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Abstract

In this thesis, we have studied the optical properties of small spherical pure metal in

active and passive host matrix. One of the optical properties we have investigated by this

work is the local �eld enhancement factor for small spherical pure metal in passive and

active host matrix. The results show that for small spherical pure metal there is only one

maxima of the local �eld enhancement factor in both the passive and active host matrix.

We present an analytical and numerical method for optical bistability of small spherical

pure metal in passive and active host matrix. Using the derived analytical and numerical

results we calculated the cubic equation of the optical bistability of small spherical pure

metal embedded in passive and active host matrix. To observe considerable di�erences

on the onset and o�set parts of the plots of optical bistability for the active host matrix,

we took the integer multiples for the imaginary part of dielectric function of the host

matrix (ε′′h), (i.e. ε
′′
h = −2, ε′′h = −3 and ε′′h = −4). The third main target of study was to

derive the analytical and numerical results of the real and imaginary parts of refractive

indices for small spherical pure metal embedded in a host matrix. We have plotted

the graphs of the real and imaginary parts of the refractive indices of the analytical

and numerical results for small spherical pure metal in active and passive host matrix.

The numerical and analytical results show that the local �eld enhancement factor is

extremely enhanced, the optical bistability activation and the real and imaginary parts

of the refactive index are increased when the small spherical pure metal is embedded in

active host matrix (i.e. the natural or original property of the imaginary part of the

dilectric function of the host matrix is a�ected by applying additionalexternal dilectric

function on the host matrix).
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Chapter 1

Introduction

1.1 Background of the study

The linear and nonlinear response of the medium strongly e�ects on the propagation of

electromagnetic wave in the optical material and can even result in the permanent mod-

i�cation of its physical properties. In turn, the linear and nonlinear optical features of

composite materials with metal nanostructures are dominated by surface plasma oscilla-

tions. The fact that the surface plasmon (SP) strongly depends on size, shape, distribution

of metal nanoparticles as well as on surrounding dielectric matrix o�ers an opportunity for

manufacturing of new promising nonlinear materials, nano devices and optical element..

Composite materials, consisting of small, nonlinear metallic particles (existing in the shape

of sphere or cylinder) randomly embedded in a linear dielectric host, are well known for

their complex responses to incident light �elds [1, 2].

Nonlinear optical e�ects are useful for many di�erent applications. Some examples of areas

of science and technology in which nonlinear optics discussed in nonlinear microscopy [3]

ultrafast laser systems, wavelength conversion [4] , material processing [5], optical routing

and switching based on optically induced bistability both on networks and on chips [6].

Metals have a fast and strong nonlinear response [7] and may be good candidates for

nonlinear optical applications if they are combined with dielectrics [8, 9].
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Combining metals and dielectrics has two main purposes. One is allowing light to

enter more deeply into metals, and the other is achieving light localization which in turn

leads to an enhanced nonlinear response. An outstanding property of metal nanoparticle

is the presence of extinction bands in the visible or infrared that result from the so called

plasmon resonances these resonances do not exist in bulk metals, can be interpreted as a

result of the con�nement of free electrons in a space smaller than one wavelength of the

light and controlled by changing the shape of the nanoparticle and its orientation with

respect to the electric �eld. Plasmon resonances in metal nanoparticles can be put to

many practical uses for example they enhance the sensitivity of optical sensors [10] and

show great potential to be applied in the therapy of cancer [11]. Plasmon resonances are

also the reason why the nonlinear optical properties of nanoparticle systems are enhanced

with respect to those of bulk metals [12].

Optical properties of matter are consequences of how it re�ect, transmit, and absorb vis-

ible light. Noble metal nanoparticles attract great interest because of their outstanding

optical properties which arise from their ability to resonate with light. Resonant excita-

tion of localized surface plasmons (LSP) on nanoparticles give rise to a variety of e�ects,

such as frequency-dependent absorptions [13].

In optics of metals, strong frequency dependence of dielectric function ( ε(ω)) is of basic

importance in shaping their optical and transport properties. Signi�cance of indexes of

refraction of noble metals in basic issues and applications has been a motivation to many

experimental studies intended to increase the accuracy of measurements of their frequency

dependence A. Derkachova et.al [14,15].
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1.2 Statement of the problem

Metals have a fast and strong nonlinear response and may be good candidates for nonlinear

optical applications if they are combined with dielectrics. In di�erent research works, the

application of the nonlinear optical materials are observed by a�ecting the composite

properties of the pure metal. In this thesis we are studied the impact of the surrounding

the active and passive matrix without consideration of the composite properties of the

pure metal.

1.3 Objectives

1.3.1 General objectives

The general objective of this paper is to study the optical properties of small spherical

pure metal in a passive and active host matrix analytically and numerically.

1.3.2 Speci�c objectives

The speci�c objectives of this study are:

� To study the local �eld enhancement of small spherical pure metal in a passive and

active host matrix analytically and numerically.

� To study optical bistability of small spherical pure metal in a passive and active

host matrix analytically and numerically.

� To study the refractive-index of Small Spherical pure metal in a passive and active

host matrix analytically and numerically.
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1.4 Signi�cance of the study

The linear and nonlinear response of the medium strongly e�ect on the propagation of

electromagnetic wave in the optical material and can even result the permanent modi�-

cation of its physical properties, the linear and nonlinear optical features of the materials

are dominated by surface plasma oscillations and the surrounding dielectric properties.

Therefore, this study would contribute for the advancement of optical properties of the

surrounding dielectric materials which provide good opportunity on knowledge and ap-

plication for the researcher and others who will be interested to do more investigation on

the �eld.

1.5 Thesis outline

Chapter two introduces related literature reviews, from electrodynamical properties of

materials to optical properties of metals.

Chapter three describes the enhancement factor of the local �eld of small spherical pure

metal in passive and active host matrix, there, the highest enhancement local �eld factor

is achieved as the original property of the dielectric function of the host matrix is varying.

Chapter four presents the optical bistability of small spherical pure metal in passive and

active host matrix, here highest activation of optical bistability is achievd with varying

the natural property of the host matrix.

