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ABSTRACT

The project is written simply to illustrate on differentiations and their applications. The
formation and classification of differentiation, the basic techniques of differentiations,
list of derivatives and the basic applications of differentiation, which include Maximum
and Minimum Value, motion and etc,
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Notations

f'(x)=First order derivative

f"(z)=Second order derivative

d
d—y:the derivative of y with respect to x
x

I/D Test= First Derivative Test



Introduction

Differentiation is a process of looking at the way a function changes from one point to
another. Given any function we may need to find out what it looks like when graphed.
Differentiation tells us about the slope (or rise over run, or gradient, depending on the
tendencies of your favorite teacher). As an introduction to differentiation we will first
look at how the derivative of a function is found and see the connection between the
derivative and the slope of the function. Given the function f (x), we are interested in
finding an approximation of the slope of the function at a particular value of x. If we
take two points on the graph of the function which are very close to each other and
calculate the slope of the line joining them we will be approximating the slope of f (x)
between the two points. Our x-values are x and x + h, where h is some small number.
The y-values corresponding to x and x + h are f (x) and f (x + h). The slope m of
the line between the two points is given by Where and are the two points. Hence m is
called the slope or change which is the differentiation. The primary objects of study in
differentiation are the derivative of a function, related notions such as the differential
and their applications.

Objectives

General Objectives

The general objective of this project is to illustrate on differentiations and its application

specific Objectives

The specific objective of this project are;
e Define differentiation and rule of differentiation
e How to calculate maximum and minimum value.

e To relate differentiation to velocity and acceleration in motion.



Chapter 1

PRELIMINARY

1.1 Limits

A limit is defined as a value that a function approaches the output for the given input
values. Limits are important in calculus and mathematical analysis and used to define
integrals, derivatives, and continuity. It is used in the analysis process, and it always
concerns about the behaviour of the function at a particular point.

Definition 1.1.1. (Informal definition). The limit of a function f(x), as x approaches
a € R, is L € R, and we write lim f(x)=1L

z— (a)
If the values of f(x) can be made arbitrarily close to L by choosing the values of = close
enough to a.

Formal Definition of a Function Limit:
The limit of f(x) as x approaches z is L,
ie. im f(z)=1L

z— (z0)

if, for every € > 0,there exists § > 0 such that, for all x

O<|z—xo| <d=|f(x)—L|<e¢
this definition is used to the definition to prove some basic properties of limits.

Properties of Limits
The following is the list of properties of limits.

We assume that hII(l : f(z) and hII(l) (x) exist and ¢ is constant.
r— (a r— (a

1. lim (cf(z)) =c lim (f(x))

z— (a) z— (a)

2. lim (f(2) £g(x) = lim (f(z)% lim (g(x))

z— (a) z— (a) z— (a)

3. lim (f(z)-g(x)) = lim (f(z))- lim (g(z))

z— (a) z— (a) z— (a)
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lim (f(z))

i (L))l
L T E)

5. lim c=c¢
z— (a)

6. lim =z, = a,
z— (a)

. (22 -9)
Example 1, Compute the lim
z— (3) T —3

Solution:

2 _ _
Lm0 L @ +3)E-3)
zto(3) T —3 x to (3) rz—3

= lim =243
z to (3)
= 6

Example 2, Compute the lim (52 4 8z — 3)

z— (—4)
Solution: First, use property 2 to divide the limit into three separate limits. Then use
property 1 to bring the constants out of the first two. This gives,

lim (52 +8x —3) = lim (52° lim (8z) — lim (3
im Got+8r—3) = lim (57) + lim (82) = lim (3)
= 5(—4%)+8(-4) -3
= 80-32-3
= 45
Example 3,

—3)(x —2
Compute the lim ((x )z =2)
z— (6) r—4

)

Solution:

lim,, )(z —3) lim (x —2)

_ ' z— (6)
_ (6-3)(6—2)
B 6—4
e
2
= 6



1.2 Derivative

The derivative function gives the derivative of a function at each point in the domain
of the original function for which the derivative is defined. We can formally define a

derivative function as follows.

