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Abstract

This Project will serve as a basic introduction to semigroups of linear operators. It will
define a semigroup in the context of a physical problem which will serve to motivate
further theoretical development of linear semigroups. Applications and examples will
also be discussed.
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Chapter 1

Introduction

Before defining what a semigroup is, one needs to recognize their global importance.
Of course their importance cannot be fully realized until we have a clear definition and
developed theory. However, in general semigroups can be used to solve a large class
of problems commonly known as evolution equations. These types of equations appear
in many disciplines including physics, chemistry, biology, engineering, and economics.
They are usually described by an initial value problem (IVP) for a differential equation
which can be ordinary or partial. When we view the evolution of a system in the context
of semigroups we break it down to transitional steps (i.e. the system evolves from state
A to state B, and then from state B to state C). When we recognize that we have a
semigroup, instead of studying the IVP directly, we can study it via the semigroup and
its applicable theory. The theory of linear semigroups is very well developed [1]. For
example, linear semigroup theory actually provides necessary and sufficient conditions
to determine the well-possedness of a problem [2] .There is also theory for nonlinear
semigroups which this project will not address. This project will focus on a special class
of linear semigroups called strongly continuous semigroups of bounded linear operators.
The theory of these semigroups will be presented along with some examples which tend
to arise in many areas of application.

1.1 Statement of the Problem

This project will focus on establishing semigroup of linear operators and its application
to evolution equations.

1.2 Objective of the Project

1.2.1 General Objective

The general objective of this project was to apply semigroups of linear operators to
evolution equations .
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1.2.2 Specific Objective

The specific objective of this project is to:

• Define semigroups of linear operators.

• Apply semigroups of linear operators to evolution equations.

1.3 Significance of the Project

The project of this problem will have the following importance:

• To know the basic concepts about semigroups of linear operators and their appli-
cations

• The out come of this project may contribute to activates a research on the project
worked area.

• It may provide basic skill for an other project or research worker.
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Chapter 2

Preliminaries

2.1 Scalar ODE.

Simplest ODE that we come across is :

du

dt
= au, t > 0, a ∈ R, u(0) = v ∈ R (2.1)

Its solution is given by u(t) = eatv t ≥ 0.
We know make some simple observations depending the real parameter a.

• If a < 0, every solution tends to zero as t −→ ∞, that is, zero solution is
asymptotically stable.

• In case a = 0, then the zero solution is stable, but not asymptotically stable.

• If a > 0, then the zero solution is unstable.

Setting T (t) = eat,we note that {T (t)}t∈R is a family of bounded linear map from R into
itself and this family satisfies T (0) = 1, T (t+ s) = T (t)T (s) and T (−t) = (T (t))−1.
Hence,{T (t)}t∈Rforms a multiplicative group. Further

lim
t→0

T (t) = 1 = T (0).

If we restrict t ≥ 0,then {T (t)}t≥0
forms a semigroup of bounded linear operators. Now

to every DE(2.1), we attach a unique family {T (t)}t≥0
0f semigroup satisfying

T (0) = 1 (2.2)

T (t+ s) = T (t)T (s) (2.3)

lim
t→0+

T (t) = 1 (2.4)

The last property is connected to the uniform continuity property of the family of
semigroups.
Conversely to each family {T (t)}t≥0

satisfying (2.2), we can attach on an ODE (2.1),
where the generator

lim
t→0+

T (t)− 1

t
= 0.

3



Thus, the existence, uniqueness and continuous dependence property for all time (called
stability) of the solution of the ODE (2.1) is intimately connected to the family {T (t)}t≥0

of uniformly continuous semigroup of bounded linear operators whose generator is a.