Chapter �ve presents the refractive index of small spherical pure metal in passive and

active host matrix, similarly the real and imaginary parts of the refractive index is maxi-

mum in active host matrix.

conclusions are drawn in chapter six.
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Chapter 2

Literature Review

2.1 Electrodynamical Properties of Materials

2.1.1 Maxwell Equations and Constitutive Relation

All the electromagnetic phenomena are governed by Maxwell's equations, which are a

set of equations describing the interrelationship between �elds, sources, and materials

properties. The electromagnetic properties of a material are determined by two material

parameters: the permittivity ε and permeability µ, describing the coupling of a material

to the electric and magnetic components of an electromagnetic wave, respectively. In

order to completely describe the electromagnetic properties of materials, we need to have

the electric and magnetic constitutive relations, and the set of four equations commonly

referred as Maxwell's equations. These constitutive relations in cgs units are:

~D(r, t) = ~E(r, t) + 4π ~P (r, t), (2.1)

~B(r, t) = ~H(r, t) + 4π ~M(r, t) (2.2)

where ~D(r, t) is electric displacement, ~B(r, t) is the magnetic induction, ~H(r, t) is the

magnetic �eld, ~P (r, t) and ~M(r, t) are the polarization and magnetization of the medium

5



respectively.

5 · ~D(r, t) = 4πρ(r, t), (2.3)

5 · ~B(r, t) = 0, (2.4)

5× ~E(r, t) =
1

c

∂ ~B(r, t)

∂t
, (2.5)

5× ~H(r, t) =
4π

c
~J(r, t) +

1

c

∂ ~D(r, t)

∂t
, (2.6)

where r is the 3-dimensional coordinate vector and t is time. ρ(r, t) is the charge density,

~E(r, t) is the electric �eld, ~J(r, t) is the current density. The current density also given

by the following equation

J = σE (2.7)

In the optical frequency ranges most materials are usually non-magnetic, so that the

magnetic permeability is practically equal to unity practically and consequently the mag-

netization can be ignored. Thus, for such cases, the optical response of a medium to an

electromagnetic perturbation is completely described solely by the electric constitutive

relation, Eqn. (2.1)

2.2 Electric Susceptibility and Local Field of Dielectric

Media

In this section, we de�ne the electric susceptibility (a measure of the electric polarization

properties of the material) and derive the most relevant optical constants of interest.

6



In addition, we introduce local �eld e�ects in a homogenous media, and discuss the linear

and nonlinear optical properties of composite materials with metal nanostructures [16].

2.2.1 Local Filed and E�ective Medium Approximation in Linear

Optics

The macroscopic electric �elds in a medium alone does not completely describe the re-

sponse of the medium to an applied external electric �eld. It is because that, the external

�eld drives the bound charges of the medium apart and induces a collection of dipole

moments [17]. In an optically dense medium, the interaction of the induced dipoles in the

medium is determined by taking into account of the local �eld factor. The local �eld is

dependent on the nature of the macroscopic properties of the medium. In particular, the

linear polarization provides an extensive description of the light-matter-interaction when

the intensity of the incident radiation is su�ciently small; where as the nonlinear optical

response of a medium depends no longer linearly on the strength of the applied optical

�eld, ~E(t). In linear optics, the polarization ~P (t) of a medium is de�ned by

~P (t) = χ(1) ~E(t) (2.8)

where χ(1) is known as the linear susceptibility. In nonlinear optics, the optical response

can be described by generalizing equation of linear polarization by expressing the polar-

ization ~P (t) as a power series in the �eld strength ~E(t) at

~P (t) = χ(1) ~E(t) + χ(2) ~E2(t) + χ(3) ~E3(t) + ... = ~P (1)(t) + ~P (2)(t) + ~P (3)(t) + ... (2.9)

The quantities χ(2) and χ(3) are known as the second- and third-order nonlinear optical

susceptibilities, respectively.

For an optically dense medium, it is essential to know the local �eld in order to completely

describe the response of the medium to electromagnetic �elds. It is well known that the

�eld, also known as the local �eld, driving an atomic transition in a material medium is

7



in general di�erent from both the external �eld and the average �eld inside the medium.

The variation of the local �eld from the average �eld does not play a signi�cant role when

dealing with a low-density media, and hence to describe the optical properties of such

systems, one can use the macroscopic �eld. However, if the atomic density of a system

exceeds about 1015cm3 [18], the in�uence of the local �eld e�ects become signi�cant and

must be taken in to account when describing their optical properties.

Let us consider a homogeneous dielectric medium with su�ciently large external �eld

applied on it. The local �eld in such homogeneous medium is related to the macroscopic

average �eld by the following equation:

~ELoc = L~E (2.10)

where L is the local-�eld correction factor and ~E is the macroscopic average �eld. In order

to �nd the local �eld acting on a typical dipole of the medium, assume that the dipole

of interest is surrounded with an imaginary spherical cavity of radius much larger than

the distance between the dipoles, and much smaller than the wavelength of the applied

optical �eld. It is possible to show that the local electric �eld can be expressed as

~ELoc = ~E +
4π

3
~P (2.11)

Eqn. (2.10) is commonly known as the �Lorentz local �eld� [18]. The concept of a

local �eld was originally introduced by Lorentz [19] and it is further derive the Lorentz-

Lorenz (or Clausius-Mossotti) relation for the dielectric permittivity ε and microscopic

polarizability α. Let us assume for now that the medium is lossless and dispersionless.

We represent the dipole moment induced in a typical molecule (or atom) of the medium

as

P = αELoc (2.12)

8



The macroscopic polarization of the medium is derived over the investigated volume V ,

as follows [20]:

P (ω) =
1

v

∫
v

p(ω)dv = Nα(ω)E (2.13)

The macroscopic polarization of the material is also given by the equation

P = Np (2.14)

where N denotes molecular (or atomic) number density. Using equations (2.12) and (2.13),

we �nd that the polarization and macroscopic �eld are related by

P = Nα[E +
4π

3
P ] (2.15)

We assume the polarization P to be linear in the average �eld:

P = χ(1)E (2.16)

where χ(1) is the linear optical susceptibility of the medium. Substituting the expressions

(2.14) and (2.15), solving for χ(1) , and eliminating the �eld ~E, we �nd that

χ(1) =
Nα

1− 4π
3
Nα

(2.17)

Expressing the optical susceptibility of the medium

χ(1) =
ε(1) − 1

4π
(2.18)

ε(1) is the dielectric permittivity of the medium, we obtain the well-known Lorentz-Lorenz

as:

ε(1) − 1

ε(1) + 2
=

4π

3
Nα (2.19)

9



Through rearrangements of Eqn. (2.18) we can express the linear susceptibility as

χ(1) =
ε(1) + 2

3
Nα (2.20)

Substituting the expression (2.19) in to (2.15) then (2.15) in to (2.13) and using the

relationship P (ω) = α(ω)ELoc(ω) between the local �eld and dipole moment, we obtain

the equation relating the local �eld to the average �eld.