Definition 1.2.1. Let a be a number in the domain of a function f.
If lim,_., J@)-/(@) exists, we call this limit the derivative of f at a and

denote it by f'(a) so that
f/( ) hmx—m f(xx f(a) (2)

A function f(x) sazd to be differentiable at a if f'(a) is exists

More generally, A function is said to be differentiable on S if it is differ-
entiable at every point in an open set S, and a differentiable function s
one in which f'(x) exists on its domain.

f'(x) is the slope of the line tangent to the graph of f at (a, f (a)).
Therefore an equation of the line tangent to the graph of f at (a, f (a))

y-f(a) = f(x)(r-a), or equivalently,y = f(a) + f'(z)(x — a)

Note:

1. If the limit exists then we say that f(x) is differentiable at x=a

2. 1If the limit does not exists then we say that f(z) is not differentiable
at r=a

exist, Where, lim,_,,+ !

3. hmx—m f(x):g:(a)

1.3 Derivative as a function

Nearly every function we will encounter is differentiable at all numbers,
or all but finitely many numbers, in its domain. The function f whose

domain is the collection of numbers at which f is differentiable and whose

value at any such number x is given by: f'(x)=lim;_, w
f()—f(z)

—-—is called the derivative of f.

or limy_,,



Example 1, find the derivative of f(z) = 2> +3 at z =1
Solution: using equation (2) we obtain f(x) = z* + 3

) i L) = 1)

= limzx+1=2

rz—1

S f() = 2

Example 2, Find the derivative of the function of f(x) =/x

Solution: Start directly with the definition of the derivative function.

Substitute f(x + h)

f'(x)

=vx + h and f(z) =/z into

fle+h) - f(=)

lim

h—0 h

lim Y2 thove
h—0 h

N A R

h—0 h \/x-|— _|_\/_
h

IIHOh(W A Vo)

i T
1

2Vz

Example 3, let f(x)= 2? then show that f’(z)=2x

Solution



flx+h) — f(x)

f'(z) = lim

h—0 h
2 .2
~ im flx+h)”—=z
h—0 h
224 2zh+ h? — 22
= lim
h—0 h
~ 2xh + h?
= lim ——
h—0 h
= lim2x + h
h—0
= 2z

Example 4, Find the derivative of the function f(z) = 2? — 2z
Solution
Follow the same procedure to the above example
Substute f(z + h) = (z + h)? — 2(z + h) and f(x) = 2 — 2z into

f/(.fli') — hmh%(} f(z+h})L_f($)
oy ((@+h)?=2(x 4 h)) = (2° = 21)
flz) = lim I
B hmx2—|—2xh—|—h2—2x—2h—x2—|—2a¢
- h—0 h
~ 2xh — 2h + h?
= lim
h—0 h
_ lim h(2x — 2+ h)
h—0 h
= lim2x -2+ h
h—0
= 20 —2

1.4 Differentiation Rule

We have now presented all the basic rules of differentiation. Using them,
you will be able to differentiate all sorts of functions, including very
complicated ones. To have the rules readily available, we list them here:
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—_

. Derivative of every constant function is zero.

£/ (w) = £ <f> i but [g(@))* # 0

g\xr

@)
gof)'(z) = g'(f(x))f'(x)

1.4.1 Derivative Of Power Rule:

if n is any integer ,then
dajn n—1
— =nx
dx

Proof,
The proof of this theorem requires us to recall the Binomial Theorem

(z+h)" = 2" +na"th 2 gn-2p2 4 +( i ) 2" FhE 4 nah b

n _ n(n—1)...(n—k+1)
where ( L ) = 1.23..k

d(x™) ,
dr }ngcl)

fla+h) - f=)
h

_ fim (x+h)" — (x)
h—0 h

" 4+ na"th 4+ @x”_QhQ + ..+ ( Z ) " kpE 4 nah 4 R — g

— i
hlg(l) h

nath 4 M gn-2p2 +<k>x”_khk+...—|—nxh”_l—l—h”

= lim
h—0

h
—1
— limnz" '+ Mx"_% + ...+ "
h—0 2 k

) 2" PR a2 Tt

= n2" '4+04+04+0+..4+0

= na" !



