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Abstract

The purpose of this study is to introduce the notion of generalized proxi-
mal weakly contractive mappings in metric spaces and to prove existence
and uniqueness of best proximity point for generalized proximal weakly
contractive mappings in complete metric spaces. I given example to an-
alyze and support my results.



Chapter 1

Introduction

In nonlinear functional analysis, fixed point theory and best proximity
point theory play an important role in the establishment of the existence
of a certain differential and integral equations. As a consequence, fixed
point theory is very much useful for various quantitative sciences that
involve such equations. The most remarkable paper in this field was re-
ported by Banach in 1922 [2]. In his paper, Banach proved that every
contraction in a complete metric space has a unique fixed point. Fol-
lowing this paper many have extended and generalized this remarkable
fixed point theorem of Banach by changing either the conditions of the
mappings or the construction of the space.

In 1977, Alber [1] generalized Banach’s contraction principle by introduc-
ing the concept of weak contraction mappings in Hilbert spaces. Weak
contraction principle states that every weak contraction mapping on a
complete Hilbert space has a unique fixed point. Rhoades [10] extended
weak contraction principle in Hilbert spaces to metric spaces. Since then,
many authors obtained generalizations and extensions of the weak con-
traction principle. Khan [8] obtained fixed point theorems in metric
spaces by introducing the concept of altering distance functions. In par-
ticular, Choudhury [4] obtained a generalization of the weak contraction
principle in metric spaces by using altering distance functions.

Definition 1.0.1. Let X be a non-empty set and T : X — X a self-map.
A point x € X 1s said to be fixed point of T if Tx = x.



Definition 1.0.2. [7] Let X be a non-empty set and d : X x X — [0,00)
be a distance function satisfying the condition, for all x,y,z € X.

i)
i)
iii)

dz,y) >0 and d(z,y) =0 <= x =y;

d(z,y) = d(y,z) (symmetry);

d(z,z) < d(z,y) + d(y, z) (triangle inequality).
The pair (X,d) is called metric space.

Definition 1.0.3. [7] Let (X,d) be a metric space.

1)

i)

iii)

A sequence {x,} C X is said to be converge tox € X if d(x,,z) — 0
as n — oo. That is, for each € > 0, there exists N = N(¢) such that
d(x,, ) < e. We write x,, — x.

A sequence {z,} C X is called a Cauchy sequence if d(zp, ) — 0
as n,m — oo. That is, for each € > 0, there exists N = N(¢) such
that for all n,m > N we have d(x,,z;) < €.

The space X 1is said to be complete if every Cauchy sequence is a
convergent sequence.

Definition 1.0.4. [6] Let (X,d) be a metric space. The mapping
T: X — X s said to be contractive mapping if

d(Tx, Ty) < d(x,y) for all z,y € X with x # y.

Example 1.0.1. Let X = R be a usual metric space.

We define T : R — R by Tx = 5 and d(x,y) = |v —y| V 2,y € R.
Ty 1 1

Then d(Tx,Ty) = [Tz — Ty| = |§ - g’ = ’g(iﬁ —y)| < 5\93 —y| <

|z —y|. Which implies that, d(Tx,Ty) < d(z,y) with © # y.

Therefore T is contractive mapping.

Definition 1.0.5. [10] Let (X, d) be a metric space and T : X — X
a mapping T is said to be weakly contractive if

d(Tx, Ty) < d(z,y) — o(d(z,y)), for all z,y € X,

where ¢ : [0,00) — [0,00) is a continuous and non-decreasing func-
tion such that ¢(t) = 0 if and only if t = 0.



Remark 1.0.1. If ¢(t) = (1 — k)t with k € [0,1),a weak contraction
reduces to a Banach contraction.

Example 1.0.2. Let X = [0,00) be endowed by d(z,y) = |z — y|
and let T : X — X define by Tx = ¢ for each v € X. Define
2

¢ :[0,00) — [0,00) by p(t) = Tt

Claim : T is weakly contractive.

' (t) = (21’515)22 >0 and ¢p(t) =0 <= t=0.

Which is non-decreasing, satisfies that ¢(t) =0 <= t =0 and ¢

1S continuous.

Then d(Tx, Ty) = | ro_ | = 2yl < z—yl
g—l—x 14y 14+2)(14+y) = 1+]|z—y

— o=l - s = dog) - olde,)

forall z,y € X.