ELoc =
ε(1) + 2

3
E (2.21)

where,

L =
ε(1) + 2

3
(2.22)

is known in the literature as the Lorentz local-�eld correction factor [21].

The expression (2.20) for the local-�eld correction factor is valid in the case of homo-

geneous media, where all the particles (molecules or atoms) are of the same sort. It is

also valid in materials where the emitters enter as inclusions that do not in�uence the

correlation between the host molecules or atoms [22].

2.3 Optical Properties in Metals

2.3.1 Optical Enhancement in Metals

A characteristic property of metal nanoparticles is the enhancement of the local electro-

magnetic �elds near the surface of the particles.

There are di�erent factors which can enhance the local �elds: The plasmon resonance,always

enhances the local �eld near the resonance frequency. At the resonsnce, the absorption

and scattering cross sections are enhanced, and the local electromagnet �elds in the struc-

ture also enhanced. For the large resonance enhancement, a narrow width of the resonance
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is advantageous, as it typically leads a strong response at the center of the resonance. The

strongest local �elds are thus obtained usually close to the resonance. In addition tiny

features, in the particles, such as sharp tips small gaps can further enhance the �elds [23]

and combining a metal with dielectric materials also enhances the local �eld.

2.3.2 Optical Bistability

The concept of optical bistable switching or bistability has been explored to implement

all-optical transistors, switches, logical gates, and memory. It has been employed widely

in all-optical signal processing. In systems having optical bistability, the output intensity

is a strong nonlinear function of the input intensity. These bistable systems might even

display a hysteresis loop. One of the performance indicators of a bistable system is its

ability to operate at low input intensity [24].

Optical bistability can be achieved in composite materials made of a nonlinear dielectric

and a metal of which the dielectric constant has a negative real part and a small imaginary

part [25].

A system is said to be optically bistable if it has two output states IT for the same value of

the input II over some range of input values. Thus a system having the transmission curve

of Fig. 2.1 is said to be bistable between I↓ and I↑ . Such a system is clearly nonlinear,

i.e., IT is not just a multiplicative constant times II . In fact, if II is between I↓ and I↑ ,

knowing II does not reveal IT . Nonlinearity alone is insu�cient to assure bistability. It

is feedback that permits the nonlinear transmission to be multivalued, i.e., bistable. It

is this restricted de�nition of optical bistability de�ned by Fig. 2.1, with the nonlinear

medium unexcited, that is adopted here. This de�nition implies that the bistable system

can be cycled completely and repeatedly by varying the input intensity [26].

A powerful principle that could be explored to implement all-optical transistors, switches,

logical gates, and memory, is the concept of optical bistability. In systems that display

optical bistability, the outgoing intensity is a strongly non-linear function of the input
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Figure 2.1: Characteristic curve for an optical bistable system.

intensity, and might even display a hysteresis loop [27].

2.3.3 Refractive Index

The refractive index is one of the most important parameters for an optical medium,

de�ned as n = c/v, it measures the comparative velocity of light in di�erent media.

When a light beam travels across the boundary between two di�erent materials, it bends

owing to the change in refractive index at the interface. This phenomenon, refraction,

gives the reason why a water pool appears shallower than it actually is, why a straw

placed partially in water at a slant seems to bend towards the surface, and why people

can use eyeglasses to adjust the path of light in front of their eyes and alleviate the e�ects

of conditions such as myopia [28]. The concept of refractive index engineering of materials

was raised more than 100 years ago, and was described by the Clausius�Mossotti rela-

tion. Nowadays, the rapid development of nanotechnology opens a new gate to achieving

precise engineering of materials' refractive indices and realizing novel applications. Re-

fractive index (n) is one of the most important physical quantities of the materials that

directly in�uences the device's performance, since it determines how the light interacts

with the materials and devices. It describes how light or electromagnetic waves propagate
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through an optical medium. If a material absorbs light, the refractive index equation can

be modi�ed using a complex term: n = n′ + in′′, where n is the complex refractive index,

n′ is the real refractive index, n′′ is the imaginary part of the complex refractive index

and it is the extinction coe�cient, which relates to the amount of light that is absorbed.

Di�erent optical phenomena such as re�ection, refraction, interference and total internal

re�ections can happen when light travels through one medium to another due to the re-

fractive index di�erence [29].

Increasing the refractive index available for optical and nanophotonic systems opens new

vistas for design: applications ranging from broadband metalenses to ultrathin photo-

voltaics to high-quality-factor resonators, higher index directly leads to better devices

with greater functionality [30]. In the case of metal dielectric composite media, their

application can practically be limited by absorbtion of incident electromagnetic radiation

due to the presence of metal components. In a number of papers [31,32], it was proposed

to use active (amplifying) host matrix in order to compensate absorption at metallic in-

clusion.

In our thesis, we also think to a�ect the imaginary part of the dielectric function of the

host matrix by applying external dielectric function, this resembles increasing the optical

density of the small spherical pure metal embedded in the host matrix, to compensate

the refracive index.

The index represented by n and given by the square root of the dielectric constant (ε),

which is in turn related to the atomic polarizability (α) using

D = εE (2.23)

D = E + 4πP (2.24)

P = αE (2.25)
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Considering the above equations, (2.23) to (2.25), the complex dielectric constant is given

by [33]

ε = 1 + 4πα (2.26)

and the refractive index is given by [28],

n =
√
ε (2.27)
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Chapter 3

Local �eld Enhancement for Small

Spherical Pure Metal in Passive and

Active Host Matrix

Nonlinear optical materials have many interesting phenomena that have potential uses in

optical devices and technology. However, in the current state, nonlinear optical materials

produce very weak nonlinear optical responses, requiring large laser intensity to realize

nonlinear phenomena. For applications of nonlinear optical phenomena to be used in re-

alistic devices, the overall optical nonlinearity of materials must be signi�cantly enhanced

by many orders of magnitude.