Example 1, Let f(x) = 220%®
We find derivative by using power rule

da:2008

—— = 20082 = 20082
X

=

Example 2, Let f(z) = 322
we find derivative by using constant multiple rule
2
:>3£:3.2:c2_1:6x

dz
Example 3,Let k(x) = = + sinz. Find a derivative of k(x), and then
compute k'(7/4).
Solution: Let f(x) =z and g(z) = sinx so that k(x) = f(x) + g(x)
f'(x) =1 and ¢'(z) = cosz
therefore k'(z) = f'(x) + ¢'(x) = 1 + cosx for all x
letting = w/4 we conclude that
K'(%) =1+ cos(})
=1+ 42

Example 4, Let k(z) = x%fl find &'(x)

solution: this function solved by using quotient rule
If f(x) =92" and g(x) = 2% + 1 then k = 5
f'(2)=6325% ¢'(x) = 22

Therefore

_ 632%(2* + 1) — 927 (2x)
- (22 4 1]2

_ 452® 4 632°
- (224 1)2




1.5 Chain Rule

The derivative of the composite function fog is the product of the deriva-
tives of f and g. This fact is one of the most important of the differenti-
ation rules and is called the Chain Rule.

Theorem :Let f be differentiable at a, and let g be differentiable at f(a).
Then g o f is differentiable at a, and

(feg)(a)= f(g9(a))g'(a)

proof:

For g(x) — g(x) # 0, we have

flo(@)=flg(zo)) _ flg(@))=F(g9(z0)) . 9(z)=g(z0)
T—xo T—To 9(x)—g(zo
Thus

(fog)(z0) = lim L29@) = (Jog)(xo)

_ hmo flg(x)) —_f(go(l"o)) . 9(&) — g(wo)
T—x T — X g(gj) — g(g;())
— lim f(g(x)) = f(g9(wo))  g(x) — g(xo)
R A o e
T—T0 g(x) — g(xo) T—T0 T — X
= f'(9(x0))g (x0)

To do the chain rule:
1. Differentiate the outer function, keeping the inner function the same.
2. Multiply this by the derivative of the inner function.

Example 1.5.1. differentiate k(x) = (42 — 3)°using the chain rule
Solution:

k(z) = (fog)(x)

We define g(x) = 4x — 3 as the inner function and the f(x) = 2° as the
outer function.

since f'(x) = 5x* and ¢'(z) = 4

then K'(z) = f'(9(x))g'(x)

K (x)=5(4z — 3)*(4)



= 20(4x — 3)*

Example 1.5.2. Let k(x) = 15vV4 + 22 Find k'(z).
Solution:

Let f(z) = 15y/7 and g(z) = 4 + 22 .

Since f'(x) = % and ¢'(x) = 2z

we conclude that

K(x) = f(g9(x))g (z)

= v (27)

[\

1.6 Higher Order Derivatives

The derivative of a function is itself a function, so we can find the deriva-
tive of a derivative. For example, the derivative of a position function
is the rate of change of position, or velocity. The derivative of veloc-
ity is the rate of change of velocity, which is acceleration. The new
function obtained by differentiating the derivative is called the second
derivative. Furthermore, we can continue to take derivatives to obtain
the third derivative, fourth derivative, and so on. Collectively, these are
referred to as higher-order derivatives. The notation for the higher-order
derivatives of y = f(x) can be expressed in any of the following forms:

f'(@), f"(@), f" (@), f1(@), oo f7 ()

Definition 1.6.1. If f is a function, then f' is the function that assigns
the number f'(x) to each x at which f is differentiable. Since f' is a
function, we can carry the process a step further and define f"(a) by the
formula , /

(@)= (f")(a) = lim,_,, =L@

whenever this limit exists. We call f"(a) the second derivative of f at a.
the third derivative " is the derivative of second derivative:(f") = f"

10



This process is continued. The fourth derivative f™ is usually denoted
by &

In general, the n' fis denoted f™ and contained from f by differentiating
n times.

If y=f(x), £ ()= lim o L th)—f Vi)
if the limit exists. The second derivative, the third derivative, and so on
are called higher order derivatives, to distinguish them from the first
derivative. We say that f is twice differentiable if f"(x) exists for all x in
the domain of f,and f is n times differentiable if f")(z) exists for all z in
the domain of f.

