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Abstract

This projects deals about first order ordinary differential equations and their applica-
tions. It contains three chapters with basic definition and related examples. The first
chapter is about introduction of first order ordinary differential equation, the second
chapter is about preliminaries of first order ordinary differential equation and the third
or the last chapter is about application of first order ordinary differential equation in
real world such as:Newton’s law of cooling and population growth and decay. There

are many subtopics which are discussed under each chapter.



Chapter 1

INTRODUCTION

1.1 STATEMENT OF THE PROBLEM

The project is intended to enable mathematics graduates do project works in a team
on a topic related to applications. The following question will be answered in the work

of the project.

1. What is differential equation?

2. What are the basis of classifications of DEs as ordinary differential equation and

partial differential equation?
3. What are the general and particular solutions of a given DEs?

4. What are the different techniques of solving first order ordinary differential equa-

tions?

5. How differential equations are applied in population growth and decay and New-

ton’s law of cooling.

1.2 OBJECTIES OF THE PROJECT

1.2.1 General objective

The general objective of this project is to apply the first order differential equations in

some real life problems.



1.2.2 Specific objective

Based on the general objective, the specific objectives of the study include:
(). To review some important notions about first order ordinary differential equations.
(ii). To appreciate the applications of first order ordinary differential equations.

(iii). To integrate a mathematical topic with real applications.

1.3 SIGNIFICANCE OF THE PROJECT

As graduates of undergraduate program are required to fulfill the requirements by work-
ing on a project, the project would cater an opportunity how to write a report in a
professional way and how to present the report. These experiences are of very impor-
tant for us in our future career. Moreover, the junior students would refer the report
submitted to the department when a need arises while working on related topics. More
importantly, the project work allows us to know some applications of the differential
equations whereby this inspires us to read and work more on the application aspects of

Mathematics.And also to prepare for exit exam.

1.4 LIMITATION OF THE PROJECT

Conducting this project was not easily done without any problem. Therefore, there

were different problem faced while conducting this project. Some of the problems are:
1. Shortage of time (most affected).
2. Shortage of materials related to our title.
3. Financial problem.

4. Lack of internet use in time.



Chapter 2

PRELIMINARIES

2.1 Definition and Classification of Differential Equa-
tion

Definition 2.1.1. [8] An equation containing the derivatives of dependent variable with

respect to one or more independent variables, is said to be a differential equation (DE).

Example 2.1.1. The following are examples of differential equation.

dy 2
A 1
Iy x° + 1,

y" +ay =9y,

dt+d2t+dt )

dr = dy?  dz
Py

dz? vy’

dy 2_ 2



There are two basic types of differential equation. These are:
1. Ordinary differential equation (ODE)

2. Partial differential equation (PDE).

1. Ordinary differential equation

Definition 2.1.2. [5] A differential equation is said to be an ordinary differential
equation (ODE) if it contains derivatives of dependent variables with respect to
a single independent variable. In symbols we can express an n'* order ordinary

differential equation in one dependent variable by the general form

F(r,y, 9,y ..., y™) =0,

where F denotes a mathematical expression involving x,v,y .,y ,...,y" ', y" and
where
n_ 4"y
Y dx™
Example 2.1.2. )
d’y  (dy
5—= — ] =0.
dx? * (dw

2. Partial differential equation

Definition 2.1.3. [8] A partial differential equation is a differential equation which
mwvolves derivative of dependent variables and its partial derivative with respect to two

or more independent variables.

Example 2.1.3. The following are examples of partial differential equation.

@‘l—%_l‘?‘l— 2
d? Ty " Y
a dt dt
dr = dy?  dz
dy _dy _
der  dz



2.2 Order and Degree of differential equation
Definition 2.2.1. [7| The order of a differential equation is the highest derivative in
the equation.
Example 2.2.1.

a) dy = (z + 2y)dx is order 1.

b) y' +xy = 22% is order 2.

Definition 2.2.2. [7] The degree of a differential equation is the power of the highest

order deriwative in the equation.
Example 2.2.2.

a) dy = (z + 2y)dzx is order 1 and degree 1.
b) (v')?* + zy = 222 is order 2 and degree 2.

c) (%)" = 212 is order 1 and degree n.

d) ¥ = 212 is order n and degree 1.
Remark 2.2.1. (%)” ZZ—E ="
Definition 2.2.3. [1] First order first degree differential equation is a differential equa-

tion which contains no derivatives other than the first derivative and it has an equation

of the form

d
d_y = F(z,y), where y is the function of x
x

and we rewrite this equation in the form vy = % = F(z,y).