To support the enhancement of the small metallic particle in a host matrix there are

di�erent mechanisms such as using composite, but in our thesis work, we are thinking to

a�ect the imaginary part of the dielctric function of the host matrix by appliying addi-

tional dielectric function to it.

A host matrix is a medium with a complex dielectric function (εh), in which we put a

small spherical pure metal whose optical property is to be studied. The property of the

dielectric functuon of the host matrix will be a�ected by varying the imaginary part of its

dielectric function. This phenomenon resembles as that of increasing the optical density

of small spherical pure metal in the host matrix.
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Then this host matrix is said to be active host matrix. From the �eld-dependent per-

mittivity de�nition of optical nonlinear materials, it is clear that, there are two pathways

for enhancement of nonlinearity. The �rst approach is the microscopic manipulation of

materials that generate enhanced nonlinearity that do not occur in nature. From the

microscopic approach, the goal is to yield a larger χ(2) or χ(3) in the nonlinear material

of interest. For this to work, suitable The second approach is the macroscopic organiza-

tion of materials in structures that generate enhanced nonlinearity. For the macroscopic

approach, the goals is to yield a larger |E| or |E|2 within the nonlinear material of interest.

3.1 Enhancement factor in Passive and Active Host

Matrix

Let us consider a small spherical pure metal embedded in a linear host matrix. In the

Figure 3.1: Applied �eld (Eh) incidence to a small spherical pure metal of radius r and
DF εm embedded in a rectangular host matrix with DF of εh.

electrostatic approximation, when a wave length of the incident electromagnetic radiation

is much greater than a typical size of the nanoparticle, the distribution of the electric

potential in the system is described by the following expressions [34, 35].

φm = −AEhrcosθ, (r < r1) (3.1)

φh = −Eh(r −
B

r2
)cosθ, (r > r1) (3.2)
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They are the solutions of the Laplace equations in small spherical pure metal and in the

host matrix respectively. Here φ is potential, Eh is the applied �eld, r and θ are the

coordinates of the observation point (the beginning of the coordinate in the center of the

nanoparticle and the z axis is along Eh), A and B are unknown coe�cients or constants,

r is the radius of the small spherical pure metal.

Applying the continuity conditions of the potential at the boundaries of the small spherical

pure metal, we get [36],

A = 1 − B

r13
(3.3)

Again applying the continuity conditions of the displacement vector at the boundaries of

the small spherical pure metal, we have [36]

εmA = εh(1 +
2B

r13
) (3.4)

From the respective results of the two boundary conditions, we obtain expressions for the

unkown coe�cients A and B.

A =
3εh

2εh + εm
, (3.5)

B =
εm − εh
2εh + εm

· r13 (3.6)

We consider that, the complex dielectric functions of the metal (εm) and that of the host

matrix (εh) are expressed interms of their real and imaginary parts respectively

εm = ε′m + iε′′m , εh = ε′h + iε′′h (3.7)
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Inserting equation (3.7) in equation (3.5), we get,

A =
3(ε′h + iε′′h)

(2ε′h + ε′m) + i(2ε′′h + ε′′m)
(3.8)

We �nd the modules of Eq. (3.8)

|A|2 =
9(ε′h

2 + ε′′h
2)

(2ε′h + ε′m)2 + (2ε′′h + ε′′m)2
(3.9)

Equation (3.9) is known as local �eld enhancement factor. The dielectric function (DF)

of the metal (εm) in the Drude form is,

εm = ε∞ −
ωp

2

ω(ω + iν)
(3.10)

The real and imaginary parts of DF of the metal are,

ε′m = ε∞ −
ω2
p

ω2 + ν2
, ε′′m =

νω2
p

ω(ω2 + ν2)
(3.11)

where ωp is the plasma frequency given by ωp
2 = Ne2/(ε0m), ω is the frequency of

the incident wave, m is the mass of electron, N is the concentration of electron, setting

ω
ωp

= z and ν
ωp

= γ, therefore, the real and the imaginary part of equation (3.11) is given

as,

ε′m = ε∞ −
1

z2 + γ2
, ε′′m =

γ

z(z2 + γ2)
(3.12)

3.1.1 The Enhancement Factor of Small Spherical Pure Metal in

a Passive Host Matrix

Passive host matrix is a medium that is considering as a natural property of its dielec-

tric function is not a�ected, because, there is no external dielectric function added to it,

therefore, the imaginary part of the dielectric function of the host matrix is zero (ε′′h = 0).
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The plot of the enhancement factor stated on Eqn. (3.9) for a small spherical pure

metal in a passive host matrix is shown below.

Figure 3.2: The plot of Enhancement factor |A|2 versus dimensionless frequency z for a
small Spherical pure metal in a passive host matrix (ε′′h = 0) and with other numerical
parameters ν = 1.68× 104, ωp = 1.46× 1016, γ = 0.0115, εh = 2.5, ε∞ = 4.5.

From �gure 3.2, we obtain the maximum value of amplitude, |A|2 = 473 at the frequency

of z = 0.3334.

3.1.2 The Enhancement Factor of Small Spherical Pure Metal in

Active Host Matrix

Active host matrix is a medium that is considering as a natural property of its imagi-

nary part of dielectric function is a�ected by applying additional dielectric function on

it, therefore, the imaginary part of the dielectric function of the host matrix is di�erent

from zero (ε′′h 6= 0). The imaginary part of the dielectric function of the host matrix in

active host matrix has a negative sign because of that seems additional dielectric function

is given to the host matrix.
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The graph of the local �eld enhancement factor expressed on Eqn. (3.9) for asmall spher-

ical pure metal in active host matrix for di�erent values of ε′′h is shown below.

Figure 3.3: The enhancement factor versus the dimensionless frequency (z) for a small
spherial pure silver metal in active host matrix ( ε′′h = −0.11, ε′′h = −0.12, ε′′h = −0.13
respectively), with parameters, ν = 1.68 × 104, ωp = 1.46 × 1016, γ = 0.0115, εh = 2.5,
ε∞ = 4.5,.

From �gure 3.3, we obtained that there are di�erent maximum value of the local �eld

enhancement factor |A|2 for di�erent values of active host matrix (ε′′h < 0). When a�ect-

ing the natural property of the DF of the host matrix by applying additional dielectric

function on it, the amplitude of the graph or |A|2 increases.