2.2 Systems of ODEs

To generalize it further, consider a system of ODEs:

du

dt
= Au, (2.5)

u(0) = v ∈ R

where for each t ≥ 0, u(t) ∈ R, A is n × n real matrix and v ∈ R. This problem has a
unique solution for all t ≥ 0. Its solution can be written asu(t) = etAv. Note that from
the Taylor Series expansion

etA :=
∞∑
n=0

Antn

n!
withA0 = I (2.6)

where I = In×n identity matrix. With T (t) = etA, we write the solution u as u(t) :=
T (t)v. Now consider the family {T (t)}t≥0 . Note that if B1 and B2 are n × n matrices
with B1 commutes with B2,that is B1B2 = B2B1, then

et(B1+B2) = etB1etB2 .

Therefore, the semigroup property

T (t+ s) = e(t+s)A = etAesA = T (t)T (s)

is satisfied. Further, for any matrix B subordinated to a norm say ‖.‖ onR,

‖etB‖ ≤
∞∑
n=0

‖B‖ntn

n!
≤

∞∑
n=0

(‖B‖t)n

n!
= e‖B‖t, (2.7)

and hence, the family {T (t)}t≥0 forms a semigroup of bounded linear operator from R
to itself. Observe that this family forms a uniformly continuous semigroup {T (t)}t≥0
in the sense that

lim
t→0+

T (t) = I.

Note that its generator is

A = lim
t→0+

T (t)− I
t

.
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2.3 ODEs in Banach Spaces

Let X be a Banach space with norm‖.‖. Now, consider the following evolution equation:

du

dt
= Au(t), t ≥ 0 (2.8)

u(0) = v ∈ X,

where A is bounded linear operator on X to itself, that is,A ∈ BL(X).Its solution u
can be written as

u = eAtv,

where representation of etA is given as in (2.6). With T (t) = etA, as in the previous
subsection we can show that the family {T (t)}≥0 forms uniformly continuous semigroup
of bounded linear operators on the Banach space X.
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Chapter 3

Project Methodology

3.1 Project Area

Wolkite University under the department of mathematics from October to August 2021.

3.2 Project Design

In this project mathematical definitions; proves and examples will create related with
the objective of the project. The mathematical expressions will be analytically designed
to obtain the result.

3.3 Project Procedures

To attain the objective of this project, the procedure that I would follow was accordance
with semigroups of linear operators. Some of procedures I use to project are;

• The standard procedures in semigroup theory and evolution equations.

• The procedure of semigroups of linear operators and applications.Oxford U.press,New
York,[1985].
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Chapter 4

Main Result and Discussion

In this we chapter introduces the basic concepts and results about semigroups of linear
operators, uniformly continuous semigroups, strongly continuous semigroups and its
applications.

4.1 Main Result

Let (X, ‖.‖X) and (Y, ‖.‖Y ) be two Banach spaces. Denote by B(X, Y ) the space of
bounded linear operators from X into Y endowed with the usual norm

‖L‖B(X,Y ) = sup
x∈X:‖x‖X≤1

‖L(x)‖Y

and denoted by B(X)=B(X,X) if X = Y .We will study the existence and uniqueness
of solutions for the Cauchy problem.

du

dt
= Au(t), t ≥ 0: u(0) = v ∈ D(A) (4.1)

where A : D(A) ⊂ X → X is a linear operator on a Banach space (X, ‖.‖).
First, we introduce a basic definition.

Definition 4.1.1 A family {Tt}t≥0
of bounded linear operators on a Banach space X

is said to be a semigroup,if it satisfies

(i) T(0)=I

(ii) T (t+ s) = T (t)T (s) t,s≥0

When A is bounded (i.eA ∈ B(X )) the solution of (4.1) is uniquely determined (in
the sense that there exists a unique C1function satisfying(4.1)for each t ≥ 0) and is
given by

u(t) = eAtv,∀t ≥ 0,where

eAt :=
∞∑
n=0

Antn

n!
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The family of bounded linear operators {eAt}t ≥0 satisfies the semigroup properties

eAt ◦ eAs = eA(t+s),∀t, s ≥ 0, and eA0 = I.

Example 4.1.1 In C[0,∞) the space of bounded uniformly continuous functions on
the closed interval [0,∞) define {Tt}t≥0

by

(Ttx)(s) = x(t+ s)(x ∈ C).

