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Abstract

This project contains three chapters, with basic definitions, solving and applications of complex differen-
tiation. Chapter one is about preliminary concepts. It contains complex number, complex conjugates,
limit, continuity and rule of differentiation. Chapter two deals with complex differentiation. This chapter
includes derivative, Cauchy-Riemann equations, analytic function and harmonic function. The last chapter
is about application of complex differentiation. Finally, this paper contains the general conclusion and

reference.
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Introduction

In mathematics, complex analysis, traditionally known as the theory of functions of a complex variable,
is the branch of mathematical analysis that investigates functions of complex numbers. It is useful in
many branches of mathematics, including algebraic geometry, number theory, analytic combinatory, ap-
plied mathematics; as well as in physics, including the branches of hydrodynamics thermodynamics and
particularly quantum mechanics. By extension, the use of complex analysis also has applications in engi-
neering fields such as nuclear, aerospace, and mechanical and electrical engineering. Complex analysis is
one of the most beautiful as well as useful branches of mathematics. It is one of the classical subjects with
most of the main results extending back into the nineteenth century and earlier. Yet, the subject is far
from dormant. It is a launching point for many areas of research and it continues to find new areas of ap-
plicability from pure mathematics to applied physics. Many of the giants of mathematics have contributed
to the development of complex analysis. Names such as Euler, Cauchy, Gauss, and Riemann are common
occurrences among its list of important results. Complex differentiation is an important component of the
Complex analysis which is the study of complex numbers together with their derivatives, manipulation

and other properties.

Objectives
General objective
e The general objective of this project is to introduce the fundamental concepts of Complex differenti-
ation such as analytic functions and range of skills which will allow students to work effectively with
the concepts.
Specific objectives
The specific objectives of this project are:

e To describe the complex differentiation.

e To determine the region on which a function is analytic



To determine a function is analytic function using Cauchy-Riemann equations
To find a harmonic conjugate function by the Cauchy—Riemann equations
To state and prove some properties of complex differentiation.

To describe some applications of complex differentiation by considering some examples.

vi



Chapter 1

Preliminaries

1.1 Basic term and Definition

1.1.1 Complex Number

Definition 1.1.1. A complex number is any expression of the form z = a+ ib where a and b real numbers
and i2 = —1. The complex number z = a+ib has two parts: Real part and Imaginary part. The real part is

a and imaginary part is b. Sometimes complex number Z = a + ib can be represented by order pair (a,b).

i.e z=a+1ib=(a,b)

Arithmetic Operation

Complex number can be added, subtracted, multiplied and divided. If Z; = a1 + ib; and Zs = ag + iby

these operations are defined as follows:
e Addition: Z1 + Z5 = (a1 + ib1)+(a2 + Zbg) = (a1 + ag)—l—i(bl + bg)
e Subtraction: Zl — ZQ = (a1 — Zbl) — (az — Zbg) = (a1 — ag) — ’L(bl — bg)

e Multiplication: Z1.Z5 = (aq + ib1).(az + iba) = a1as — b1ba + i(bras + a1b2).

fdian. 21— ai+iby _ aiaz+bibs +bias—ai by
e Division: 71 = = Py +1 a2Tb? 0 22 # 0.

The property of complex number

Let 21 22, and z3 are complex numbers then the commutative, associative and distributive laws of addition

and multiplication hold in complex numbers.

e Commutative laws: z1 + 29 = 22 + 21, 2129 = 2221



e Associative laws: z1 + (22 + 23) = (21 + 22) + 23, 21(2223) = (2122)23
o Distributive law: z1(z2 + 23) = 2122 + 2123

I. To add (subtract) two complex numbers, simply add (subtract) the corresponding real and imaginary

parts.
Example 1.1.1. If 21 = 2+ 6i and 2o = —4 + 8i then Find z1 + 22

Solution 1.1.1.1. by adding real and imaginary part, the sum of two complex numbers z1 and zs is

z14+20 = (2467)+ (—44+8)