Therefore, for the active host matrix (ε′′h < o), the local �eld Enhancement factor |A|2 can

be maximized by varying the original property of imaginary part of the dielectric function

of the host matrix, this resembles like tha of increasing the density of the small spherical

pure metal. The dependence between the magnitude of ε′′h and |A|2 is shown in the Table

below.
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ε′′h |A|2 z
− 0.11 5568 0.3332
− 0.12 9170 0.3332
− 0.13 17840 0.3332

Table 3.1: The dependence between di�erent values of ε′′h enhancement factor (|A|2) for
a small spherical pure metal in active host matrix.

From Table 3.1, we ovserved that in active host matrix, as varying the imaginary part

of the dielectric function of the host matrix by applying additional dielectric function

on it, this is like increasing the density of the small spherical pure metal, then di�erent

amplitude of maximum values obtained at the same resonance frequency.

When ε′′h = −0.11, we obtained a maximum amplitude of 5568 at a frequency z = 0.3332,

when ε′′h = −0.12, we obtained the maximum amplitude of 9170 at z = 0.3332 and

when ε′′h = −0.13, we obtained the maximum amplitude of |A|2 = 1.784 × 104 at

z = 0.3332.

Therefore, applying additional dielectric function on the host matrix,enhances the local

electric �eld in the small spherical metal.
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Chapter 4

Optical Bistability of Small Spherical

Pure Metal in Passive and Active Host

Matrix

Metallic nanoparticles have the ability to sustain coherent electron oscillations known

as surface plasmon (SP) leading to electromagnetic �elds con�ned to their surface. The

formation of surface plasmon (SP) are due to the electric �eld of an incoming radiation

that induces the formation of a dipole or a polarization of charges on the nanoparticle

surface.

In this chapter we derived the analytical expression for the Optical bistability of a small

Spherical pure metal in relation to the enhancement factor (|A|2), that we discussed on

the previous chapter.

Let the electromagnetic wave incident on a spherical pure metallic particle embedded

in a dielectric host matrix. The dielectric function (DF) of the particle is assumed to

depend on frequency ω and the local electric �eld ~E (inside the particle). Since the

local �eld in nonlinear metal components cannot be solved exactly, we shall use mean-

�eld approximation to estimate the �eld-dependent permittivity of metal,and may be
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presented in the form [16] ε(ω, ~E) and it is used in the presence of small �eld χ|E|2.

εm(ω, ~E) = εm(ω) + χ(ω)| ~E|2 (4.1)

The real and imaginary parts of ε(ω, ~E) in terms of χ′ and χ′′ are:

ε′m = ε′(ω) + χ′| ~E|2, (4.2)

ε′′m = ε′′(ω) + χ′′| ~E|2. (4.3)

Recalling eqn. (3.8) for the expression of the unknown coe�cient A,

A =
3(ε′h + iε′′h)

(2ε′h + ε′m) + i(2ε′′h + ε′′m)
(4.4)

The local �eld ( ~E) in the small spherical pure metal can be obtained with the help of

relation

~E = A ~Eh (4.5)

In general, eqn. (4.4) is a complex function. Further, it would be convenient to deal with

the real quantity |A|2, which we call the enhancement factor. It can be expressed using

equations (4.2) and (4.3) for ε′m and ε′′m, respectively, as

|A|2 =
9(ε′2h + ε′′2h )

(2ε′h + ε′(ω) + χ′|E|2)2 + (2ε′′h + ε′′(ω) + χ′′|E|2)2
(4.6)

We have taken the square modulus of eqn. (4.4) and multiplied both sides by χ, to get

χ|E|2 = |A|2χ|Eh|2 (4.7)
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Let, 2ε′h + ε′(ω) = ε̃, 2ε′′h + ε′′(ω) = ε̃′, 2(ε̃χ′+ε̃′χ′′)
χ

= a ,

and ε̃2 + ε̃′2 = b, then, we get

|A|2 =
9(ε′h

2 + ε′′h
2)

b+ aχ|E|2 + (χ|E|2)2
(4.8)

Substituting equation (4.8) in to (4.7), we get

χ|E|2 =
9(ε′h

2 + ε′′h
2)

b+ aχ|E|2 + (χ|E|2)2
χ|Eh|2. (4.9)

Let us introduce with the following denotations for, X = χ|E|2, and for Y = χ|Eh|2,

using some rearrangements, we obtain the cubic equation for Y in terms of X,

X =
9(ε′h

2 + ε′′h
2)

b+ aX +X2
Y, (4.10)

X3 + aX2 + bX = ηY, (4.11)

where η = 9(ε′2h + ε′′2h ). Equation (4.11) determines a dependence of the local �eld (X)

on the applied �eld (Y). Then, we express Y in terms of X to get equation (4.12).

Y =
X3 + aX2 + bX

9(ε′h
2 + ε′′h

2)
(4.12)

Equation (4.12) is the mathematical expresion for the optical bistability.

4.1 Optical Bistability of Small Spherical Pure Metal

in Passive Host Matrix

Referring subsection (3.1.1), in the passive host matrix, the natural property of the dielec-

tric function of the host matrix is not a�ected by applying additional dielectric function,

then ε′′h = 0.
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The plot of Equation (4.12) for a small spherical pure metal in passive host matrix is

shown on the �gure below.

Figure 4.1: Local �eld χ|E|2 versus applied �eld χ|Eh|2 at frequency z = 0.2, for a
small spherical pure metal in passive host matrix (ε′′h = 0) with parameters , ε′h = 2.25 ,
γ = 0.0115.

ε′′h Switching up
χ|Eh|2 (onset)

Switching down
χ|Eh|2 (o�set)

rangewidth
(threshold
width) of χ|Eh|2
(∆χ|Eh|2)

0 13.35 0.716 12.634

Table 4.1: The switching up and down value of Optical Bistability for a small spherical
pure metal in a passive host matrix.

The switching up and switching down input intensity of �gure 4.1 is shown in Table 4 .1.

