <age <2 2< age <3

Notice that the ratio of the three age classes is still 16 : 4 : 1, and so the percent of the
population in each age class remains the same.
ATheorem:The eigenvalues of A are the real roots of the characteristic polynomial of

A.
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SUMMARY

For an n x n matrix A, the eigenvalue problem may be defined by A, = A,
or(A— X)X = 0 where A is a parameter to be determined. A is called eigenvalue
of A. the power method finds the numerically largest( dominant) eigenvalue of a given
matrix. It is an iterative method described by the sequence of vectors X g1 = Azp/ap1,
where oy is the numerically largest element of Ay, . The computing process is started
from an arbitrary vector xo which usually taken to be with all its elements unity. The
sequence of vectors x; converges as k — oo to the eigenvector corresponding to the nu-
merically largest eigenvalue of A while the divisor «y tends to the numerically largest
eigenvalue.

There are two methods of find eigenvalues of a real symmetric matrix: Given and
Householder. The basic approach in these methods is to perform successively a series
of similarity transformation on the real symmetric matrix A by choosing suitable or-
thogonal matrix. and Householder’s method. The similarity transformation preserves
eigenvalues and symmetry.

Theorem: The eigenvalues of A are the real roots of the characteristic polynomial of A.
Theorem: The eigenvalues of A are the real roots of the characteristic polynomial of A.
Theorem
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MAIN MATLAB CODE/PROGRAM APPENDIX
function [S, D] = eigvec(A) % eigvec Eigenvectors and their geometric multiplicity.
% % S = eigvec(A) returns the largest possible set of linearly
% independent eigenvectors ofA.
% %S, D] = eigvec(A) also returns the corresponding eigenvalues
% in the diagonal matrix D. % Each eigenvalue in D is repeated according to the
number of its
% linearly independent eigenvectors. This is its geometric multiplicity.
% % Always AxS = SxD. If S is square then A is diagonalizable and % inv(S)* AxS =
D=\
[m,n| = size(A);

I = eye(n);
levalues, repeats] = eigval(A);
S=[d=1[};

for k =1 : length(evalues);

s = nulbasis(A — evalues(k) * I);
[ms, ns|] = size(s);

S = [Ss];

temp = ones(ns, 1) x evalues(k);
d = [d; temp);

end

D = diag(d);

NORMAL EIGEN VALUES AND EIGEN VECTORS FOR NORMAL MATRIX
function [U, \] = normal(A) % normal Eigenvalues and eigenvectors of a normal matrix
A.

%

% U = normal(A) returns a set of orthogonal eigenvectors for A.

%

% (U, \] = normal(A) also returns the corresponding eigenvalues

% on the diagonal X\. The eigenvalues on the diagonal of % \ are sorted by magnitude.
%

% Normal matrices (A"« A = A x A’) may have complex eigenvalues and % eigenvec-
tors. If A itself is complex, A’ is its conjugate transpose.

%

% See also eig, eigval, eigvec, symmeig.

(m,n] = size(A);

E=AxA—-AxA;

if norm(E) <= +/(eps)

%

% The eigenvectors in S are linearly independent but not orthogonal.

% Eigenvectors for different eigenvalues xarex orthogonal.

% Gram-Schmidt (¢r(S5)) gives orthonormal eigenvectors in U.

%0

(S, A] = eigvec(A);
[U, B] = qr(5);
else
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U=[:A=1;
error("Thematrizisnotnormal.);
end
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