Note: the second derivative, third derivative and so on are called
higher order derivative

Example 1,
Let f(z) = 2° — 3z* + 22 — 9, Find all higher derivative of f
Solution
We obtain
f'(x) = 52t — 1223 + 2
f"(x) = 2023 — 362>

f"(x) = 602* — T2z
fA(x) = 1202 — 72
O (z) = 120
fO(x) =

f™(z) = 0,For all n > 6

Example 2,

find ‘flté’ if y = In(1+t4)

Solution:
Using the chain rule

11



dy _ 1
dt 1+t
4¢3
1+t

d?y _ (14+t4).1262—443 443

Now appliying the quotient rule 75 = e

122 4+ 1215 — 16¢6

14+ t4
12¢% — 446

e

12



Chapter 2

APPLICATION OF
DIFFERENTIATION

2.1 Extreme Values of Functions

If f is a continuous function on a closed interval I = [a, b], then f has
both a maximum value and a minimum value.

2.1.1 Maximum and Minimum Value Theorem

Definitions: A function has an absolute maximum (or global max-
imum) at c if f(¢) > f(x) for all x in D, where D is the domain of f.
The number is f(c) is called the maximum value of f on D. Similarly, f
has an absolute minimum at c if f(c¢) < f(z) for all x in D and the
number f(c) is called the minimum value of f on D. The maximum
and minimum values of f are called the extreme value of f.

The extreme value theorem

If f is continuous on a closed interval [a,b].then f attains an absolute max-

imum value f(c¢) and an absolute minimum value f(d) at some numbers ¢
and d in [a,b].

The Extreme Value Theorem is illustrated in Figure 1 . Note that an
extreme value can be taken on more than once.

13



0 a e d b x
Figure 1

The Extreme Value Theorem is illustrated in Figure 1 . Note that an
extreme value can be taken on more than once.
The Extreme Value Theorem says that a continuous function on a closed
interval has a maximum value and a minimum value, but it does not
tell us how to find these extreme values. We start by looking for local
extreme values.

2.1.2 Critical Point

Definitions:

A critical number of a function is a number ¢ in the domain of f such
that either f/'(c) =0 or f'(c) does not exist.

Example 1, Find the critical numbers of f(z) = 2%/°(4 — x)

Solution: The product rule gives

fla) = (1) + (4= 2)(Za )
3(4 —x)

5:2/5
—5x 4+ 3(4 — x)

5$2/5
12 — 8z

5:1:2/5

= —23 4

Therefore, f'(z) = 0
Thus,12 — 8x = 0 that is ,x = % and f’(x) does not exist when x=0,
Thus the critical numbers are 3/2 and 0.

14



THE CLOSED INTERVAL METHOD: To find the absolute maxi-
mum and minimum values of a continuous function f on a closed interval

[a,b]:

1. Find the values of f at the critical numbers of f in (a,b).
2. Find the values of f at the endpoints of the interval.

3. The largest of the values from Steps 1 and 2 is the absolute maximum
value; the smallest of these values is the absolute minimum value.

Example 2, Find the absolute maximum and minimum values of the
function

flz) =23 —32% + 1, —1<z<4

Solution: Since f is continuous on [-1/2.4].we can use the Closed Inter-
val Method.

flz) =23 — 322 +1

f'(z) = 32* — 6z

= 3z(z — 2)

Since f'(x) exists for all x, the only critical numbers of f occur when
f'(z) =0, that is x=0 or x=2.Notice that each of these critical numbers
lies in the interval (5,4)

The values of f at these critical numbers are

f(0)=1

£(2) = =3

The values of f at the endpoints of the interval are

F(=1/2) = 1/8

f(4) =17

Comparing these four numbers, we see that the absolute maximum value
is f(4) = 17 and the absolute minimum value is f(2) = —3

Note that in this example the absolute maximum occurs at an endpoint,
whereas the absolute minimum occurs at a critical number. The graph
of is sketched in Figure 2.