{Tt} is a semi group. Condition (1) is trivially verified.
(2) follows from the uniform continuity of x, as

‖Ttx− Ttox‖ = sup
s≥0

|x(t+ s)− x(to + s)|

Finally ‖Tt‖ = 1

Definition 4.1.2 A linear operator A defined by

Av = lim
t→0+

T (t)v − v
t

with its domain of definition

D(A) := {v ∈ X : lim
t→0+

T (t)v − v
t

exists}

is called the infinitesimal generator of the family of semigroups {T (t)}t ≥0

4.1.1 Uniformly Continuous Semigroups

Definition 4.1.3 A semi-group is said to be uniformly continuous with respect to op-
erator norm ‖.‖ associated with X, if

lim
t→0+
‖T (t)− I‖ = 0

Theorem 4.1.4 Assume that the linear operator A ∈ BL(X). Then the family {T (t)}t≥0

defined by
T (t) := eAt,

where

eAt :=
∞∑
n=0

Antn

n!
withA0 = I

forms a uniformly continuous semigroup on X with its infinitesimal generator A.
Proof.

‖T (t)‖ = ‖eAt‖ ≤
∞∑
n=0

(‖A‖t)n

n!
= e‖A‖t , t > 0
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and hence, T(t) is well defined with T(0)=I, where I is the identity map on X.Further,
it is easy to show that T(t) satisfies the semigroup property in the definition (4.1.1) now
it remaines to show the uniform continuity property. Note that t > 0

‖T (t)− I‖ ≤
∞∑
n=1

(‖A‖t)n

n
= e‖A‖t − I

now
lim
t→0+
‖T (t)− I‖ = lim

t→0+
‖eAt − I‖ ≤ lim

t→0+
e‖A‖t − I = 0

and hence, A is its infinitesimal generator with D(A)=X

Remark.If {T (t)}, t ≥ 0 is uniformly continuous semigroup, then there are constants
ω ≥ 0 and M ≥ 1 such that

‖T (t)‖ ≤Meωt

Further, for t, s ≥ 0 there holds:

lim
s→t
‖T (t)− T (s)‖ = 0

Proof .
From the uniform continuity property

lim
t→0+
‖T (t)− I‖ = 0

that for small enough η > 0 with 0 ≤ s ≤ η there hold:

‖T (s)‖ ≤M

Clearly, M ≥ 1.Now setting t = nη + δ with 0 ≤ δ < η, it follows from the semigroup
property that

‖T (t)‖ = ‖T (nη + δ)‖ = ‖T (δ)(T (η))n‖ ≤Mn+1 ≤MM
t
η = Meωt.

Note that by choosing ω = lnM
η

, the first part of the result follows.For the second part,
observe that for t ≥ s > 0

‖T (t)− T (s)‖ = ‖T (s)(T (t− s)− I)‖ −→ 0 as t→ s

this completes the proof.

4.1.2 Strongly Continuous Semigroups

Definition 4.1.5 A semigroup is said to be strongly continuous with respect to operator
norm ‖.‖ associated with X, if

lim
t→0+
‖T (t)v − v‖ = 0 for v ∈ X

9



Example 4.1.2 Let X = C0(R+), the Banach space of continuous function on R+

which vanish at ∞ .Let T be a semigroup defined by setting

(T (t)f)(s) = e−s
2tf(s), forallt, s ≥ 0, andforf ∈ X.

Then T is strongly continuous but not uniformly continuous. Indeed, for h, s > 0, t ≥ 0
fixed, f ∈ C0(R+), and ‖f‖ ≤ 1,

T (t+ h)f(s)− T (t)f(s) = (e−s
2(t+h) − e−s2t)f(s)

= e−s
2t(e−s

2h − 1)f(s).

