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Abstract

This project deals about Numerical Differentiation and Its Application
it contains four chapters.the first chapter is deals about introduction.
the second chapter is deals about basic definition.the third chapter is
deals about methodology.the fourth chapter is deals about numerical dif-

ferentiation and its application it contains many subsection under it.
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Chapter 1

Introduction

Engineers and scientists are frequently faced with the problem of differen-
tiation or integration of some functions.if the functions have closed from
representation and are amenable for standard calculus methods,then dif-
ferentiation and integration can be carried out. however,in many situa-
tions,we many not know the exact functions.We will be knowing,only,the
values of the functions at a discrete set of points.in some instances,the
functions are known but they are so complicated that analytic differen-
tiation,integration is difficult.in both these situations,we seek the help
of obtaining the derivative of a function using a numerical technique is

known as numerical differentiation.
The method of finding the value of an integral of the form using numer-

ical techniques is called numerical integration In this section we discuss

various numerical differentiation.
Numerical differentiation deals with the following problem:given the func-

tion y=f(x)find one of its derivatives at the pointz = xj .Here, the term
given implies that we either have an algorithm for computing the func-
tion,or possesses a set of discrete data points (x;,y;) ,i=1,2,...,n.In other
words,we have a finite number of(x,y)data points or pairs from which
we can compute the derivative.Numerical differentiation is a method to

compute the derivative of a function at some values of independent vari-



able x, when the function f(x)is explicitly unknown, however it is known
only for a set of arguments. Like the numerical interpolation discussed a
number of for differentiation are derived in this chapter They are:
(a)Derivative based on Newton’s forward interpolation formula.

This formula is used to find the derivative for some given x lying near
the beginning of the data table.

(b)Derivative based on Newton’s backward interpolation formula.

This formula is suitable to find the derivative for a point near the end of

the data table.

(¢) Derivatives based on Stirling’s interpolation formula.

This formula is used to find the derivative for some point lying near the
middle of the tabulated value. A method to find the maxima and minima
of a given function is also discussed in this chapter.4.4.1



1.1 Background of the study

Numerical differentiation is the process of calculating the value of the
derivative of a function at some assigned value of x from the given
set of data points (z;,y;) = f(x;)),i = 0,1,2,...n which correspond to

the values of an unknown function y=f(x).To find ™ we first replace

dy
the exact relation y=by the best interpolating polynomial y=f(x) as we
know earlier and then differentiate the latter as many times as we de-
sire.The choice of the interpolation formula to be used, will depend on
x
the assigned value of x at which T is desired.If the points are equally
(Y
x
spaced and T is required near the beginning of the table,we use Newton-

Gregory’s Forward Interpolation Formula.If we require the table,we em-

ploy Newton-Gregory’s Back ward Interpolation Formula.If the Of the

value of the derivative is required near the middle of x are not equi-
x

spaced,we use Newton,s Divided difference Interpolation — Formula or

Y
to get the derivative values



Chapter 2

Preliminaries

2.1 Basic Definition

In this chapter we recall some definitions and known result on numerical
differentiation and its application.this chapter serves as base and back-
ground for the study of subsequent chapter we shall keep on referring
back to it as and when required.

Definition: Numerical differentiation:

Numerical differentiation is the process by which we can find the deriva-
tive or derivatives of a function at some values of the independent variable
when we are given a set of values of that function.

Uses of Numerical differentiation: the numerical differentiation tech-
niques can be used in the following situations:

e Where the function values corresponding to distinct values of the ar-
gument are known but the function is unknown . For example, we may
knowing the values of f(x)at various values of x, say xi, i = 1,2,3,..., n in
a tabulated(arranged) form.