15



y=x"—3x'+1

figure 2

Rolles Theorem:
Suppose y = f(x) is continuous on a closed interval [a,b] and differen-
tiable on the open (a,b).If f(a) = f(b).then there is at least one number
c in (a,b) at which f'(c) =0

Example 2.1.1. Verify the Rolles Theorem,if f(x) = x* + 6z + 4 in the
interval [—4, —2].

solution 2.1.1. f(—4) = —4
F(-2) = —4

So, f'(¢) =0
filc)=2c+6=0
c=—-3,c€ (a,b)

Mean Value Theorem:
Suppose y = f(x) is continuous on a closed interval [a,b] and differen-
tiable on the open (a,b).then there is at least one number ¢ in (a,b) such

that

_ f()—f(a)
f(c) = b—a

Example 2.1.2. Determine the numbers ¢ which satisfy the conclusions
of the Mean Value theorem for the Function f(x) = x3+2x*—x on [-1,2].

16



2.1.3 Derivative Test

Derivative test helps to find the maxima and minima of any function.
Usually, first order derivative and second order derivative tests are used.
Let us have a look in detail.

First Derivative Test

Let f be the function defined in an open interval I. And f be continuous
at critical point ¢ in I such that f'(¢) =0

1. If f'(x) changes sign from positive to negative as x increases through
point ¢, then ¢ is the point of local maxima. And the f(c) is the
maximum value.

2. . If f'(z) changes sign from negative to positive as x increases
through point ¢, then ¢ is the point of local minima. And the f(c)
is the minimum value.

3. If f'(x) doesnt change sign as x increases through c, then c is neither
a point of local minima nor a point of local maxima. It will be called
the point of inflection.

Example 1,

Find the extreme values of the function f(x) = 2? 4+ z on the interval
[-2,2] and the x values at which they occur.

Solution:

The derivative of fis f'(z) = 2x + 1, which is zero when x = -1/2 and is
never undefined. Following the steps outlined above, we have

1) f(=9) =~
ii) f(—=2) =2 and f(2) =6
Therefore,

Maximum value is 6 at x = 2

Minimum value is —}L

Second Derivative Test

Let f be the function defined on an interval I and it is two times differ-
entiable at c.

17



1. x = ¢ will be point of local maxima if f’(¢) = 0 and f”(c¢) < 0. Then
f(c) will be having local maximum value.

2. x = ¢ will be point of local minima iff’(¢) = 0 and f”(¢) > 0. Then
f(c) will be having local minimum value.

3. When both f'(¢c) = 0 and f”(c) = 0 the test fails. And that first
derivative test will give you the value of local maxima and minima.

INCREASING/DECREASING TEST

e If f/(x) > 0 on an interval, then f is increasing on that interval
e If f/(x) < 0 on an interval, then f is decreasing on that interval.

Example 2.1.3. Find the local mazima and minima of the function
f(z) =32 — 423 — 1222 + 5

Solution:

fl(x) =122% — 122% — 242 = 0

=12z(z* -2 -2)=0

=12z(z—2)(z+1)=0

= Hence,xr =0, r = —1 and x = 2

To use the 1I/D Test we have to know f'(x) > 0 and where f'(x) < 0.
This depends on the signs of the three factors of f'(x),namely12x,x —
2,and x = 1. We diwvide the real line into intervals whose endpoints are
the critical numbers —1,0 and 2 and arrange our work in a chart.

18



Interval x =2 x+ 1

| decreasing on (—=, —1)

l<x=<0 f f increasing on (—1, 0)

20

figure 3

The graph of f shown in Figure 3 confirms the information in the chart

You can see from Figure 3 that is f(0) = 5 a local maximum value of
because increases on (-1,0) and decreases on (0,2) .

2.1.4 Inflection points, concavity upward and downward

A point of inflection of the graph of a function f is a point where the
second derivative f” is 0.

A piece of the graph of f is concavity upward if the curve bends
upward.for example, the popular parabola y = 22 is concave up in its

entirety
A piece of the graph of f is concavity downward if the curve bends

downward. for example,a flipped version y = —x2 of the popular parabola
is concave downward in this entirety

19



Inflection Point Graph

1 1
Concave Concave
up down

Note:-

The Second Derivative Test for Concavity
Let y = f(z) be twice-differentiable on an interval I

1. If f” > 0 on I,the graph of f over I is concave up.
2. If 7 <0 on I, the graph of f over I is concave down.
3. If f” =0 on I, the graph of f over I is Inflection points.