So T 1s weakly contractive.

Definition 1.0.6. [8/ A function ¢ : [0,00) — [0,00) is called an
altering function if the following properties are satisfied:

i) 1 is monotone increasing and continuous;
ii) Y(t) =0 if and only if t = 0.

Seonghoon Cho et.al.,(2018) has proved the following fized point for
generalized weakly contractive mapping in metric spaces.

In this study, motivated and inspired by Seonghoon Cho et.al.,(2018),
we introduce the notion of generalized proximal weakly contractive
mappings in metric spaces and prove a best proximity point theo-
rem for generalized proximal weakly contractive mappings defined
on complete metric spaces.

1.1 Statement of the Problem

1. This study focused on establishing the existence of best proximity
point theorem for generalized proximal weakly contractive mapping
in metric spaces.

2. It focused on establishing the uniqueness of best proximity point for
generalized proximal weakly contractive mapping in metric spaces.

3



1.2 Objectives of the Study

1.2.1 General Objective of the Study

The main objective of this study is to prove best proximity point theorem
for generalized proximal weakly contractive mapping in metric spaces.
1.2.2 Specific Objectives of the Study

1. To prove the existence of best proximity point theorem for general-
ized proximal weakly contractive mapping in metric spaces.

2. To prove the uniqueness of best proximity point.

3. To provide an example to support the main result.

1.3 Significance of the Study

1. The researcher hopes that the result obtained in this study will
contribute to research activities in this area.

2. It will help provide basic research skill to researcher.

3. It will help other researchers in this particular field of study in the
future as a reference.

4. Growth of research in the area.

1.4 Delimitation of the Study

This study delimited to finding the best proximity point theorem for
generalized proximal weakly contractive mapping in metric spaces.



Chapter 2

Literature Review

Fixed point theory is essential for solving various equations of the form
Tx = x for self-mappings T" defined on subsets of metric spaces or others
spaces. Given non-empty subsets A and B of a metric space and a non-
self-mapping T : A — B, the equation T'x = x does not necessarily have
a solution, which is known as a fixed point of the mapping T". However,
in such conditions, it may be considered to determine an element x for
which the error d(x, T'z) is minimum, in which case z and T'x are in close
proximity to each other. It is remarked that best proximity point theo-
rems are relevant to this end. A best proximity point theorem provides
sufficient conditions that confirm the existence of an optimal solution
to the problem of globally minimizing the error d(z, T'z), and hence the
existence of a complete approximate solution to the equation Tz = x.

In fact, with respect to the fact that d(z,Tz) > d(A, B) for all = | a
best proximity point theorem requires the global minimum of the error
d(xz,Tz) to be the least possible value d(A, B). Eventually, a best prox-
imity point theorem offers sufficient conditions for the existence of an
element x , called a best proximity point of the mapping T , satisfying
the condition that d(x,Tz) = d(A, B). Moreover, it is interesting to
observe that best proximity theorems also appear as a natural general-
ization of fixed point theorems, for a best proximity point reduces to a
fixed point if the mapping under consideration is a self-mapping.



Let (X,d) be a metric space and A and B be nonempty subsets of a
metric space X. A mapping T : A — B is called a k-contraction if there
exists k € (0, 1) such that d(Tz,Ty) < kd(z,y) for any x,y € A.

It is clear that a k-contraction coincides with the celebrated Banach fixed
point theorem if one takes A = B where A is a complete subset of X.
[3] Let A and B be nonempty subsets of a metric space (X, d).

We denote by Ay and By the following sets:

Ay={z € A:d(x,y) =d(A,B), for somey € B},
By={y € B:d(z,y) =d(A,B), for some x € A}.
Where
d(A, B) = inf{d(x,y) :z € A,y € B}.

Definition 2.0.1. [9] Let A, B be non-empty subset of metric space
(X,d). Given a non-self mapping T : A — B, then an element z* € A
15 called best proximity point of the mapping if this condition satisfied:

d(z*,Tz*) = d(A, B).