e Where the function to be differentiated is complicated, and so, it is
difficult to differentiate by usual procedures. numerical differentiation is
the process of calculating the value of the derivative of a function at some
assigned value of x from the given set of f(x)data points (xi, yi = f( xi )),
i=0,1,2,..., n in which correspond to the values of an unknown function

d
y = f( x ). To find d_a: we first replace the exact relation y = f(x) by
Y

the best interpolating polynomial y = f( x ) as we know earlier and then
differentiate the latter as many times as we desire. the choice of the in-
terpolation formula to be used, will depend on the assigned value of x at

x x
which T is desired. If the points are equally spaced and T is required
(Y



near the beginning of the table, we use Newton-Gregory’s forward inter-
polation formula.If we require the derivative at the end of the table, we
employ Newton-Gregory’s backward interpolation formula.If the value of
the derivative is required near the middle of the table, we use one of the
central difference interpolation formula.If the values of x are not equi-

x

spaced, we use Newton’s Divided difference Interpolation d—Formula or
Y

to get the derivative value Formula for derivative:consider the function

y=f(x)which is tabulated for the values(=ih),i=0,1,2,...n

2.1.1 Derivative using newtons forward difference formula

suppose that we are given a set of values i=0,1,2,...n.we want to find the
derivative of y=f(x)passing through the(n+1)points,at a point nearer to
the starting value at x=Newton,s forward difference interpolation formula

P=Dpo, 2= DP=2) g

is y=yo+pAyo+p——= o +p 30 Fo (1)

Where p::Ij —hxo ............................ (2)

On differentiation (1) w,r,t,p and on differentiation (2) w,r,t,x we have

dp ldy dy dp 2p — 1 3p* — 6p + 2 18p? +22p — 6
—~— —=—x— =A A? A3yy+4p3—

dr"hdr dpids St AWt Yo b 24
A4y0+ .................. (3)

Equation 3 gives the values of d—yat any point x which may be any where
x

in the
. . . dy dy 1 1.,
Ax=z( and p=0.hence putting p=0 equation(3)gives d—xwxi:d—pwlzﬁAy0+§A Yo
x p

Again on differentiation(3) we get

2y d@ d dy dp 1 6p2 — 18p + 11
—=2d= —=—A2 “1)A3 Atyo+......... 4
a2 de T G ae et vt DA Yorevesee(4)
From which we obtain (% 2) X~ To= h2 A?yq- A3yo+ A4yo+ ......... at x=1
and p=0......... (5)
: & 1 3
Slmllarly(d—x%)x—xo—ﬁAgyO—ﬁA‘lyO—l— ............ (6)



2.1.2 Derivative Using Newton,s Backward Difference Formula

1
Newtons backward difference interpolation formula is y(x)=yn+pVy, w ; ) Vy,
(P+1D(p+2) |

Viy

a3 V3% nt oo (7)
where p:x —hxn ................. (8)
dy 2p + 1 6p* + 6p + 2
On differentiation (7) w,r,t,p,we — y Y _v Yn+ p;— V2, + v +6p+ V39, +
1%
Ap3 + 18p? + 22 6
p —|— p6+ p —|— v4yn+ ..............
dp 1d dy 1 2 1 3p% + 6 2
On differentiation (8) w,t,we é 7 % d—z h(V p2+ V23yn+ P +6p+
4p® + 18p* + 22p + 6
f TP TEEP T Oy Y (9)
24 y
Equation(9)gives the value of atd—y any point x which may be any where
x
in the interval
At x=x, and p=0, hence puttlng p=equation(9)gives
1 1 1
(G sy = ()= thmL V2yn+ V2yn+ V3yn+ VA%t e, (10)
dy
> d dp 1
Again on differentiation(9) we obtain(gﬂ) dd; dp(ggy”)'d]; =7 Vyn(p+1)Vy,
6p®> + 18p + 11
2 O Gy . (11)
12
d’y L o 3 4 5
From which we obtain (d 2)X Tp= = V<y,-V yn+ V yn+ V Yntoeernnn, at
x
x=z,, and p=0
LI
similarly (d—y)x Tn =73 —V yn—§v YnFoereeennnn, (12)

2.1.3 Derivatives using Central Difference Formula

3

The Stirling’s Formula is given by y= y0+ (Ay0+Ay 1)+ A2 f1+ 3 p(A‘r’)yil

+A3y,2)+p 2—4}9 Ay 24 i, (13)
Where p:x Bl

on differentiation (13)



dy dydp 1dp 1 3p° — 1
t. have ——=—2, =X A Ay_1)+pA3y_1
w.r.t.x we have = T P [2( Yo +Ay_1)+pAy_1+

2p° —pA4 5p4—15p2—4

12 240 g

At x=x(¢ and p=0 hence putting p=0 we get (dy)XNxO——[AQy 1——A4y 24—
T

+A3y_2)+

at x=x, and p=0
3

d 1
Similarly <da;‘y )X~ )= [§(A3y,1—|—A3y,2)—|— ............ ]



Chapter 3

Methodology Of The Study

The project would be developed through a number of resources and ma-
terials which are quite relevant papers such as; reference books, Internets

and different website.