Example 2.2.3.

dy = (y + cosz)dz is order 1 and degree 1.



2.3 Linear and Non-linear Ordinary Differential Equa-
tion
Definition 2.3.1. An n'" order ODE is said to be linear if:
i. The dependent variable and its derivatives in all terms have first degree.

it. Their is no term involving product of the dependent variable and any order of its

derivatives.

iii. No transcendental (trigonometric function,natural logarithm function...etc) func-

tion of dependent variable and its derivatives occur.

A Ordinary differential equation which violates either of these three conditions is

said to be non-linear ordinary differential equation.
Example 2.3.1. 4" = 5xy’ has order 2 and degree 1. Thus it is linear.

Example 2.3.2. ( y")3 + 3y —y = 0 has order 2 and degree 3. It violates the first

condition of the definition. Thus it is non-linear.

Example 2.3.3. vy +yy’ = 1 has order 3 and degree 1. It violates the second condition

of the definition. Thus it is non-linear.

Example 2.3.4. zy = eV,
Taking the natural logarithm on both sides we get In(xy') = y”. Now it has order 2 and

degree 1. But it is not linear,because it violates the third condition of the definition.

2.4 Solution of Differential Equation

Definition 2.4.1. [9] Any function (involving the independent and dependent variables)
which satisfies the given DE whenever substituted is called solution of DE.



Types of solutions: There are two forms of solutions for a given DE (if it has).

1. General solution: The solution of a DE which contains arbitrary constants in

its expression is called general solution.

2. Particular solution: The solution of a DE free from arbitrary constants (that
does not contain arbitrary constants) is called particular solution. Usually,particular
solutions are solutions obtained from the general solution by assigning a particular

values to the arbitrary constants.

Example 2.4.1. Consider the DE: y" = 8y. Can both y = 3e¢** and y = ce®® be

solutions?

Solution 2.4.1. Here, y = 3¢*%, y/ = 6e2%, " = 1227, y"" = 24¢2®,
So, y" = 24e** = 8(3e**) = 8y.

Again, y = ce**, iy = 2ce®*, " = 4ce®®, y" = Sce**.
So, y" = 8ce*® = 8(ce*™) = 8y.

Therefore,both 1y = 3¢*® and y = ce*® are solutions.

2x

Besides, y = ce*® is general solution because it contains arbitrary constant c in its

expression. But y = 3e** is particular solution obtained by assigning c=3.

Example 2.4.2. If y = e** is the solution of DE Ly 4 3y _ ky =0, then find k.

dz? x

Solution 2.4.2. since y = e** is give to be a solution,it must satisfy the DE.
y = e = 1y =22, " = 4e** then substitute in the given DE (3272 +3% — fy=0).
= 4e% + 6% — ke¥ =0
= e*(10-k)=0
= e =00r (10—k)=0, but e #0Vr € R
=10—-k=0
= k = 10.



2.5 Initial Value Problems (IVP)

Definition 2.5.1. [3] A differential equation together with a specified condition at initial
point in the independent variable is called an initial value problem (IVP). It has the form
% = f(z,y),a <z < b subject to an initial condition y(a) = yo. Such types of problems

are called an initial value problem (IVP).
Example 2.5.1. Solve the initial value problems: y' = 6z* + 5, y(0) = 0.

Solution 2.5.1. Here y' = 62> +5 = %=622+5
= dy = (62% + 5)dz
= [dy = [(62* +5)dx
= y=323+5x +c.
Therefore the general solution of the given DE is, y = 323 + 5z + c.
To find ¢, we use an initial condition (x=0, y=0)
y=33+5r+c= 0=23(03+50)+c
= 0=0+0+c
= c=0.

Thus y = 32 + 5z is a particular solution of the initial value problems.

2.6 Solving First Order Differential Equation

Solving a differential equation means finding the unknown function which satisfies the
given differential equation.

Forms of First Order Differential Equation:

Any DE of the form M (z,y)dx+ N(x,y)dy = 0 or Z—Z = f(z,y) is said to be first order
differential equation. Here, under we will discuss how to find the general solution for
such form of DE. Since there is no general method to solve all forms of DEs, we will

see different methods for different forms of DEs.

2.6.1 Separable Differential Equation:Method Of Separation

The general form of separable of variables is either

% = f(x)g(y), Z—z = % or g—z = %, where f(z) # 0 and g(y) # 0 are continuous

8



function of x and y respectively. To solve separable of variables, we take a function of
x on one side of the equation and a function of y on the other side of the equation and

integrate.
Example 2.6.1. Show that the differential equation 1y’ = e3**2Y is separable or not.