There, we observed that the range width (threshold width) of χ|A|2 or (∆χ|Eh|2)=12.634,

which is wider as compared to that of the active host matrix mentioned on the next sec-

tion.
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4.2 Optical Bistability of a Small Spherical Pure Metal

in Active Host Matrix

Refering subsection 3.1.2, we have seen that in the active host matrix, the imaginary part

of the dielectric function of host matrix (ε′′h) is a�ected by applying additional dielectric

function on it, that is like that of increasing the density of the small spherical metallic

particle, then, ε′′h 6= 0. In our mathematical calculation, to observe considerable di�er-

ences on the onset and o�set parts of the plots of optical bistability for the active host

matrix, we took the integer values for the imaginary part of the dielectric function of

the host matrix ε′′h, (i.e., ε
′′
h = −2, ε′′h = −3 and ε′′h = −4). The negative sign implies that

additional dielectric function is given to the host matrix. The plot of Equation (4.12) for

a small spherical pure metal in avtive host matrix is shown on the �gure below.

Figure 4.2: Local �eld χ|E|2 versus applied �eld χ|Eh|2 at frequency z = 0.2 , with
parameters , ε′h = 2.25 , γ = 0.0115 for a small spherical pure silver particle in active
host matrix (ε′′h = −2, ε′′h = −3, and ε′′h = −4).
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From Fig. 4.2, optical bistability is illustrated in the Y-X plane and we observed S-like

curves. Increasing of |Eh|2 from zero to and gives increasing of |E|2 monotonically.

However, after a certain value of |Eh|2, decreasing the value of |Eh|2 gives increasing of

the local �eld |E|2. Using linear stability analysis this branch of solution is unstable.

That means if the system is initially in this state, it will rapidly switch to one of the

stable solutions through the growth of small perturbations. So, with increasing of |Eh|2

from zero to and when it passes the turning point in the lower branch then immediately

it switching up to the upper branch. On the other hand, if the input intensity is slowly

decreased, the system will remain on the upper branch and the output intensity will con-

tinue and at the turning point switching down to the lower branch.

The switching up and switching down input intensity for di�erent values of magnitude of

ε′′h in active host matrix are listed out in Table 4.2.

ε′′h Switching up
χ|Eh|2 (onset)

Switching down
χ|Eh|2 (o�set)

range width
of χ|Eh|2
(∆χ|Eh|2)
(threshold
width)

− 2 12.77 2.103 10.667
− 3 13.1 5.959 7.141
− 4 13.95 10.63 3.32

Table 4.2: χ|Eh|2 at di�erent values of ε′′h for a small spherical pure metal (silver) in
active host matrix (Switching up and switching down of OB).

From the Table, we observed that both the swithing up and the switching down input

intensities increase. But the input intensity gap between switching up and switching down

input intensities decreases as the magnitude of ε′′h increases, and this results a narrow

width range of optical bistability. i.e., when ε′′h = −2, we obtained the width range of

∆χ|Eh|2 = 10.667, when ε′′h = −3, we obtained the width range of ∆χ|Eh|2 = 7.141, and

when ε′′h = −4, we obtained the width range of ∆χ|Eh|2 = 3.32. This shows that as the

imaginary part of the dielectric function of the host matrix increases, the width range of

optical bistability or the threshold width narrowns. This narrow threshold width enables

the system to oscillate highly, or increases the activation of the system.
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Chapter 5

Refractive Index of Small spherical

Pure Metal in Passive and Active Host

Matrix

It is shown that we calculated the refractive index of a small spherical pure metal for

both real and imaginary parts in passive and active host matrix. It is important to derive

for the dimensionless polarisability (α) and the dielectric function (ε) to calculate the

refractive index.

5.1 Polarizability

The polarizability of an atom or molecule is the physical magnitude that describes the

response of the electron cloud to an external �eld M. Domingo et. al [37]. Polarizability is

an important fundamental property related with refraction. In the electrostatic approx-

imation when the wavelength of the incident electromagnetic radiation is much greater

than the typical size of the particle, referring Eqn. (3.6) of section 3.1, the unknown

coe�cient B is

B =
εm − εh
2εh + εm

· r13 (5.1)
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The dimensionless polarisability (α) can be expressed interms of B and r21.

Letting B = αr31, then, the dimensionless polarizability (α) is

α =
εm − εh
εm + 2εh

(5.2)

The complex dimensionless polarizability (α) and the complex Dielectric function (ε) can

be expressed in their real and imaginary parts respectively as

α = α′ + iα′′ and ε = ε′ + iε′′ (5.3)

we plug equation (5.3) in to equation (5.2), we have

α =
(ε′m − ε′h) + i(ε′′m − ε′′h)

(ε′m + 2ε′h) + i(ε′′m + 2ε′′h)
. (5.4)

The real and imaginary parts of the polarizability of the small spherical pure metal, are

respectively:

α′
m =

(ε′m − ε′h)(ε′m + 2ε′h) + (ε′′m − ε′′h)(ε′′m + 2ε′′h)

(ε′m + 2ε′h)
2 + (ε′′m + 2ε′′h)

2
(5.5)

and

α′′
m =

(ε′m + 2ε′h)(ε
′′
m − ε′′h)− (ε′m − ε′h)(ε′′m + 2ε′′h)

(ε′m + 2ε′h)
2 + (ε′′m + 2ε′′h)

2
(5.6)

5.2 Refractive Index of Small Spherical pure Metal in

Passive and Active Host Matrix

The refractive index is one of the most important parameters for an optical medium. De-

�ned as n = c/v, it measures the comparative velocity of light in di�erent media. When

a light beam travels across the boundary between two di�erent materials, it bends owing

to the change in refractive index at the interface.
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This phenomenon gives the reason why a water pool appears shallower than it actually

is, why a straw placed partially in water at a slant seems to bend towards the surface,

and why people can use eyeglasses to adjust the path of light in front of their eyes and

alleviate the e�ects of conditions such as myopia. The refractive index is a complex num-

ber, n = n′ + in′′, where the imaginary part (n′′) characterizes the losses in the material.

Using the electromagnetic description of light given by Maxwell's equations, the refractive

index (n) is related to basic material parameters, namely the permittivity or the dielectric

function(ε) and the permeability µ [28].

The famous Clausius-Mossoti formula is used to write an equation for the complex di-

electric function of the small spherical pure metal embedded in active and passive host

matrix.