All information for this project would be obtained from documen-
tary sources or secondary sources particularly mathematical areas such

as; reference books, Internets. The collected information should be ar-

ranged from the beginning to the end. The collected information would
be analysis and process using different procedures such as; some theorems
should be prove, problem s should be solved, some application would be

tested
The collected information would be examined details.

Finally, the conclusion would be made.

3.1 Statement of the problem

The reason why the title was selected is that the necessary techniques
which were helpful for the complex problem and short cut for complex cal-
culating and solved the problem directly.And also initial value problems
are solved without first determining a general solution. Similarly non ho-

mogeneous equations are solved without first solving the corresponding



homogeneous equations.The study would provide detail information by

answering the following questions.

3.2 Objective Of The Study

3.2.1 General objective

The main purpose of this project is to discuss how and when the nu-
merical differentiation solve the differential equation and corresponding

initial value problem.

3.2.2 Specific objective

The specific objectives of those studies were
e To list some properties of numerical differentiation
e To prove some important theorems and solve related problems

e explain the definitions of forward, backward, and center divided meth-
ods for numerical differentiation



Chapter 4

Numerical Differentiation And Its Application

Definition:: Numerical differentiation: Numerical differentiation is the
process by which we can find the derivative or derivatives of a function
at some values of the independent variable when we are given a set of

values of that function.

4.1 Derivatives based on Newton forward interpo-
lation formula

Suppose the function y = f (x) is known at (n 4+ 1) equispaced points
T, X1, - ..., T, and they are yo, y1 . ..., Y, respectively i.e., y; = f (x;), i

T —
=0,1,....,n Let x; = ¢y + ih and u= 0

h
Newtons forward interpolation is

where h is spacing. The

ulu — 1 uu—1)..(u—m-—1
y=f(x) =y g+ Y 5 gy M=) TE, ) Any
u? —u wd — 3u? + 2u ut — 6u + 11u? — 6u
=1yo+ulyp+ 91 A?yo+ 3l Ayo+ 1 Aty
w’ — 10u* + 35u® — 50u? + 24u , .
+ = A Yo+-..
Differentiation Eq(4.1)w.r.t.x we get
1 2u — 1 3u? — 6u + 2 4u? — 18u? + 22u — 6
f’(x)=—[Ayo+ APyo+ APyo+ Atyo+
h 2! 3! 4]
Sut — 40u3 + 105u2 — 100 24 du 1
¢ w 5'u ut A*yy Note here that d—u:E
! T

10



Differentiation Eq(4.2)w.r.t.x we obtain

()=

Equations(4.2)and(4.3) give the approximate derivatives of f(x)at arbi-

1

[AZ?JOJF

6u — 6

trary point x=xy+uh.

Alyo+

12u? — 36u + 22

4]

When x=17 u=0 Eqs(4.2)and(4.3)become

f’(l’o):

f?) (l_

1
h

1
=

11 5)
[AQQO‘A390+EA43/0-

6

Atyo+

20u® — 120u? + 120u — 100

1 1 1 1
[AQO'§A290+§A3?JOZA4%+5A5%--~-]

—A’yg+...]and so on

d
Example 4.1.1. From the following table find value ofd—y
x

X

1

1.1

1.2

1.3

1.4

1.5

Yy

5.4680

5.0605

5.926

6.2551

6.6601

7.1488

Solutio

n:

The forward difference table

X

Yy

Ay

A2y

A3y

1.0

5.4680

0.1985

1.1

5.6605

0.0688

0.2599

0.007/

1.2

5.926)