Definition 2.0.2. [11] A function T : X — [0,00), where X is a metric
space, is called lower semi-continuous if, for all v € X and {x,} C X
with,

lim z, = x, we have T(x) < liminf T'(x,).
n—oo n—oo

Let W denote the class of all functions ¥ : [0,00) — [0, 00) which satisfy
the following conditions:

i) ¥ non-decreasing;
i) ¥ is continuous;
i) Y(t) =0 < t=0.

Further, let ® denote the class of all functions ¢ : [0, 00) — [0, 00) which
satisfy the following conditions:

i) ¢ is lower semi-continuous function;

i) G(t) =0 = t=0.



Lemma 2.0.1. /5] If a sequence {z,,} C X is not Cauchy, then there exist

€ > 0 and two sub-sequences {Ty, )} and {T,p)} of {xn} such that m(k)
is the smallest index for which m(k) > n(k) > k, d(x,x), Tnr)) > € and
d(Tm(k)-1, Tnr)) < €. Moreover, suppose that lim, o d(zy, T,11) = 0.
Then we have:

i) im d(zpk)> Tnr)) = €

n—oo

ii) lim d(z m(k)—1s L (k)—l) =g

n—oo

iit) im d(2y(r)s Togky—1) = €

n—oo

i) Hm d(@p, )1, Tnw)) = €.

n—oo

Definition 2.0.3. [11] Let X be a metric space with metric d, let T :
X — X,and let ¢ : X — [0,00) be a lower semi-continuous function.

Then T is called a generalized weakly contractive mapping if it satisfies
the following condition:

Y(d(Tz, Ty) + o(Tx) + o(Ty)) < v(m(z,y,d,T,9))

_(b(l(x)yadat;@)) fOT all T,y € X.
Where, ¢ € U, ¢ € ®,and

m(x,y,d, T, ) =
max{d(z,y)+o(x)+(y), d(z, Tz)+o(x)+o(Tz), dy, Ty)+e(y)+e(Ty),

1/2{d(z, Ty) + p(z) + o(Ty) + d(y, Tx) + o(y) + ¢(Tz)}}
and

l(x,y,d, T, )
= max{d(z,y) + o(z) + ¢(y),d(y, Ty) + ¢(y) + ¢(Ty)}.

Seonghoon Cho et.al.,(2018) established fixed point theorems for gen-
eralized weakly contractive mapping in metric spaces.

Theorem 2.0.1. [11] Let X be complete. If T is a generalized weakly

contractive mapping, then there exists a unique z € X such that z =Tz
and p(z) = 0.



Chapter 3

Procedure and Method

3.1 Study Area

Wolkite University, under the department of mathematics from October
2019 to November 2020.

3.2 Research Design

This study employed analytical method of design.

3.3 Source of Information

Searching the internet for the articles, research journals related to best
proximity point theorems for generalized weakly contractive mapping in
metric spaces and reading related topics from different books etc.

3.4 Mathematical Procedures

In this study the procedure that the researcher followed is the standard
procedures used in the published work of Seonghoon Cho ,(2018) and
Binayak S.Choudhury.



Chapter 4

Result and Discussion

Definition 4.0.1. Let (X, d) be a metric space and A and B be two non-
empty subset of metric space (X,d). A map T : A — B is said to be a
generalized prorimal weakly contractive mapping
if for all x,y,s,r € A

d(s, Tz) =d(A, B)

d(r,Ty) = d(A, B),

then

¢(d(57 T) + QO(S) + QD(T)) S w(mT('r7 y? S, T, d7 90)) - ¢(l7“(x7 y7 S, T, d7 90))7
where

m(z,y,s,7,d, p) = max{d(z,y) + ¢(z) + ¢(y),d(z, s) + ¢(z) + »(s)
,d(y, )+ o(y) +o(r), 1/2[d(z,7) + () + ¢(r) + d(y, s) + ¢(y) + ¢(s)]}

and

(2, y, 8,7, d, ) = max{d(z,y) + o(z) + @(y), d(y,r) + o(y) + ¢(r)}
and Y € W, p € ® and ¢ 1s a lower semi-continuous function.

Theorem 4.0.1. Let (A, B) be a pair of non-empty closed subsets of a
complete metric space (X,d). Define a mapping T : A — B satisfying
the follounng conditions:

i) T is a generalized prozimal weakly contractive mapping;
ZZ) A() 7é @ and T(A()) - B(),'

iii) T is continuous mapping.