(2—4)+ (64 8)i

-2+ 14

II. To multiply two complex numbers, use the distributive and the fact that 2 = —1
Example 1.1.2. If 21 = 2+ 6¢ and 20 = —4 + 8i then Find z129
Solution 1.1.2.1. by the distributive law and i> = —1, the product of z1 and 2y is
z1zo = (2460)(—4+ &)
= (2+6i)(—4) + (2 + 61)8i
= —8—24i+ 16i + 48:°
= (—8—48)+ (16 —24)i

= —56—8&

1.1.2 Complex Conjugates

Definition 1.1.2. The complex conjugate, or simply the conjugate, of a complexr number z = x + iy is

defined as the complex number x — iy and is denoted by z; that is
Z=x—1y
The modulus of complex number is real number.

Example 1.1.3. Find the complex conjugate and the modulus of complex number.

a) z=3+4+7Ti

Solution 1.1.3.1. Conjugate of z is Z = 3 — Ti and modulus of z is |z]=v3% + 72 = /58



1.1.3 Limit

Definition 1.1.3. Let a function f be defined at all points z in some deleted neighborhood of the statement

that the limit of f(z) as z approaches zy is a number wy. or that

lim f(2) = wo,
z—20

means that, the point w = f(z) can be made arbitrary close to wy. if choose the point z close neighborhood

to zg.
Example 1.1.4. Find the limit as z — 2i of the function f(z) = 22 — 2z +1

Solution 1.1.4.1. since f(z) is continuous at z = 2i

we simply evaluate it there lin21_f(z) = f(2i) = (20)2 —2(2) + 1= -3 —4i
zZ—r21

Example 1.1.5. Find the limit as z — 2i of the function z(zjféi)

Solution 1.1.5.1. the function f(z) is not continuous at z = 2i because it is not defined there

However, for z # 2i and z # 0, we have

) 22 +4 . (24 20) (2 — 29)
= lim —— = lim ——————=
2—2i z(z — 2i) =2 z2(z — 27)
.zt 2
= lim

z—21 z
21+ 21

24
43
27
= 2

1.1.4 Continuity

Definition 1.1.4. A function f is continuous at point zo if all three of the following conditions are

satisfied.

1. lim f(z) ewists,

zZ— 20

2. f(20) emists,

3. lim f(2) = f(zo).

Z—rZ20

A function of complex variable is said to be continuous in region R if it is continuous at each point in R.



1.1.5 Analytic Function

Definition 1.1.5. A function f of the complex variable z is analytic in an open set if it has derivative at
each point in that set. If a function f that is analytic in a set S which is not open, it is to be understood
that f is analytic in an open set. Open, it is to be understood that f is analytic in an open set containing

S. In particular, f is analytic at a point zy if it is analytic throughout some neighborhood of zy.

1.1.6 Rule of differentiation

Suppose f(z), g(z) and h(z) are analytic functions of z. Then the following differentiation rules are valid.

1. < (c) = 0, where ¢ be complex constant

2. 4L (z")=nz""1, where n is positive integer

This formula valid when n is negative integer provided z # 0

6. £ 1f(2)g(2)] = 9(2) & (f(2) + F(2) & (9(2))

2)-L(f(2)—Ff(2)L(g(=
416) _ IOEVDAOECED  hore g(z) 0

8. If w = f(u) where pu = f(n) and then 42=%2 % — f'(z)L=f'(g(2))g'(2)




Chapter 2

Complex differentiation

2.1 Derivative of Complex differentiation

Definition 2.1.1. Let the complex valued function f be defined in an open subset G of C Then f is said
to be differentiable (in complex sense) at the point zo of G, if the difference quotient %ﬁélf’) has finite
limit as z approaches zy. That limit is then called the derivative of f at zo and denoted by f'(zo) and

F'(z0)=lim fZ)=f(z0)

z2— 20 Z—Z0

Example 2.1.1. Using the definition find the derivative of f(z) = 2> — 2z at the point
a) z =z b) f(3)

Solution 2.1.1.1. a) let f(z) = 23 — 2z and by definition of derivative of f(z) at zg