0.0763

0,3287

0.007/

1.3

6.2551

0.0763

0.4050

0.0074

1.4

6.6601

0.0837

0.4887

1.5

7.1488

Here xy = 1.0 and h = 0.1 then u=0 and hence

dy

__y7(170):_

dr

1
h

1

[Ayo-—A2y0+—

2

1
3

= [0.1985
.o _0.1 . -

5(0.0614)+%(0.0074)]



=1.7020

d? 1 1
d_xiz:y” (L0)=75[Ayo-A%y+...] = e [0.0614-0.00074]=5.4040

Example 4.1.2. Obtain the first and second deriwatives of the function
tabulated below at the points x=1.1 and 1.2

2/ 1] 1.2 | 1.4 | 16 | 1.8 | 2.0
vl 010.128]0.544 1.298| 2.440 | 4.02

Solution:
We first construct the forward difference table as shown below

T Ay | A%y | Ay | Aty

Yy
1.0, 0

0.128
1.210.128 0.288
0.416 0.05
1.410.544 0.338 0
0.75] 0.05
1.6 1.298 0.388 0
1.142 0.05
1.812.440 0.438
1.580

2.0 4.02

since x=1.1 is a non-tabulated point near the beginning of the table
we take r¢=1.0 and compute

r—xy 1.1—-1.0
p— p— :0.5
= 0.2
2p — 2 3p? — 6p + 2

A2

5 St 2

3(0.5)%2 — 6(0.5) + 2
6

1
Hence Y_=

A
A

A3y0]

=5[0-128+0+
d*y 2 3 1

now x=1.2 is a tabulated point near the beginning of the table for

1
(0.05)]=0.62958

12



x=x¢p=1.2 p=0 and

A "AQ N 0.416-=(0.338)+=(0.05)]=1.31833
Ar h[ Yo yo-l-3 Yol= 02[ 2( )-|-3( )]

>y 1

=72 [Azyo-Af’)yo]:ﬁ [0.338-0.05]=7.2

4.2 Derivatives Based On Newtons Backward Interpolation
Formula

Here we assume the function y=f(x)is known at (n+1) points zyx;...xn
)

i.e y3=f(z;)i=0,1,2...n are known let z1=2+ih=0,1,2..n and v= ;

Then the Newtons backward interpolation formula given by
viv+1)(v+2)(v+3)

+1 +1)(v+2

f(X)Z?JﬁWﬁ%V?yﬁU(U 3),(U )y, Vit 0
v4ynv(v +1)(v+ 25)'("0 +3)(v +4) Ty
When the Eq(4.6) is differentiated w.r.t.x successively we obtained

1 2 1 3v2 4+ 6 2 4o + 1802 4 22 6
P(x)=7 [Vynt iv 2y ST Sy, L T EN T OG,

h 2! 3! 4!

50t 4+ 4007 + 10507 + 24 .

+ = Ayp+...]

1 6 6 120% + 36 22 2003 + 12002 + 210 100
f”( ) h2 [AQyn+ U3+ Ayn—|— () +4|U‘|— A4yn+ v° 4 U5—'f— v+

Ady,+...] and so on

Equation(4.7)can be used to determined the approximated differentia-
tion of first second etc order at any point x

Where x=x,+vn if x=x,, then v=0

Equations(4.7)and(4.8)become

1 1 1 1 1
f7(x”)zﬁ [VynJr—szmt—V3yn+—V4yn+—V5yn+...] and
) 1 3 4 5
£ ()= =) Vy,+V yn+ V Yt Oy Ynt..]

13



Example 4.2.1. A slider ina machine moves along a fixed straight rod
its distance x(m) along the rod are given in the following table for various

of the time t(second)

t sec 1 2 3 4 5 O
z(m) | 0.0201 | 0.0844 | 0.3444 | 1.0100 | 2.3660 | 4.7719
Find the velocity and acceleration of the slider at time t=6sec