Solution 2.6.1. 3 = €32

= % — e3x+2y
x

= % = 3%
T

1 dy
eV dx

= = e3%. Here the function of y is at the left side of the equation

and a function of = is on the right hand side. So, the given differential equation is

separable differential equation.

2.6.2 Homogenous first order differential equation

Definition 2.6.1. [6] The differential equation y' = f(x,y) is homogenous if:
y = f() ory = f(%), where x# 0,y #0.

Y

Example 2.6.2. show that xy' = —3y is homogenous or not.

Solution 2.6.2. xy = —3y

= y = _Tgy = f(%) for x # 0 is homogenous differential equation.

T

To solve a homogenous differential equation, we reduce into separable equation by
transformation of variables.
. d
Let us consider £ = f(¥).
Now, let v =¥ = y = vz

dy _ dv
:>dac_v+xd:c

dv _ : dy _ dv — Y
= v+z9 = f(v),since I =v+ 25 and v =12

= xfl—Z:f(v)—v

= f(;l)”_v = Ldz, f(v) —v#0,2#0

= ff(ff_v = f%dw + ¢ be a solution.

y’+zy
2

Example 2.6.3. solve i/ =



Solution 2.6.3. ¢ = y:":fy = g—i +2=f(¥)
Now, letv ="~ = y=vr = g—z:v—i-xg—;

~ d ~ d
e Y =P+l v+ =0v"+v, sincey =v+aP andv="1

=% =v+v—v
= z2 =?

= % = %da:

S

== =In|z|+c

== = In|z| + In(k),where k = €°
==t = In|zk|

—kr=ev

=1 1

-z .
= e v s a general solution.

-1 1
=T =i€v =,

2.6.3 Exact differential equation:Method Of Exactness

Definition 2.6.2. [2] The differential equation M (z,y)dx + N(x,y)dy = 0 is said to
be exact differential equation if there ezists a function f(x,y) having continuous partial
derivatives such as fy(x,y) = M(x,y) and f,(x,y) = N(z,y).

The function f(z,y) with such properties is called potential function.

Theorem 2.6.1. (test of exactness) Let M(x,y), N(x,y), (%M(:U,y) and 2N (z,y)
be continuous function on a rectangular region R on x-y plane.Then the differential
equation M (x,y)dx + N(x,y)dy = 0 is ezxact if (%M(x,y) = ZN(z,y).
Proof: Suppose M (z,y)dx + N(z,y)dy = 0 is exact,

= % — M(x,y) and g—i = N(z,y)

or
Pf _ oM >f _ ON
:>8:z:8y T oy and Oydx ~— Oz
*f _2*f ; oM ON ‘
= 320y~ oyoz’ Since Dy and G- are continuous
oM _ 9N
=0y ~ oz
=2 M(z,y) = ZN(z,vy)
(9y ) y ox ? y N

10



Example 2.6.4. Determine whether x2dx + y*dy = 0 is exact or not.

Solution 2.6.4. Here M (z,y) = 2* and N(z,y) = y*.
Now,5:M (x,y) = g,(2*) = 0 and F-N(z,y) = 5:(y*) = 0.

ia—yM(x,y) = a%]\7(:10, y). Therefore the given differential equation is exact.

To solve exact differential equation, we consider two methods:
Method I: We consider ﬂ = M (z,y) then we integrate with respect to x. That means
[oldr =[M(z,y)dx
:>fxy foydx—i—h()

= £ fay (x,y)dz+ N (y)
:>N (x,y) fa (x,y)dx + K (y), since %f(:c,y) =N(z,y)
jh/(y): xay _fa_y x,ydx

= h(y) =[[N(z,y —fa%M @, y)dz]dy
Therefore, f(z,y) =M (x,y)dx
Method II: We consider a—f =N (x,y) then integrate both sides with respect to y.
éf% y =[N(z,y)dy
=f(z,y) =[N(z,y)dy + g(z)
=2 f(z,y) =[ZN(z,y)dy + ¢ ()
=M (z,y) =[ZN(z,y)dy + ¢'(z), since 2 f(z,y) = M(z,y)
=g'(x) = M(z,y)— [ ZN(z,y)dy
=g(z) =[[M(z, —fa%N(x, y)dyldx
Therefore, f(z,y) =[N (z,y)dy+[[M(z,y)— [ 2 N(z,y)dy]dz is a solution.

+[IN fa (x,y)dz]dy is a solution.

Example 2.6.5. Solve 22dz + y?*dy,y(9) = —1.