Therefore,‖T (t+ h)f − T (t)f‖ = sups≥0
|e−s2t(1− e−s2h)f(s)|. Let ε > 0. Then there is

a compact set Kε ⊂ [0,∞), such that

|f(s)|< ε

2
∀s ∈ [0,∞)\Kε.

Since the map t→ e−s
2t is uniformly continuous for s in any compact set, there exists

δ ∈ (0, 1] such that

|1− e−s2h|< ε ∀s ∈ Kε, 0 < h < δ.

Then ‖T (t)f − T (t + h)f‖ ≤ max( sup
s∈[0,∞)\Kε

|f(s)|, sup
s∈Kε
|(1 − e−s2h)|) < ε for all h such

that 0 < h < δ. Thus for each f ∈ C0(R+), ‖T (t)f − T (t+ h)f‖ → 0 as h ↓ 0. On the
other hand,

‖T (t)− T (t+ h)‖ = sup
s≥0

|1− e−s2h|= 1 forall h 6= 0.

Therefore ,T is not uniformly continuous.
However, strong continuity of T does imply that t → ‖T (t)x‖ is continuous on (0,∞)

for each x ∈ X. Therefore, t→ ‖T (t)‖ = sup‖x‖6=0
‖T (t)x‖
‖x‖ is lower semi- continuous and

hence measurable. Consider first the case when T (t) 6= 0 for all t ∈ (0,∞). Then the
function t → log ‖T (t)‖ = α(t) is measurable function on (0,∞). Since ‖T (t + s)‖ ≤
‖T (t)‖‖T (s)‖, t, s ≥ 0, the above function α is sub additive , is different from +∞ on
(0,∞). In the case that there exists a t0 ∈ (0,∞) such that T (t0) = 0, T (t) = 0 for
all t > t0, and the same conclusion as before may be arrived at by considering α as a
function defined on (0, t0) instead of (0,∞).

Theorem 4.1.6 Let {T(t)} be a strongly continuous semigroup and let A be its in-
finitesimal generator with domain D(A) in X. Then the following properties hold:

1. For v ∈ X

(a) the map t −→T(t)v is a continuous from [0,∞) into X

(b)
∫ t
0
T (s)vds ∈ D(A) and A(

∫ t
0
T (s)vds) = T (t)v − v.

2. For v ∈ D(A)

10



(a) T (t)v ∈ D(A), t ≥ 0

(b) AT (t)v = T (t)Av, t > 0

(c) the map t −→T(t)v is differentiable for t > 0.

(d) d
dt

(T (t)v) = AT (t)v, t > 0

Proof. For (1)(a), note that for any τ ≥ 0

‖T (t+ τ)v − T (t)v‖ ≤ ‖T (t)‖‖T (τ)v − v‖ ≤Meωt‖T (τ)v − v‖.

Then as τ −→ 0 the result follows for the right hand limit. Similarly, we can argue for
left hand limit and then result follows.
For (1)(b), by continuity of T(t) we observe that for h−→ 0

(
T (h)− I

h
)

∫ t

0

T (s)vds =
1

h
(

∫ t+h

t

T (s)vds−
∫ h

0

T (s)vds) −→ T (t)v − v,

and the result follows.
Now for(2)(a)-(b) since v ∈ D(A), then using semigroup property

lim
h→0+

T (h)T (t)v − T (t)v

h
= lim

h→0+

T (t)T (h)v − T (t)v

h

= T (t) lim
h→0+

T (h)v − v
h

= T (t)Av.

Hence, T (t)v ∈ D(A) and A T(t)v=T(t)Av.
Now for (2) (c)-(d), observe that for v ∈ D(A), h > 0 and for t > 0

lim
h→0+

(
T (t)v − T (t− h)v

h
− T (t)Av) = lim

h→0+
(T (t− h)(

T (h)v − v
h

)− T (t)Av)

= lim
h→0+

(T (t− h)(Av − Av) −→ 0

since T (h)v−v
h
−→ Av and the semigroup is bounded. Thus,

lim
h→0+

T (t)v − T (t− h)v

h
= T (t)Av.