Then there exist a point x* € A such that
d(z*,Tx*) = d(A, B).
Furthermore, T' has a unique best proximity point.

Proof. We prove the existence of best proximity point.
Since Ag is non-empty set, Ay contains at least one element,
say xo € Ag. Since

Tzy € T(Ag) € Bo,

there exists z; € A such that
d(SIZl, Tﬂfo) = d(A, B)

Then by the definition of Ay we have that z; € Ap.

Similarly, since
Tx € T(Ao) C By,

there exists o € Aj such that
d(ZL‘Q, Tﬂfl) = d(A, B)

Continuing this process in a similar fashion ,we obtain the sequence {x,}
and {x,.1} C Ap such that

d(xy, Tx,1) = d(A, B),

4.1
d(xps1, Txy) =d(A,B), foralln e N. (4.1)

Now, suppose that there exist an ng € N with x,,, = T, +1.
From (4.1) we have,

d(zpgt1, Txp,) = d(A, B).

Therefore,
d(xp,, Txy,) = d(A, B).

S0 T, is a best proximity point of T.

Suppose that z,, # x,,1 for alln € N.

Claim: d(xy, zp41) — 0.

Since T is a generalized proximal weakly contractive mapping and by
using (4.1) we have,

10



d(xps1, Txy,) = d(A, B);
d(xn+2, T:L’n+1) = d(A, B)
Then,
Y(A(Tni1, Trg2) + @(Tnr1) + @(Tnr2)) < V(M (20, Togt, Toge, d, )
- qb(lr(xna Ln+1s Tn+2; da 90)) = ¢(maX{d(xN7 xTH-l) + gO(ZEn) + Sp(xn-ﬂ):
d(Zn, Tny1) + @(25) + @(Tny1), d($n+1, Tpi2) + W($n+1) + 90(37714—2)7
1/2[d(2n, Tni2) + @(2n) + @(Tny2) + d(@ni1, Tng1) + 0(Tpg1) + ©(Tn41)]})

— ¢(max{d(zn, Tny1) + P(zn) + O(Tnt1), A(Tni1, Tnsa) + P(Tnr1) + P(Tnt2) )
(4.2)

Since
1/2(d(xn, Tpr2) + ©(20) + 0(Tnr2) + d(@ni1, Tni1)) + (@) + @(Tn41))

= 1/2(d(zn, Tnt2) + @(@n) + ©(Tnt2) + @(@n+1) + ©(Tn41))-

By using triangular inequality,
d(Tn, Tnr2) < d(Tn, Tng1) + d(Tns1, Toga)-
Hence
1/2(d(xn, ni2) + 0(20) + 0(Tni2) + @(@nr1) + @(Tn41))

< 1/2(d(wp, ny1) +0(20) +0(Tng1) +d(Tngt, Tnga) +0(Tnr1)) +@(n12))
< max(d(zn, Tni1) + @(Tn) + @(Tnr1), d(@ni1, Tnr2) +@(@Tn1) + 0(Tn12))-
Then from (4.2) we obtain

¢(d($n+1, xn+2) + SO(QZTH—l)) + Sp(xTH-Q))
< p(max{d(zn, Tn+1) + ©(n) + @(Tns1), A(Tnr1, Tni2) + @(Tnr1) + ©(Tnr2)})

— p(max{d(wy, Tni1) + (@) + @(Tns1), d(Tni1, Tns2) + P(Tny1) + @(Tni2)})-
(4.3)

Suppose that,

d(xm $n+1) + ‘P(%z) + 90(377%1) < d(anrl? xn+2) + Qp(anrl) + 90(357%2)7

11



for some positive integer n.
Then from (4.3) we get,

¢(d(xn+17 517n+2) + ¢($n+1) + Qp(xn+2))
< Y(d(Zng1s Togo) +(Tnp1) F0(n12)) = O(d(Tn i1, Tr2) +0(Tni1)+0(Tni2))

that is,
A(d(Tnt1, Tng2) + (Tnt1) + p(2py2)) <0,

which implies that,
O(d(Tn+1, Tni2) + @(@Tn41) + ©(Tnr2)) = 0.
From the property o,
d(@p+1, Tnt2) + @(Tns1) + @(Tnt2) = 0.

Tpi1 = Tpio and SD(ZUTH-I) — go(xn+2) = 0.