3 3
f'(z0) = lim M —  lim 25 — 2z — (25 — 220)
zZ—2z20 zZ— 20 220 Z— 2
3 3
.22y —2(z— 2
= lim 0 ( 0)
Z2—20 Z— 2y
3 3
AR A y—
= lim 0 —2 lim 0
z—=z0 2 — 20 z—z0 Z — 29
2 2
. 2= 202" T2zt 2 ) R
= lim o 0 0) — 2 lim 0
zZ—20 Z— 20 z—z0 2 — 2
= lim (2 + 22 +23) — 2 lim 1
z—20 Pl

= lim 2>+ lim 220+ lim zg —2 lim 1
Z—Z20 Z—r20 Z—r20 Z—Z20
= p+z+24-2
= 3z§ -2
 f(2) =322 =2 forall 2
b) from (a) we have f'(z) =328 —2 = f'(3)=3(3)2-2=27—-2=25
~ff(3) =25



2.2 Cauchy-Riemann equations

A necessary condition that w = f(z) = u(z,y) + iv(z,y) is analytic in a region R is that in R, u and v
satisfy the Cauchy-Riemann equations.

ou Ov Ou ov
= = 2.1
ox Oy’ Oy Ox (2.1)

If the partial in (2.1) are continuous in R, then the Cauchy-Riemann equations are sufficient conditions

that f(z) are analytic in R.

Theorem 2.2.1. let f(2) = f(z+iy) = u(x,y) +iv(x,y) be differentiable at the point zo = xo+iyg. Then
the partial derivative of uw and v exists at the point (xq,y0) and satisfy the Cauchy-Riemann equations.

0 7] 7] 0
griey) = gooey) and  guley) = —ge(wy)

Proof. Let choose horizontal and vertical lines that pass through the point (xg,yo) and compute the lim-

iting values of % along these lines.

f(z0 + Az) — f(20)

/ _ .
flo= ™K
_ i @0+ Az yo + Ay) +iv(wo + Az, yo + Ay) — u(zo, yo) — (2o, Yo)
Az—0 Ax 4+ iAy

1) For the horizontal approach to zg, we set 2o = xo + iyo and obtain

m u(wo + Az, yo) + 1v(xo + Az, yo) — u(zo, yo) — (o, Yo)

/ pr—
— lim U(.’EO + Az, yO) - u(mO, yO) 44 lim 'U(.’Eo + Al’,'yo) - U(xO; yo)
Az—0 Ax Az—0 1Ax
f'(z0) = %u(x,y) + ia%v(a:,y) (2.2)

If we let Az — 0 along the imaginary axis (Az = 0, Az = iAy) then,

(o, yo + Ay) + v(xo, Yo + Ay) — u(wo, yo) — iv(zo, Yo)

7 o .
Fiz) = Algl;lgo 1Ay
~ im u(zo, Yo + A.y) — u(z0, Yo) 4 lim v(zo, Yo + A‘y) —iv(zo,Yo)
Ay—0 1Ay Ay—0 1Ay
PG = pvley) - ig-u(ey) (2.3

We now show that f is not differentiable at zo = 0
Since f is differentiable at the limits given by equation (2.2) and (2.3) must be equal.

If we equate the real and imaginary parts in eqn.(2.2) and eqn.(2.3), we get

0 0 0 0
%U(l',y) - @U(x,y) and @U(m,y) - —%’U((E,y)



Theorem 2.2.2. Suppose that,f(z) = u(z,y) +iv(z,y) and that f/(z) exists at a point zg = g + i¥yo.
Then the first-order partial derivative of v and v must exists at the point (x,yo) and they must satisfy

the Cauchy-Riemann equations.

ou Ov Ju ov
— == and — =
or Oy oy or
there, also, f/(z) can be written f’(z) = u, + iv, where these partial derivative are to be evaluated at

(w0, 40)-

Example 2.2.1. Verify the function defined by f(z) = (22)2 = “”i;jjjé’? + i(y;;f;;y)