Similarly, it is easy to check that

lim
h→0+

T (t+ h)v − T (t)v

h
= T (t)Av.

Therefore, d
dt
T (t)v exists and is equal to T(t)Av for v ∈ D(A). This completes the proof

11



4.2 Applications to Partial Differential Equations

While semigroups of operators are interesting objects of study by themselves, one of
the main reasons why they are studied so extensively is due to the important role they
play in the study of partial differential equations.
Consider the well-known initial value problem:{

∂u
∂t

(x, t) = ∆(x, t), x ∈ R, t ≥ 0

u(x, 0) = f(x) x ∈ R
(4.2)

where

∆u =
d∑
i=1

∂2u

∂x2i

Finding solutions of the above using the method of separation of variables, which is
an effective method only in the presence of some symmetry in the system, is the part
of every basic course on partial differential equations, often leaving many fundamental
issues like uniqueness, completeness and so on unanswered. However, the theory of
strongly continuous semigroup can be employed to treat an equation such as in an
elegant manner, yielding, in most cases pay-offs beyond just existence and uniqueness
of solutions. To begin with, given the linear partial differential equation, one tries to
write it as an abstract Cauchy problem on a Banach space X,{

u
′
(t) = Au(t), t ≥ 0

u(0) = f
(4.3)

where the space X is a suitably chosen concrete Banach space of functions in which the
initial value lies and A is the differential operator (from the given partial differential
equation) with an appropriate domain D(A) ⊂ X. The solution of the given differential
equation is then a trajectory in X. Depending on the nature and the properties of the
operator A, the trajectory may be described by a C0-semigroup, which is a very con-
venient tool. Indeed, if the operator A is the infinitesimal generator of a C0-semigroup
on X, say {T (t)}t≥0 , then u(t) = T (t)f gives classical solution of the Cauchy problem
and hence of the original problem. We now discuss some simple differential operators
and show that they generate C0-semigroup on appropriate function spaces.

4.2.1 The Heat Equation

We are interested in using our knowledge of semigroups in slightly more concrete ex-
ample. In particular, we will look at the solution the heat equation and show it is given
by a semigroup. In this setting X = Lp(R), 1 ≤ p <∞. Recall that the heat equation
as given by: {

ut = uxx −∞ ≤ x ≤ ∞
u(x, 0) = f

(4.4)

Using Fourier Transform methods, the solution to (4.4) can be written as

u(x, t) =
1√
4πt

∫ ∞
−∞

e−
(x−y)2

4t f(y)dy (4.5)

12



Theheatkernel is given by Kt(s) = 1√
4πt
e−

(s)2

4t and we can write the solution to the heat
equation as a convolution:

u(x, t) = Kt ∗ f (4.6)

So the solution of (4.4)is a semigroup on X written as

T (t)f(s) =
1

4πt

∫ ∞
−∞

e−
(s−r)2

4t f(r)dr t > 0, x ∈ R, and f ∈ X (4.7)

and we set T (0) = I. This (4.7) is called the Gauss−Weiertrasssemigroup. To show
it satisfies the semigroup property we must show:

T (a+b)f(s) = T (a)T (b)f(s). (4.8)

Symbolically, T(a+b)f(s) is given by:

T (a + b)f(s) = Ka+b ∗ f(s) (4.9)

Likewise, symbolically writing T(a)T(b)f(s) we have:

T (a)T (b)f(s) = T (a)[Kb ∗ f(s)] = Ka ∗ [kb ∗ f(s)] = [Ka ∗Kb] ∗ f(s) (4.10)

since the operation of convolution is associative. Therefore, to show that (4.8) holds, it
suffices to show that

Ka+b(x) = Ka ∗Kb(x) (4.11)

it is equivalent to showing:

1√
4π(a + b)

e
−x2

4(a+b) =
1√
4πa

1√
4πb

∫ ∞
−∞

e
−x2
4a e

−(x−y)2
4b dy. (4.12)