Solution:
The backward difference table is

t T Vz Viz | V3z | Viz | Vo2

1.0 0.0201

2.0 0.08444 | 0.0643

3.0 0.3444 | 0.260 | 0.1957

4.0 1.0100 | 0.6656 | 0.4056 | 0.2100

5.0 2.366 | 1.3560 | 0.6904 | 0.2847| 0.0748

6.0 4.7719 | 2.4059 | 1.0499 | 0.3595 | 0.0748 | 0.000

Here h=1. O

dr 1 2 3 4 5
— h[Vx+ Vir+— Vx+ V:z:+ Va:+]

1 1 1 1 1
10 —[2.4059+—= (1.0499)4—5(0.3595)—1—1(0.0748)4—5(0.0)]:3.0694
d?r 1 ., 5 5 1 11 5
e [A r+A aH— A +.] =g -0>2[1'0499+0'3595+E(0'0748)+6(0>]
_1.4780

4.3 Derivative Based On Strings Interpolation For-

mula
suppose y+i=f(x+i),i=0,1,........ n are given for 2n+1 equi spaced points
xo,Xx+1,x£2,...x+n where x+i=xy=*ih,i=0,1,...n

The stirrings interpolation polynomial is given by

14



f(x)=yo+

uP —5ul+4u

1'[

Ay_1+Ayg

2

5!

Where u==2=%0

When Eq (4.11)is differentiated with respect to x successively we obtain
f’(x)_%[w
Ady_2] +
f(@) = A%y 14 SLAL SRSty 9 2w

h

2

[A5y_3+A5y_2
2

J+...

] g_TAQy 1+u7u[Ay Z;Ayl u—uAZly 2+

A3y_2+4+A3y_1 2u3—u
1

2

SuNYy 94 BulSLButH NS,

ASy_3+A%y_2

At x=x¢ u=0 and Eqs(4.12)and(4.13) become

f’(:l?o):l

dy
Example 4.3.1. Find — and —

6

Ayo+Ay_1 A3y 14+A%y_2
[yoer _1( Y ; Y )+%(

2

2

APy _2+A5y_3

for r=0.2 for the data given in fol-

dx da?
lowing
|0 0.1 0.2 0.3 0.4 0.5
y| 0| 0.10017| 0.20134 | 0.30452 | 0,41076 | 0.52115
Solution:
construct the following difference table
x Y Ay A%y A3y Aty
0 0
0.10017
0.1|0.10017 0.001
0.10017 0.00105
0.2 0.201534 0.00201 0.00004
0.00105
0.3 0.30452 0.00306 0.000004
0.10624 0.00109
0.4 0.41076 0.00415
0.11059
0.5 0.52115

Here we use stirrings formula Hence for r=0.2 we have

15




dy L Ayt ag, 1//A3y2+A3y1/

dr 20 2
:O_i/(o.1o117450.10318)_T12(0_00101+0,00105)]

=1.020033

Py =k [Ny 1L Ay 2=k [0.00201-5(0.00004)]

=0.2006606

Example 4.3.2. compute the values of f’(3.1)and f’(3.2) using the fol-
lowing table

z 1] 23415
fx)| 0 1.4]33]56]8.1

Solution: The central difference table is

x| y=flx)| Ay | A%y | Ay | Aly
r_2=1
14
v 1=2| 1.4 0.5
0=3 | 3.3 0.4 0.1
2.3 -0.2
=4 | 5.6 0.2
25
ro=3,h=1u=312=0.1
£(3.1)= [—Ay L +uA2y 1430l (A2 PRl ) 2O Uy 9y ]
1 _ _
1[19+23+01(04)_/_ 1(—01 02) 20.112 0.1(_0'1)/

=[2.140.04+0.02425+0.00082]=2.16507

2 3 2
F(3.1)=k A%y 14 (BERuly eIty 9y ]

=L[0.4=0.1(=21-02) 50 ‘1(01)/ [0.4-0.015+0.00783]=0.39283

16



4.4 Application of Numerical Differentiation

e Advantages of numerical differentiation:

Sometimes differential equations are very difficult to solve analytically
or models are needed for computer simulations. In these cases finite-
difference methods are used to solve the equations instead of analytical

ones.
Finite-difference methods are numerical methods for solving differential

equations by approximating them with difference equations, in which
finite differences approximate the derivatives

e Disadvantage of numerical differentiation:

There are several ways to treat the numerical differentiation problem.
The most common and simplest way, which is used by the engineers, is
finite difference. One of the disadvantages of this method is that, in the
case that the data contains errors, even if we have many data, we cannot

use all data

4.4.1 Maximum and Minimum Value Tabulate Form

From calculus, we know that if a function is differentiable, then the maxi-
mum and minimum value of that function can be determined by equating
the first derivative to zero and solving for the variable.