Solution 2.2.1.1. To verify this we must use limits to calculate the partial derivatives at (0,0)

o u@0)—u(0,0)
F i R .
3
— lim — = lim 1 = 1
x—0 x—0
and
~ o u(0,y) — u(0,0)
Ou(o’o)iz}% y—0
— lim H =0
y—=0 y
L o - v(z,0)—v(0,0) . 0 _
similarly, 5-v(0,0) = ilg%) gy ig% == =0 and
0.9) —v©0.0) %
. v(0,y) — (0,0 T
gy V(0 0) = lim == — Lo s
.3
=lim-—~— =liml=1

Hence, the Cauchy-Riemann equations hold at point (0,0)
Therefore, f'(z) =1

But if we let z approaches to 0 along the line y = x given by the parametric equations x =t and y =t then

(t,t)—(0,0) t+it—0
=3 i(t3 — 3t3)
2 2(tat) 12 12t +at)

. —(t —I—.zt)
t=0 ¢4t
t+it
— im -
(t,t)—(0,0) t + it

=—Ilim1
t—0

=1

Since the two limits are distinct, we conclude that f is not differentiable at the origin.



2.3 Sufficient Conditions for Differentiability

Theorem 2.3.1. let f(z) = f(z+1iy) = u(z,y) +iv(z,y) be a continuous function that is defined in some
neighborhood of the point zo = xo + iyo. If the partial derivatives a%u(xo,yo), (%u(mo,yo), a%v(xo,yo)
and %v(xo,yo) are continuous at the point (xg,yo) and if the Cauchy-Riemann equations %u(mo,yo) =

a%v(aco,yg) and a%u(aco,yg) = 7%1}(930,3;0) hold. Then f is differentiable at zy and the derivative f'(zp)

can be computed with either the formula:
0 .0
f'(20) = %U(t’fo, Yo) + Z%’U(xo,yo)
or
0 .0
f(z0) = (‘Tyv(xoayo) - 2afyu($0,yo)

Example 2.3.1. Shows that the function f(z) = e Y cosx + ie Ysinx is differentiable for all z and its

derivative is f'(z) = —e Ysinz + ie” Y cos x.

Solution 2.3.1.1. To show this we first write u(x,y) = e Y cosz and v(x,y) = e ¥Ysinx

—u(z,y) = —e Ysinx and —uv(x,y) = —e Ysinz
5z ¥) 5, Y)
—u(x,y) = —e Ycoszw and —uv(x,y) =e Ycosx
gy Y) —o(x.y)

- a%u(%y) = —LZo(z,y) = —e Vcosw and Lu(x,y) = (%v(x,y) = —e Ysinx

We see that u(x,y), v(z,y), a%cu(:c,y), %u(z,y), (%v(:z:,y) and %v(x, y) are all continuous functions and
that the Cauchy-Riemann equations holds for all values of (z,vy).

Hence, using f'(zo) = g—wu(mo,yo) + i%v(mo,yo) = —e¢ Ysinx +ie Ycosx

The Cauchy-Riemann conditions are particularly useful in determining the set of points for which a

function f is differentiable.

2.4 Polar form of the Cauchy-Riemann equations

The coordinates (x,y) in terms of polar coordinates (r,6) are given by 2 = rcosf,y = rsind Prove that

the polar form the Cauchy-Riemann equations can be written as:

v ou ou ov
=r— and — =T

a0 or 00 or
Proof. let f(z) = u(z,y) + iv(z,y)

0 _ Oudxr  Oudy
= "= Gor Tayor



0 ou ou
au(r, 0) = e cosf + — oy sin 0 (2.4)

= %u(rﬁ) = @8—5 + @a—z = %(—rsin@) 8;(rcose)

u ou
= Z(rsi o 2.
9 (rsinf) + a9 (rcosd) (2.5)
Multiply equation (2.4) by rsinf we get
r smé’(;9 u(r,0) = gZT sin 0 cos 0 + Z—ZT sin? @ (2.6)
Multiply equation (2.5) by cosf we get
cos@%u(r 0) = —%rsm&cos&+ Z—yrcos 0 (2.7)