Although this requires many manipulations, we will go through the argument to prove
that we do in fact have a semigroup. Working with the right hand side of (4.12) (without
the constant) gives:∫

R
e
−[y2(a+b)−2axy+x2a]

4ab dy = e
−x2a
4ab

∫
R
e
−(a+b)

4ab
[y2− 2xa

a+b
y]dy = e

−x2
4b

∫
R
e
−(a+b)

4ab
[y− xa

a+b
]2+ x2a

4b(a+b)dy

= e
−x2
4b e

x2a
4b(a+b)

∫
R
e
−(a+b)

4ab
[y− xa

a+b
]2dy = e

−x2
4(a+b)

∫
R
e
−(a+b)

4ab
u2du = e

−x2
4(a+b)

∫
R
e−(
√

a+b
4ab

u)2du

where u = (y − xa
a+b

).Now making the change of variables t =
√

a+b
4ab
u we have:

e
−x2

4(a+b) 2

√
ab

a + b

∫
R
e−t

2

dt = e
−x2

4(a+b) 2

√
abπ

a + b

by evaluating the Gaussian integral. Now in order to to show (4.12) we need to verify
that:

1√
4π(a + b)

= 2

√
abπ

a + b

1√
4πa
√

4πb
.

By simple calculation of the above, we see that (4.12) holds and the semigroup property
is verified for the heat equation.
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4.2.2 Poisson Semigroup

We introduce the poissonsemigroup with in the space X = Lp(R), 1 ≤ p < ∞. For
t > 0,define T (t)on X by:

T (t)f(x) =
1

π

∫ ∞
−∞

t

t2 + (x− y)2
f(y)dy x ∈ R and f ∈ X.

We have T (t)f = Pt ∗ f where the kernel is given as:

Pt(x) =
1

π

t

t2 + x2
.

We can evaluate the Fourier transform of Pt, denoted by F ,import ; as:

(FPt)(x) =
1

π

∫ ∞
−∞

t

t2 + u2
eixudu.

This can be evaluated using standard contour integration methods and the Residue
theorem. Using the Residue Theorem:

t

π
lim
u→it

eiux

u+ it
=
t

π

e−tx

2it
=

1

2πi
e−xt

which gives (FPt)(x) = e−xt for x ≥ 0. To account for x ∈ R, (FPt)(x) = e−|x|t. So
forf ∈ X,we have:

(F(T (t)f))(x) = e−|x|t(Ff)(x) x ∈ R.

Since e−|x|se−|x|t = e−|x|(s+t), the semigroup property is satisfied. The Poisson semigroup
arises in many instances since the kernel, P tx, is a fundamental solution to Laplace’s
equation (∂

2u
∂x2

+ ∂2u
∂t2

= 0) in the region {(x, t) | x ∈ R, t > 0}.

4.2.3 Translation Semigroups

Now we will introduce a class of semigroups called translationsemigroup. In this
setting, let X = C0[0,∞) be the Banach space of functions f which are continuous
on[0,∞)(continuous on the right at 0) and for which f(x) −→M <∞ with respect to
the sum norm. For t ≥ 0, define T (t) on X by:

(T (t)f)(x) = f(x+ t).

Here the operator T (t) translates the function f ∈ C0 to the leftby t units and forms
a semigroup. The semigroup property is satisfied as translation by t + s units is the
same as a translation by t units followed by a translation by s units. Also, T (0) = I is
satisfied. Furthermore,limt→0+ T (t)f = f since:

lim
t→0+

sup ‖f(x+ t)− f(x)‖ = 0.

In addition, our translation semigroup forms a contraction semigroup since ‖T (t)f‖ =
‖f‖ which gives‖T (t)‖ = 1

14



Conclusion

Evolution equations arise in many disciplines of science.An abstract way to study and
dissect these equations is through semigroups. Using semigroups is advantageous as
the associated theory is quite rich. Studying semigroups, as I have for this project,
heighten your awareness of their prevalence throughout applied mathematics.
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