Remark:
Given f(z), we say that the curve y=f(x) has a point of inflection at
x=c if and only if .

e f"(c) =0,and

e f"(x) changes sign on either side of x = ¢ (positive to negative,or
negative to positive)

Example 2.1.4. Given f(z) = 23 —2x?—8x,Find any points of inflection
y = f(x) may have

Solution:

We follow & steps written above:

step 1: Find f"(x). Differentiating with respect to x:

f(x) =32* — 4z — 8

20



f'(x) =6z —4
step 2: Solve f"(z) =0

=06r—4=0
= 6x =4
=z =3

step 3: check wether f"(x) changes sign.
e Forz < %, f"(x) < 0,Concave Down.

e For x> %, f"(x) > 0,Concave Up

Since f”(%) =0 and f"(x) changes sign on either side of x = %
We conclude that there is a point of inflection when x = %

21



2.2 Application To Motion

Differentiation helps determine the motion of a body by calculating the
velocity and acceleration. The derivative of position with time is the
velocity of that body. The derivative of velocity with time is the accel-
eration of a body, and the derivative of the momentum with time is the
force applied to a body.

Related Rate (Rates of Change)
Recall the notation for the average rate of change of a function y = f(x)
over an interval [z, x1]:
Ay = change in y = f(21) — f(zo)
Az = change in x = 11 — 19
Average Rates of Change= ﬁ—z = %
Now, we can define the instantaneous rate of change of y with respect to
X at T = x:
Instantaneous Rate of Change =f'(z¢) = lima,—, 0%

f(x1) — f(x0)

1 — 2o

— lZm T1— g

2.2.1 Average Velocity and Instantaneous Velocity

The velocity of a body is the change of position of a body with respect
to time . It can be obtained by dividing the distance or the displacement
covered by a body to the time taken for displacement.

The average velocity in the time interval ¢; to ¢, can be written as

__ro—n
Vaw = ta—t1

where: 75 is final position of the body
r1 1s initial position of the body

The derivative formula of velocity is
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Ar
V;w — At
Making the value of change in t infinitly small, find the value

of %,WhiCh gives the value of instantaneous velocity:.

. Ar
Vinst = limpg, 0Af
Differentiation formula of velocity is

_ dr
V=14

2.2.2 Velocity and Acceleration

Velocity is the rate of change of displacement of an object and

ACCGIGI’&UOI‘} is th‘g rate of change of velocity of an object
A(werage — final ™ Vinitial

tfz'nal —linitial

Acceleration Function from the Velocity Function
If a function V(t) represents the velocity of an object, the accel-
eration function A(t) is the derivative of the velocity function:

Amstantaneous — A(t) — U,(t)
Of course, to go from position to acceleration , you take the
derivative of position twice:

Ainstantaneous - A(t) — U/(t) - p//(t)

Example 1, Suppose we have the position function P(t) =
t> — 10t 4 2. Then find the acceleration at any time t.
Solution
As we know that if we are given the position and we have to find
the acceleration, then we have to take the double derivative of
the position.
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So, by taking the second derivative of the position function,

A(t) =p"(1)
P(t) =1 — 10t +2
():V()—Zt—lO
p'(t) = A(t) =2, therefore, the acceleration at any time t is 2.

Example 2, The position of a particle along a cordinate axis
at time t (in seconds) is given by s(t) = 3t* — 4t + 1 (in meters).
Find acceleration at time t.

Solution:
since v(t) = §'(t) and a(t) = v/(t) = s"(t), we begin by finding
the derivative of s(t).

s(t+ h) — s(t)

s'(t) = lim
h—0
_ 3(t+h)*—4(t+h)+1— (3t* — 4t + 1)
~ b0 h

= 6t —4

o) i S0 =S

h—0

— i 6(t+h)—4— (6t —4)
h—0 h

= 0

Thus,a = 6m/s*.
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SUMMARY

This project have two basic chapters in the first chapter we
have seen about definition of limits,derivative,derivative of a func-
tion,differentiable function and all rule of differentiation, As well
as we see chain rule higher order derivative and related rate(rate
of function). In chapter two we have seen about Application
of differentiation, in this chapter we see deeply application of
differentiation to extreme values of functions and Appli-
cation of differentiation to motion.
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