Adding equation (2.6) and (2.7) we get

rsinﬂgu(r, ) + cos GQu(r, 0) = %r sin? @ + @r cos? 0

or a0 dy dy
ou . 0 1 0
= - sin Hau(n 0) + - cos G%u(r, 0)
Similarly evaluate %u(r,@) multiplying equation (2.4) by rcosf and equation (2.5) by —sinf we get
respectively
0 ou ou
T COS qu(r 0) = 957 €08 20+ a—yr cosfsind (2.8)
and — bln@%u(r 0) = g—zr sin? 6 — g—ZT sinf cos 6 (2.9)

Adding equation (2.8) and equation (2.9) we get

T COS Q%u(r,ﬁ) sin Ggu(r 0) = ur(cos2 +sin?)

00 ox
ou 0 1. .0
— B cos Hau(r, 0) — - SIHG%UJ(T, 0)
Similarly -2 seo(r,0) = (7” 0)5r 9z yU(T7 9)%
0 v ov
av(r,e) = %0059—1— a—ysm@ (2.10)
o o
(r 0) = (7‘ 9)8 yv(r, 0) 55
0 ov Ov
o v(r,0) = 3" sin @ + a—yr cos @ (2.11)

Multiply equation (2.10) by rsin 6 and equation (2.11) by cosd we get

rsin va(r, 0) = %r sin 6 cos 0 + g—Zr sin? @ (2.12)



And cos HQU(T,H) = —@r sinf cos 6 + @r cos? 0

2.13
a0 Ox oy ( )
Adding equation (2.12) and equation (2.13) we get
rsin Q%U(T, ) + cos G%U(T, 0) = %r(sinQ 6 + cos®0)
1
g—z = sin 9%1}(7‘, 0) + —cos Q%U(r, 0)
Similarly multiply equation (2.12) by 7 cosf and equation (2.13) by —sin 8 we get
00‘02 (r,0) = 00‘292 (r,0) + co*@sin@g (r,0) (2.14)
reos bl v(r, 0) = rcos” 0o v(r, 7 COS ayvr, .
And — sin 9211(7“ 0) = rsin? va(r ) — rcos 0 sin 921)(7" 0) (2.15)
00 ox oy '
Adding eqn. (2.14) and eqn. (2.15) we get
0 0 1 0
—u(r,0) = —v(r,0) — —sinf— 2.1
axv(r, ) rcos@arv(r, ) ~ sin BGU(T’ 0) (2.16)
Substituting eqn. (2.16) in Cauchy-Riemann equations;
ou_0v ou_ o0
or Oy’ dy  Ox
cos G%U(r, 0) — %sin 9%1}(7‘, 0) = sin&%v(r, 0) + %cos 9%1}(7", 0) (2.17)
0 1 0 0 1 0
inf— = cosf— = —cosf— = $in 6 — 2.1
and smﬂaru(r7 0) + . cos@aau(r, 0) cos@arv(r, 0) + - 81110891)(7"7 0) (2.18)
Multiplying eqn. and eqn. (2.18) by cos and sin 6 respectively and adding them we get
0 10
au(r, 0) = ;%v(rﬁ)
Again multiply eqn. and eqn. (2.18) by sin @ and cos § respectively and subtracting we get
0 0
%u(r, 0) = _TEU(T’ 0)
Hence the polar form of Cauchy-Riemann conditions is
%u(r, 0) = %%v(r, 0) and %u(r, 0) = fr%v(r, 0)
O
Example 2.4.1. Show that if a function f is given by f(z) = 22 = rz Cosg + irz sing where the
domain is restricted to be r > 0 and —w < 0 < w.Then the derivative is given by f'(z) = 211 =
22
%r_% cosg — %r‘é Sing where r >0 and —m < 0 < 7.

10



’%sin% where r >0 and —w < 0 < 7.