Which is a contradicting our supposition.
Therefore,

d(xn—i—l; xn+2) + 90(37714-1) + 90(1'71.4_2) < d((L‘n, xn—i—l) + (p(ﬂ?n) + 90(1'714-1)
for any n € N.
(4.4)

It follow from (4.3) that,

w(d<xn+17 xn+2) + @(ZETH—I) + gO(SUn+2)) S ¢(d($n7 xn—&—l) + @(xn) + Sp(xTH-l))
— O(d(zn, Tni1) + 0(20) + 0(Ln11)) < V20, Tnir) + 0(2n) + 0(Tn41))

V(d(@p41; Tnt2) + 0(Tne1) + 0(Tnr2)) < P(A(Tn, Tns1) + 0(T0) + @(Tnt1))-
(4.5)

It follows from (4.4) that the sequence

{d(l‘n, xn—H) + So(xn) + SO(ZL.TH—I)}

is decreasing and bounded below, hence there exists » > 0 such that

lim {d(zp, Tnt1) + @(2) + o(Tnt1)} — 7

n—oo

Claim r = 0. Assume r > 0.

12



Taking the limsup in both side as n — oo in (4.5), by using the
continuities of 1 and the lower semi-continuity of ¢ it follow that

b(r) < p(r) = liminf ¢(d(zn, Tni1) + @(20) + @(Tn11)) < Y1) = o(r).

n—oo

Since r > 0, ¢(r) > 0. Hence

(r) < o(r) —¢(r) < o(r),

a contradiction.
Thus ¢(r) = 0. From the property ¢, r = 0

lim (d(zp, Tni1) + @(@n) + ©(Tn41)) = 0.

n—oo

Which implies

nlglglo o(z,) = 0. (4.7)

Now, we prove that the sequence {z,} is Cauchy.
If {z,} is not Cauchy, then by lemma 2.0.1 there exist ¢ > 0 and sub-
sequences {,x} and {x,y)} of {z,} such that for all positive integers
k, n(k:) > m(k) >k, d(mm(k),xn(k)) > ¢ and d(:l,’m(k), xn(k;)—l) < €.
Since T is a generalized proximal weakly contractive mapping and from
(4.1) we have

d(xm(k)—i-l; T;cm(k)) = d(A, B);

Then,
V(A(Tmk) 11, Trgk)+1) + (Tm)+1) + P(Tnir)1))
< (M (Tonhy s Trk)s oo )+1,xn(k)+1 d, )) O (Tr(k)s To(k)> Tin(k)+1> Tn(k)+1, 4 ©))
= Y (max(d(@ k), Tn(k ) P(Tm)) + O (@Tn))s ATy Tm(ry+1) +90( mk))
+ @(Tm(r)+1)s ATy Tor) 1) +90(f€n( ) +90( (k+1))s 1/24d(Z iy, Tory+1)
+ (@) + o(Tn +1) +d( n(k)s Tm(ky+1) T P(Zngry) + @(Tmr) 11 )}))
— ¢(max (d(xm ) + Sp(xm( )) + go(a;‘n(k)),
d(ZTn(k)s Tn(r)+1) + 80(%( 1)+ O(Tnk)+1)))-

(4.8)

13



Taking limsup as k — oo in (4.8), by using the continuities of 1) and the
lower semi-continuity of ¢ and applying Lemma (2.0.1), (4.6) and (4.7)
it follow that,

() < P(e) =liminf G(d(mew), (k) + 0 (Lmw) +0(Lnw))) < P(€) —d(e),

n—oo

which implies that ¢(e) = 0. From the property of ¢, € = 0.
This contradict the fact that € > 0. So {z,} is a Cauchy sequence.
Since {x,} C A and A is a closed subset of the complete metric space
(X, d), there exists 2* € A such that lim,,_,, z,, = x* and since ¢ is lower
semi-continuous,

e(z*) < liminf p(z,) < lim p(z,) =0,

n—oo n—oo

this implies that, p(z*) = 0.
Since T is continuous, we have

lim Tz, = Txz"
n—oo
and
d(xpy1, Txy) — d(z*, Tx™).
So

d(z*, Tz") = d(A, B).

Hence x* best proximity point of T.
We prove that the best proximity point of T is unique.
Let p and q be two best proximity points of T" and p # gq.
Therefore,

d(p,Tp) = d(A, B);

d(q,Tq) = d(A, B).