Given a set of data points (z;, ;) ,1 = 0,1,2,....., n, we can get the inter-
polating polynomial of degree n. Now we wish to estimate the value of
x at which the curve is maximum or minimum. We know that the max-
imum and minimum values of a function can be determined by equating
the first derivative to zero and solving for the variable.

The same procedure can be applied to find the maxima and minima of
a tabulated function. Assume that the points are equally spaced with a

step size of h.

17



This method is extendable for the tabulated function.
Now, consider the Newton’s forward difference formula given in Eq.(4.1).

Differentiating Eq.(4.1) w.r.t. u, we obtain

d 2u— 1 3u? —3u+2
N APyo+
du 2 6

A3yo+........(4.16)

d
For maximum or minimum —y:O neglecting the term after the third dif-
u

ference to obtain a quadratic equation in u

w?u 1

1
Hence Ay0+(u—§)A2y0+[?—§+§]A3y0:0 ............ (4.17)

A3 1 1 1
orTy()u2+[A2yo—§A2yo]u+[At0—§A2yO+§A3y0]:O
or a0u2+a1u+a2
Which gives the values of u

1
Here a0:§A3y0

1
CL1:A23J0-§A3§UO

1 2 1 3
CLQZA?JO‘§A yo+§A Yo

The values of x will then the n be obtained from x=zy+uh

Example 4.4.1. Find x correct to four decimal places for which vy is
mazximum from the following data given in tabular form Find also the

values of y

2| 1] 1.2 | 1.4 | 1.6 | 1.8
y| 00128 0.544 | 1.298 | 2.4/

Solution:We first construct the forward difference tables as shown be-
low

18



X y Ay | A’y | Ady
1.0} 0
1.2 1 0.128 | 0.288
1.4 10.544 | 0.416 | 0.338 | 0.05
1.6 | 1.298 | 0.754 | 0.388 | 0.05
1.8 2.44 | 1.142

Let $0:1.0

1
Here a0:§(0.05)20.025

1
a1=0.288-7(0.05)=0.2635

1 1
a2=0.288- (0.288)+5(0.05)=0.128-0.144+0.0166=0.000666

Hence agu®4a;u+as=0 which gives the values of u
.or 0.025u%+0.263u+0.000666=0

—0.263 = 1/(0.263)2 — 4(0.025)(0.000666)

2(0.025)
Hence u=0 or u=-10.5175

There fore x=1.0 and x=1.0-10.575(0.2)=-1.1035

Uy.2= =(0,-10.5175)

At x=1.0,y=0 and at x-1.1035 we apply the newtons forward interpola-
tion formula

ulu — 1 ulu — 1) (u — 2
yzyoJruAyoJrT)AzyoJr ( 3),( Ayt
' ~10.5175)(=11.5175
:O+(—10.5175)(O.128)+( )2( ) (0.288)
—10.5175)(11.5175)(—12.5175

(3)2)(1)

=3.46132(maximum values)
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conclusion

Numerical differentiation is not particularly accurate process due to a
conflict between round off errors and errors inherent in interpolation.
Hence a derivative of function can never be computed with the same
precision as the function it self

Differentiation is one of the important concepts inc calculus,which has
been used almost everywhere in many fields of mathematics and ap-
plied mathematics.it is natural that numerical differentiation should be
an important technique for the engineers.However,since it is ill-posed in

handamard’s sense,which means that any small error in the measurements

will be enlarged,it is very difficult for the engineers to use this unique.in
this article,we propose anew simple numerical method to reconstruct the
original function and its derivatives from scattered input data and show
that our method is effective and can be realized easily .

since many of the equations arising in real life application can not be
solved analytically or we can say that their analytical solution does not
exist.for such type of problems certain numerical methods exists in the

literature.
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