Solution 2.4.1.1. To show f'(z) = ﬁ:ér*% cosd —ir
we write u(r,0) = r2 cos & and v(r,0) = e sin &
Here
0 10 1 0
EU(T7 0) = ;%’U(T, 0) = 57’% COS 5
13} 10 1 0
a—v(r7 0) = r%u(r, 0) = 57“7% sin§
Using f'(z9) = e™% [%u(roﬁo) + i%v(roﬁo)] we get
o1 0 i
fl(z0) = e 57‘*% cos 5 + %r*% sin 3
= eiio(%rféeig)
_ Lty
2
= Lo L
2z2

2.5 Analytic Function

Definition 2.5.1. A complez-valued function f(z) is said to be analytic on an open set G if it has a
derivative at every point of G.

Analyticity is a property defined over open sets, while differentiability could hold at one point only. If the
phrase”f(z) is analytic at the point zy” is used it means that f(z) is analytic in some neighborhood of z.
A necessary condition that w = f(z) = u(x,y) + iv(z,y) is analytic in a region C then u and v satisfy the

Cauchy-Riemann equations

ou Ov ou v
= B = 5 (2.19)

If the partial differentiation in (2.19) are continuous in G, then the Cauchy-Riemann equations are suffi-

cient conditions that f(z) are analytic in G.

Example 2.5.1. If f(2) = 2% —3xy? +i(32%y —y?) then determine where, if at all, the function is analytic.
If it is analytic, find the complex derivative of f.

Solution 2.5.1.1. Since u(z,y) = 2% — 3zy? and v(x,y) = 322y — y> we have

ou 5 s Ov o, 9
pr 3x° — 3y Ty 3x° — 3y
ou

Hence the Cauchy-Riemann equations are satisfied, then f(z) is analytic.

The complex derivative of f(2) is f'(z) = 32% — 3y® +i(62y) = 322

11



Example 2.5.2. Show that the function f(z) = (2® +y) +i(y*> — x) is not analytic at any point.

Solution 2.5.2.1. Since u(z,y) = 22 + y and v(x,y) = y*> — x we have

ou ov
ooy, =2
Ox x’ay Y
ou ov
A P
Ay " dx

Hence the Cauchy-Riemann equations are not satisfied and f(z) is nowhere analytic

2.6 Harmonic Function

Definition 2.6.1. If the second partial derivatives of u and v with respect to x and y exists and are

continuous in a region,then we find from g—g = g—Z and %Z = —% that
Pu  0%u v 0%
+ =0, —+ === 0 (220)
oxr2  0y? ox2 = Oy?

It follows that under this conditions the real and imaginary parts of analytic function f satisfy

Laplace’s equations denoted by

0 0% 2 ,_ 02 O
@—ka—yz—Oorvw—OwhereV—@—kaﬁyQ—O (2.21)

The operator V? is often called the Laplacian.

Function such as u(z.y) and v(z,y) satisfy Laplace’s equation in a region R are called harmonic functions

and are said to be harmonic in R.

Theorem 2.6.1. If f(2) = u(x, y)+iv(x,y) is analytic in a region R, then u(x,y) and v(zx,y) are harmonic

in a region R.

Proof. If f(z,y) = u(x,y) + iv(x,y) is analytic, then u and v have continuous derivative of any order.

From Cauchy-Riemann equations a%u(gmy) = 3%1)(:5, y) and a%u(x, y) = —a%v(ac,y)

Since u and v are analytic function
Uz ({B7 y) = Uyx (LU, y) and Uyy (LL', y) = —Ugy (‘T7 y)

Ugy ($7 y) = Uyy (LL', y) and Uy (LL', y) = —Ugzx (.%', y)

Ugy, Uyz, Uzy ald Uy, are continuous
Ugy = Uyg aNd Ugy = Uyz
Ugy + Uyy = Vyg — Vgy ANA Vgp + Vyy = Ugy — Uyg

12



Upg + Uyy = Vyz — Ugy - - (SINCE Uy = Vyg) aNd Vpg + Vyy = Ugy — Uyg - - - (SINCE Uyy = Uyy)

Ugz + Uyy = 0 and vgg +vyy =0
Therefore, u(z,y) and v(z,y) are harmonic function.
Example 2.6.1. Prove that u(x,y) = e *(xsiny — ycosy) is harmonic.