Solution 2.6.5. Here M(xz,y) = 2* and N(x,y) = y?
Now,a%M(x,y) =0= a%N(m,y) is exact. Consider %f(x,y) = 2
= [2 f(z,y)dx = [2?dz
= f(w,y) = 32° + h(y)
=g f(w,y) = W(y), but W(y)=N(z,y) =y’
= [N (y)dy =[y*dy
= h(y) = §y +c
Therefore, f(x,y) = %x?’ + h(y) = %Ig + %yg + ¢ is a general solution.

11



To determine ¢, we use IVP. i.e f(x,y) = %x?’ + %y?’ +c

= f(z,y) = 39°+ 3(—1)% + ¢ = —1,since y(9) = —1

=2M3—t+c=-1=c=-2

Hence, f(z,y) = %x?’ + %y?’ — % 1s a solution of IVPs.

2.6.4 Non-Exact Differential Equation:Integrating Factor

3] If a differential equation M (z,y)dz+N(x,y)dy = 0 is not exact, then it is none exact

equation. So, to make this is exact, we find none zero function u(z,y) and this function

is integrating factor. Then we multiply by u(z,y) of M (z,y)dx + N(z,y)dy =0 i.e

u(z,y) M (z,y)dz+u(z, y)N(z,y)dy = 0 is exact.
Now, £ (u(z,y) M (z,y)) == (u(z, y)N(z,y))

We consider two cases.

Case 1: wu(x,y) is a function of x alone. So from 2.1 2% = 0. Then u?4 =

ay 0y
IR

= du %(%_J‘;_%—]X)u, let q(x) :%(aa_z\;_%_l;f)

=2 = g(z)u

=4t = g(z)dx

:>f%“ = [q(x)dx
=Inju| = [q(x)dx

=u(z) = e/ 1@ i integrating factor in a function of x.

Case 2: u(z,y) is a function of y alone. So from 2.1 % = 0. Then uaa—]\; +M§—Z = u%—];[
:>M‘;—Z = u%—f - u%—l‘;
= (8 Buletgly)= (5~
=% =q(y)u
= = q(y)dy

jfdfu = [q(y)dy, integrating both side
=Infu| = [q(y)dy

=u(y) = e/ 1 is an integrating factor in a function of y.

12



Example 2.6.6. solve (z° + y?)dx — 2zydy = 0.

Solution 2.6.6. Here,M(x,y) = 2> + y*, N(z,y) = —2zy
=M, =2y, N, = -2y
Since M, # N,,the DE is not exact or it is non-exact.

So,to solve this DE,first find the integrating factor that changes it into exact.

But, My;,NX = Zy:;;y) = _Z;Z;’Cy = _72 = f(x) which depends only on z.
So,u(x) = el Fdx = x%.Now, multiply the given differential equation by :712
=L (2? + y?)de — Edy =0
=(1+ z—Z)da: — %dy =0 is ezxact.

Next,solve by method of exactness.Let M (z,y) = (1 + g—z), N(z,y) = -2

T

P
&= N(z,y)
af 2

= fg—j;dy =[—"2dy

= fla,y) = [ Zdy + g(x)

= f(z.y) = F Jydy + g(2)

= [(z,y) ==+ g(x)

. % =% +¢'(x), but % = M(x,y) = (1+gyc_z)
=L tga)=1+5%)

= ¢'(z) =

= gr)=z+c

Therefore,the general solution is f(x,y) = —% +x+c.

13



Chapter 3

Application of First Order Ordinary
Differential Equation

First order differential equation has different application in real world. Among those,

we try to see Newton’s law of cooling and population growth and decay.

3.1 Newton’s Law of cooling

The temperature of the body varies from place to place. So, Newton’s law of cooling

states that the rate of change of temperature of a body is proportional to the difference

of the temperature of the body and medium of temperature. i.e. % = —k(T —1T,,) with

T(ty) = Tp where T is a body temperature at a time t, T); is medium or environmental

temperature and k is positive constant.

Now, 4L = k(T -T,,)

T _
= T — _dt, T~ T, #0
= [ 78— =[—kdt
= In|T — Ty| = —kt + ¢, c is arbitrary constant.

=T — T, = el~kt+o)
=T — T, =e‘e F
=T — T, = Ae ", where A = ¢°

=T(t) =T, + Ae ™

14



Example 3.1.1. A body temperature of 20°C' is placed outdoors where the temperature
s 30°C'. After 10 minutes the temperature of the body is 25°C'. Find

a) The time taken to reach a body temperature of 28°C'.
b) The temperature of the body half an hour.