εm − εh
εm + 2εh

=
4π

3
BN, (5.7)

where B is a constant that is given by equation (5.1), and N is a density number of atoms

in small spherical pure metal. Let us introduce a new function f which is called the

volume �ll fraction of spherical metallic particle in a host matrix, it can be expressed

interms of N and r3 as:

f =
4π

3
r31N , (5.8)

and N is expressed as

N =
3

4πr31
f, (5.9)

�nally, summarising equations, (5.1), (5.7) and (5.8) we get,

εm − εh
εm + 2εh

= fα (5.10)
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⇒ ε − εh = (ε+ 2εh)fα

ε(1− fα) = εh(1 + 2fα)

ε = εh(1 + 3f
α

1− fα
) (5.11)

where ε is the complex dielectric function and it can be expressed interms of the real and

imaginary parts of the polarisability α as follows

ε = εh(1 + 3f
α′ + iα′′

1− f(α′ + iα′′)
), (5.12)

where, εh = ε′h+ iε′′h and ε = ε′ + iε′′, therefore, the real and iaginary parts of the dielectric

function expressed on equation (5.12) respectively, are

ε′ = ε′h + 3f
(α′ − f |α|2)ε′h − α′′ε′′h
(1− fα′)2 + (fα′′)2

, (5.13)

ε′′ = ε′′h + 3f
(α′ − f |α|2)ε′′h + α′′ε′h
(1− fα′)2 + (fα′′)2

. (5.14)

Recalling equation (2.26), the relation between the complex refractive index (n) and the

complex dielectric function (ε), and squaring both sides, we have

n2 = ε (5.15)

expressing n and ε in terms of the real and imaginary parts, we have

n = n′ + in′′ and ε = ε′ + iε′′, then

n′2 − n′′2 + 2in′n′′ = ε′ + iε′′ (5.16)
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By substituting the real parts of the polarizability in to the real parts of the dielectric

function, and the imaginary parts of the polarizability in to the imaginary parts of the

dielectric function and then by equating the real and imaginary parts of the refractive

index with the real and imaginary parts of the dielectric functions, we obtain the following

equations for the real and imaginary relations respectively [28].

n′2 − n′′2 = ε′ , 2n′n′′ = ε′′ (5.17)

The above equation yields the expression for the real n′ and imaginary n′′ parts of the

refractive index of small spherical pure metal embedded in a linear dielectric host matrix,

respectively as [28]:

n′ =

√
1

2
(
√
ε′2 + ε′′2 + ε′) (5.18)

n′′ =

√
1

2
(
√
ε′2 + ε′′2 − ε′) (5.19)

5.2.1 The real part of refractive index of a Small Spherical Pure

Metal in a Passive Host Matrix

Referring equation (5.18), the real part of refractive index is expressed in terms of the

real and imaginary parts of the dielectric functions of the metal and that of the host

matrix. In the passive material, the natural property of the dielectric function of the host

matrix is not a�ected because, there is no additional dielectric function applied to the

host matrix, then the imaginary part of the dielectric function of the host matrix is zero

(ε′′h = 0). The graph of the real part of refractive index expressed on Eqn. (5.18) has one

maximum value and one minimum value. The graph of the real part of refractive index

versus the dimensionless frequency z in a passive host matrix is plotted below.
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Figure 5.1: The real part of refractive index n′ versus z for small spherical pure silver
metal in passive host matrix (ε′′h = 0) and f = 0.001 where other parameters speci�ed as
in �g. 4.1.

Fig. 5.1 shows the graph of n′ versus the dimensionless frequency z in a passive host

matrix ( ε′′h = 0) for a small spherical pure metal. From the graph, we observed that there

are one maximum and one minimum values of n′, the refractive index rises to a maximum

value,then drops to the minimum, then rises again. The drop in refractive index happens

over wider size gap of frequency range and this agrees with the de�nition of anomalous

dispersion. The real part of the refractive index n′ increases with increasing the dimen-

sionless frequency z on the resonance region this phenomenon agrees with the de�nition

of normal dispersion. The relation between the magnitude of ε′′h and the frequency range

for the real part of refractive index in a passive host matrix is illustrated on the table 5.1.

ε′′h Refracted width (∆z)
0 0.0110

Table 5.1: The dependence between ε′′h and frequncy range for the real part of refractive
index in passive host matrix.
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From Table 5.1, in passive host matrix (ε′′h = 0), we obtained wider refracted width

(∆z) of magnitude 0.0110.

5.2.2 The real part of refractive index of a Small Spherical Pure

Metal in Active Host Matrix

Re�ering equation (5.18), the real part of refractive index is expressed in terms of the real

and imaginary parts of the Dielectric function of the metal and that of the host matrix.

In the active material, the natural property of the DF of the host matrix is a�ected by

applying additional dielectric function on the host matrix. Therefore, the imaginary part

of the dielectric function of the host matrix is di�erent from zero (ε′′h 6= 0). Then, the

real part of the refractive index is also a�ected. The graph of the real refractive index in

active host matrix expressed on Eqn. (5.18) is plotted below.

Figure 5.2: Real part of refractive index n′ versus z for a small spherical pure silver metal
in active host matrix (ε′′h = −0.11, ε′′h = −0.13 and ε′′h = −0.14) respectively, where other
parameters speci�ed as in �g.3.1. and f = 0.001.
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Figure 5.2 shows the graph of n′ versus the dimensionless frequency z in active host

Matrix ( ε′′h < 0) for a small spherical pure metal. There are one maximum and one

minimum values of n′ for each value of the imaginary part of the dielectric function of the

host matrix (ε′′h).

From the graph, we observed that, as the dimensionless frequency z increases, the refrac-

tive index rises to a maximum value,then drops to the minimum, then rises again. The

drop in refractive index happens over di�erent size gaps of frequency ranges, and this

agrees with the de�nition of anomalous dispersion. The real part of the refractive index

(n′) increases with increasing the dimensionless frequency (z) on the resonance region this

phenomenon agrees with the de�nition of normal dispersion.

The relation between the magnitude of ε′′h and the frequency range for the real part of

refractive index in active host matrix is shown in the table below.

ε′′h Refracted width (∆z)
− 0.11 0.0034
− 0.13 0.0020
− 0.14 0.0011

Table 5.2: The dependence between ε′′h and frequncy range for the real part of refractive
index in active host matrix.