Solution 2.6.1.1. let u(z,y) = e *(xsiny — y cosy)

0
8—u(m, y) =e “siny + (—e ") (rsiny — ycosy)
x

=e Psiny —xe "siny + ye ¥ cosy

9?2 0,60
= ﬁu(%y) = %(%u(x,y))

= a—(e_”” siny —xe Tsiny + ye” “ cosy)
x

= —e Psiny—e “siny+ xze Tsiny —ye siny

= —e "siny —e "siny+ xze

82
ﬁu(ﬂc, y) = —2¢e Tsiny +xe Tsiny — ye Tsiny
x
0 o, _.. .
—u(z,y) = —(re Fsiny — ye “sin
3y (z,y) 8y( y —ye "siny)
=xe Tcosy —e Fcosy+ ye Tsiny
0? 0,0
_ — = — (=
ayQU(m, y) ay(ayu(x, y))
0
= a—(xe*x cosy —e “cosy +ye Tsiny)
Y
= —ze “siny+e “siny+ye “cosy+e Fsiny
82

a—yQu(ac7 y) = —xze Tsiny +2e Tsiny + ye ¥ cosy
Adding equation (2.22) and equation (2.23) yields
o? 02

ox

(2.22)

(2.23)

(T, y) + Wu(m, y) =xze Tsiny —2e Tsiny — ye Tsiny + (—ze  Tsiny + 2¢” T siny + ye 7 cosy)
Y

=ze Usiny —ze Tsiny — 2e” siny + 2" Tsiny — ye” Usiny + ye” ¥ cosy

=ze “(siny — siny) + 2¢” “(siny — siny) + ye “(siny — siny)

=ze T.0+2%.04+ye *.0=0

Therefore, u(x,y) = e *(zsiny — ycosy) is harmonic.
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2.6.1 Harmonic conjugates

Definition 2.6.2. If a function f(z) = u(x,y) + w(x,y) is analytic in domain, then the real valued
functions u and v are harmonic in that domain. That is continuous partial derivatives of first and second
order in D. And satisfy the Laplace’s equation there: gy + Uyy = 0, Vze + vyy = 0. We had seen section
of harmonic function the first order partial derivative of u and v satisfy the Cauchy-Riemann equation.

Uy = Vy, Uy = —V; and as pointed out in section harmonic, v is called harmonic conjugate of .

Theorem 2.6.2. A functions f(z) = u(x,y) +iv(z,y) is analytic in a domain D then, if and only if v is

a harmonic conjugate of u.

Proof. (=) If v is a harmonic conjugate of v in D the theorem of sufficient conditions of Cauchy-Riemann
equations tells us that function f is analytic in D.
(<) If a function f is analytic in a Domain, then that u and v are harmonic in D and in view of the

Cauchy-Riemann equations are satisfied. O

Example 2.6.2. Let the functions u(z,y) = y> — 322y is harmonic. Then, find the harmonic conjugate v
of u.

Solution 2.6.2.1. First deriwative of u and its harmonic conjugate v should satisfy the Cauchy Riemann
equations.

0 0 0 0
%u(m,y) = 8—yv(x7y) and a—yu(m,y) = —%v(:v,y) (2.24)

From the first equation (2.24)

0 0
By @Y) = 5, " —32%y) = —6ay
= v(x,y) = —3zy® + g(x) where g(z) is arbitrary function of x using the second eqn. (2.24) we have:
0 0
gyu(®y) = gy(y?’ — 3a%y)
= 3y? — 322
Uy = —Up= 3y2 — 322
vy =322 — 3y = é(—390y2 +g(x))
* Oz
322 =3y = —=3y°+4'(x)
g(x) = 37
glz) = 2*4¢
Hence, v(x,y) = —3xy? + 323 + ¢, and the corresponding analytic function is

f(2) = u(z,y) +iv(z,y) = y* — 32y +i(—3zy* + 32° + ¢)
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Chapter 3

Application of Complex

Differentiation

3.1 Application to geometry and mechanics

We can consider z(t) as a position vector whose terminal point describes a curve c in a definite sense or
direction as t varies from t; to ty. If 2(t) and z(¢t + At) represents position vectors of points P and Q

respectively, and then

A At) —
£ w is a vector in the direction of Az.