Solution 3.1.1. Given, T,, = 30°C
T(0) = 20°C
T(10) = 25°C
Now, L= _k(T-1T,)= L =—k(T-30)
= - = —kdt,T —30#0
= [ =[—kdt
= In|T — 30| = —kt + ¢, ¢ is arbitrary constant.
=T — 30 = elH+9)
=T — 30 = efe ™k
=T — 30 = Ae ", where A = ¢°
=T(t) = 30 + Ae™*
Now, we find A from the given condition i.e.

T(0) =20 = 20 = 30 4+ Ae

=20=30+A4
=20-30=A4
= A=-10

Next we find k from T(t) = 30 + Ae™* and T(10) = 25,
= 25 = 30 — 10e %% pecause A = —10,t = 10
= 25 — 30 = —10e~10k
= —5 = —10e"10k
= 1= 10k
= In(3) = In(e71%)

=—10k = In(3)
=k = —:n(3)
=k = 0.0693

15



Hence T(t) = 30 — 10e7%993¢ since A = —10, k = 0.0693

a) We find t, when T(t) = 28°C = 28 = 30 — 10e0:0693¢
298 _ 30 = —1(e—0-0693¢
9 — _1(e—0.0693¢
£ — ¢—0.0693t
= 1n(0.2) = In(e~00693)
=In(0.2) = —0.0693t
=t = 55a53/1(0.2)

=t ~ 23 minutes

b) Half hour means 30 minutes, so
T(t) = 30 — 100693 = T(t) = 30 — 10e~0-0693(30)
=30 — 10e~20™
~ 29°C'

3.2 population growth and decay

The population(people, plants, bacteria etc.) increases when the conditions are safe to
live and decreases when the conditions are limited to live, so let N(t) be the population
at a time t that is either growing or decaying, then the rate of change of this population
is proportional to the population present i.e

dN(t)

= = EN(2), (3.1)

where k is proportionality constant serves as a model for population growth and decay.
If £ > 0, then the population increases, if £ < 0 the population decreases and if £ = 0,
the population is constant.
From equation 3.1 we have %t(t) =kN(t)

=2 = kdt

= [ = [kdt

=InN = kt + ¢, ¢ is arbitrary constant.

16



=N = elhtte) — ecelht)

= N(t) = Ae™ whereA = e“ (3.2)

Example 3.2.1. The population of the community is known to increase at a rate pro-
portional to the number of people at a time t.If the population has doubled in 6 years,
then how long will it take to triple?

Solution 3.2.1. Let N(t) denotes the population at a time t.
Let N(0) denotes the initial population at t=0.
Now, from equation 3.2 N(t) = Ae* where A = N(0) (since N(0) = AeF®) = A).
N(6) =2N(0) = 2A, since population doubled in 6 years
= Ae% =24
= b =2
= In(ef) = n2
= 6k = In2
= k= ¢ln2
So we try to find a time t when N(t) = 3A,

ln2t

= Aes ' =34
= e% =3

= In(e's!) = In3
= Z%Qt =1In3

=t= 6?’;—3 = 9.6 years

Example 3.2.2. The population of a certain country is known to increase at a rate
proportional to the number of people presently living in the country.If after two years the
population has doubled, and after three years the population is 20,000.Find the number

of people initially living in the country.

Solution 3.2.2. Our aim are to find N(0) or A (since N(0)=A).
From equation 3.2, N(t) = AeM, after two years (t=2),N(2) = 2A
=Ae?t =24

17



=e? =2

__In

=k =122

N(t) = AelnT%, after three years (t=3), N(3) = 20,000.
= Ae'33 = 20,000
— Ael0 — 20,000

= 2.83A = 20,000

20,000
= A= 2.83
= A ="7067

Therefore the number of people initially living in the country is 7067.

18



CONCLUSION AND RECOMMENDATION

A differential equation is an equation containing the derivatives of one or more de-
pendent variable, with respect to one or more independent variables. A differential
equation which involves one independent variable and its derivatives is ordinary differ-
ential equation (ODE) and a differential equation which involves two and more than two
independent variables and its partial derivatives is partial differential equation (PDE).
The highest derivative existing in a differential equation is order of the differential equa-
tion.

First order differential equation has different classification as we tried to see in chap-
ter two and also has different method of solving of solution. Among those methods:
method of separable of variables, homogeneous, exact and none exact methods.

First order differential equation has different application in real world such as: Newton’s
law of cooling and population growth and decay. As the applications we considered are

of first order, junior students can extend the applications to second and higher order.
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