From Table 5.2, we observed that, as the imaginary part of the DF of the host matrix

increases, this resembles as that of the optical density of the small spherical pure metal

increases, then the incident light refracts or bends most, therfore, the refracted width

(∆z) decreases.

When ε′′h = −0.11, we obtained the refracted width (∆z) of 0.0034, when ε′′h = −0.13,

we obtained the refracted width (∆z) of 0.0020 and when ε′′h = −0.14, we obtained the

refracted width (∆z) of 0.0011. Therefore, from the results we understand that, the most

the external DF applied to the host matrix, the least the frequency range or refracted

width occurs. This narrow range of refracted width results high resonance of light on the

system.
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5.2.3 The Imaginary part of refractive index of a Small Spherical

Pure Metal in Passive Host Matrix

Re�ering equation (5.19), for the Imaginary part of refractive index is expressed in terms

of the real and imaginary parts of the Dielectric function of the metal and that of the host

matrix. In the passive material, the imaginary part of the dielectric function of the host

matrix is zero (ε′′h = 0). The graph of the imaginary part of refractive index expressed

on Eqn. (5.19) has only one maximum value (n′′ = 0.03262) at a resonance frequency

(z = 0.3333).

The graph of the imaginary part of refractive index (n�) versus the dimensionless frequency

(z) in passive host matrix is plotted below.

Figure 5.3: Imaginary part of refractive index n′′ versus z for small spherical pure metal
in passive host matrix, with parameters ε′h = 2.25 , f = 0.001, γ = 0.0115 , ε′′h = 0.
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5.2.4 The Imaginary part of refractive index of a Small Spherical

Pure Metal in Active Host Matrix

Re�ering equation (5.19), the Imaginary part of refractive index is expressed in terms of

the real and imaginary parts of the Dielectric function of the metal and that of the host

matrix. In the active material, the imaginary part of the dielectric function of the host

matrix has contribution in the enhancement of the imaginary part of refractive index (n′′),

and it can be varying by applying additional dielectric function on the host matrix, this

is like as that of increasing the optical density of the small spherical pure metal, thus, the

imaginary part of the refractive index (n′′) is enhanced, or the amplitude increased.

The graph of the imaginary part of refractive index expressed on Eqn. (5.19) is plotted

below.

Figure 5.4: Imaginary part of refractive index (n′′) versus z for small spherical pure metal
in active host matrix, with parameters ε′h = 2.25, f = 0.001, γ = 0.0115, ε′′h = −0.11,
ε′′h = −0.13, ε′′h = −0.14 plotted on one plane.
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Figure 5.4 shows the imaginary part of the refractive index (n′′) of small spherical pure

metal versus the dimensionless frequency (z) in active host matrix, with numerical values

of parameters (ε′h = 2.25, ε∞ = 4.5, ωp = 1.6× 1016, γ = 0.0115, f = 0.0001).

The dependency between the maximum value of the Imaginary part of refractive index

(n′′) and the imaginary part of the dielectric function (ε′′h) in active host matrix is shown

on the table given below.

ε′′h Mxmvalueofn′′ z
− 0.11 0.1088 0.3332
− 0.13 0.1934 0.3332
− 0.14 0.3159 0.3332

Table 5.3: The dependency between the maximum value of the imaginary refractive index
and ε′′h in active host matrix.

From �gure 5.4 and Table 5.3, we observed that, as the imaginary part of the dielec-

tric function of the host matrix increases, this resembles as that of increasing the optical

property of the small spherical pure metal, then the maximum value of Imaginary part of

refractive index also increases.

Hence, the large value of n′′ agrees with the de�nition of strong absorption of incident

light.
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Chapter 6

Conclusions

In this thesis, we studied the optical properties of a small spherical pure metal in passive

and active host matrix.

We have calculated the local �eld enhancement factor (|A|2) for a small spherical pure

metal embedded in a linear host matrix. We plotted the graph of enhancement factor

(|A|2) versus dimensionless frequency (z) for a small spherical pure silver metal in a passive

active host matrix and observed that, there is only one maximum values of the local �eld

enhancement factor (|A|2) for the passive and active matrices. When the natural property

of the dielectric function of the host matrix is varying by applying additional dielectric

function to it, like as that of increasing the optical density of the small spherical pure

metal, then the local �eld enhancement factor increased.

We calculated optical bistability within a certain input intensity and we found interesting

�ndings on threshold range di�erences for the optical bistability in the passive and active

matrices, the threshold range is a�ected as the natural property of the dielectric function

of the host matrix is varying. In our mathematical calculation, to observe considerable

di�erences on the onset and o�set parts of the plots of optical bistability for the active

host matrix, we took the integer value of the imaginary part of dielectric function of the

host matrix ε′′h (i.e., ε′′h = −2, ε′′h = −3 and ε′′h = −4). We have observed that both the

swithing up and the switching down input intensities increased. But the input intensity

gap between switching up and switching down input intensities (the threshold range)
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decreases as the imaginary part of the dielectric function of the host matrix ε′′h increased

by applying additional dielectric function on it, that is like as the optical density of the

small spherical metal increased. This narrower threshold range enables the system to

oscillate highly, increases the activation of the system, or makes the switcing up and

switching down process to be achieved with in short range of time easily.

We have calculated the real and imaginary parts of the refractive index of a small spherical

pure metal embedded in passive host matrix and active host matrix. We observed that

the real part of refractive index (n′) has one maximum value and one minimum value in

the passive and active host matrix, and as the value of the imaginary part of the dielectric

function of the host matrix (ε′′h) increases like as that of the optical density of the small

spherical pure metal increases, thus, the incident light refracts (bends) most, due to this

e�ect, the refracted width (∆z) decreases. This narrow range of refracted width results

high resonance o�ree electrons on the small spherical pure metal.

The imaginary part of the refractive index has only one maximum value both in passive

and active host matrices. And we observed that, n′′ or the amplitude increases as the

imaginary part of the dielectric function of the host matrix (ε′′h) increases this is like the

optical density of the small spherical pure metal increases.

Generally, the analytical and numerical results show that varying the natural property of

the dielectric function of the host matrix or applying additional dielectric function on the

host matrix, increases the optical density of the small spherical pure metal and, therefore

greately a�ects the local �eld enhancement factor (|A|2), the optical bistability and the

real and imaginary parts of refractive index (n).
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