At At
If A1)'1£m0 % = % exists the limit is a vector in the direction of the tangent to ¢ at point P is given by
—
dz dx .dy
— == 4=
dt dt dt
If ¢ is time and % represents the velocity which the terminal point describes the curve.

. . 2 . .
Similarly, 375 represents its acceleration along the curve.

Example 3.1.1. A particle moves along curves z = e~ *(2sint + i cost)
a) Find a unit tangent vector to the curve at the point where t = 7

b) Determine the magnitudes of velocity acceleration of particle at t =0

Solution 3.1.1.1. a) The tangent vector to the curve at point where t = 7 is

d
d—j = —e "(2sint +icost) + e '(2cost — isint)
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—e7 (2 sin(g) +icos(=)) +e 1(2 cos(g) - isin(%))

T
4

+4/2(e77)2

+v2e" 7

Then the unit tangent vector to the curve at point where t = 7 is

(5 —iv2e
:l:\/ﬁe_%

B

=+

Therefore, the unit tangent vector the curve at point where t = 7§ is +1

b) let z = e t(2sint +icost) and the magnitude of the velocity of the particle at t = 0

:>%
dt

dz
dt
2(0)

[2(0)]

= —e !(2sint+icost) +e *(2cost —isint)
= e “(2cost —2sint —icost — isint)

= —¢%2cos0—2sin0 —icos0 —isin0)

= 2—3

_ JErE

= V5

Therefore, the magnitude of the velocity of the particle at t = 0 is \/5

P e
dt?

=€

= E(—e_t(Qcost— 2sint — icost — isint))

“(2cost — 2sint —icost —isint) — e *(—2sint — 2cost +isint — icost)

= e '(4cost — 2isint)

Z”(O) —
= 4

e %(4cos0 — 2isin0)

Therefore, the magnitude of acceleration of particle at t =0 is 4
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3.2 Application of harmonic function

3.2.1 Electrostatic potential

In an electrostatic force field the field intensity at appoint is vector representing the force exerted on a unit
positive charge placed at that point.The electrostatic potential is scalar function of the space coordinates
such that, at each point it is directional derivatives in any direction is the negative of component of the
field intensity in that direction. In any region free of charges, the potential due to a distribution of charges
outside that region can be shown to satisfy Laplace’s equations for three dimensions of space.

If conditions are such that the potential V is the same in all planes parallel to the xy plane, then in the a

region free of charges V' are harmonic functions of just two variables x and y
Viw +Vyy =0

. The field intensity vector at each point is parallel to the zy plane which is  and y components —V,(z, y)
and —V,(z,y) respectively. That vector is, therefore the negative of gradient of V(z,y). If U is harmonic
conjugate of V', the curves U(z,y) = co in the zy plane are called flux line. When V' (z,y) = ¢; at a point
where the derivative of the analytic function V (z,y) + iU(x,y) is not zero,the two curves are orthogonal

at that point and the field intensity is to tangent to the flux line there.
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Conclusion

Generally, this project work deals with complex differentiation and its application. A function f of the
complex variable z is analytic in an open set if it has derivative at each point in that set. If a function
f that is analytic in a set S which is not open, it is to be understood that f is analytic in an open set
containing S. In particular, f is analytic at a point zg if it is analytic throughout some neighborhood of
z0. A mnecessary condition that w = f(z) = u(x,y) + iv(x,y) is in a region R is that, v and v satisfy the

following Cauchy Riemann equations

ou Ov Ou ov

dr ' dy oz
In this work the applications of complex differential equation has been investigated and some of the very

useful applications covered in this work are:
» Application to geometry and mechanics
» Application of harmonic functions

The above application has been included in details with the numerical examples.
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