Since T is a generalized proximal weakly contractive mapping, we have

Y(d(p, q) + ¢(p) + ¢(q) < Y(me(p,q,p,q,d,9)) — o(l-(p. ¢, p.q,d, ) =

Y(max{d(p, q) + ¢(p) + ¢(a), d(p. p) + ¢(p) + ©(p), d(q,q) + ¢(q) + ¥(q)
,1/2[d(p, q) + ¢(p) + »(q) + d(q,p) + ¢(q) + »(p)]})
—¢(max{d(p, q) + »(p) + ©(q),d(q,q) + v(q) + v(a)}) =
Y(max{d(p, ) +o(p)+¢(q), d(p, 9)+v(p)+p(q)}) —d(max{d(p, ¢)+¢(p)+¥(q)
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= Y(d(p, @) + ¢(p) + ©(q)) — ¢(d(p, @) + v(p) + ©(q))-
That is,

W(d(p,q)) < ¥(d(p,q)) — o(d(p, q))-
o(d(p,q)) = 0 implies that d(p,q) = 0.

Which is a contradiction with p # q.
Hence the best proximity point is unique.

Corollary 4.0.1. Let (A, B) be a pair of non-empty closed subsets of a
complete metric space (X,d). Define a mapping T : A — B satisfying
the following conditions:

i) For all z,y,s,7r € A

Then,
Y(d(s,m)+p(s)+p(r) < (1/2[d(z, r)+e(@)+e(r)+d(y, s)+e(y)+e(s)])
_¢(l7“(x? Yy,s,, d7 90))7
where
(%, y.5,7,d,0) = max{d(z,y) + ¢(r) + ©(y),dy, ) + o(y) + (1)}

Y eV and ¢ € P and p is a lower semi-continuous function.
i) Ag # 0 and T(Ay) C By;
ii1) T is continuous mapping.

Then there exists a unique z* € A such that d(z*, Tx*) = d(A, B).

)

Proof. First, notice that
1/2]d(z,r) 4+ @(z) + ¢(r) + d(y, s) + ¢(y) + ¢(s)]

< max{d(z,r) + ¢(z) + ¢(r),d(y, s) + ©(y) + (s)}
=m,(x,y,s,7,d, o)

15



Since 1) is non-decreasing for all z,y, s,r € A, we have
(d(s,r)+p(s)+e(r)) < O(1/2[d(x, r)+e(x)+e(r)+d(y, s)+e(y)+e(s)])

_gb(lr(x: Y,s,7, d7 SO)) < 1/)(77’1,7«(33, Y,s, 7, da SO)) o ¢(lr($, Y,s, T, d7 QO))
The desired result is obtained by applying Theorem 4.0.1.

Remark 4.0.1. Let A = B theorem (4.0.1 ) reduces to corollary (4.0.2).

Corollary 4.0.2. Let A be a nonempty closed subsets of a complete met-
ric space (X,d). Define a mapping T : A — A satisfying the following
condition:

i) If for all x,y € A, then
W(d(Tz, Ty) + ¢(Tz) + ¢(Ty)) <
w(mT(xv y? TZL', Ty7 d7 SO)) - ¢(l7~(l’, y? TIE’, Ty> d7 90))7
where
my(z,y, Tz, Ty, d, p) = max{d(z, y)+e(z)+e(y), dlz, Tr)+e(z)+e(T'r)
,d(y, Ty)+e(y)+o(Ty), 1/2[d(x, Ty)+o(x)+o(Ty)+d(y, Tz)+o(y)+e(T)] }
and
(z,y, Tz, Ty, d, p) = max{d(z, y)+o(x)+e(y), d(y, Ty)+e(y)+o(Ty)}
and Y € W, p € ® and ¢ 1s a lower semi-continuous function.
Then there exists a unique x* € A such that Tx* = z* and p(z*) = 0.
Proof. Using Theorem 2.0.1 when A = B, desired result follows. ]
Example 4.0.1. Let X = R? and d : X x X — [0,00) be define by

d((x1,22), (Y1, y2)) = |21 — | + w2 — 1|, for all (w1, 22), (y1,12) € X

and (X, d) is a complete metric space. Suppose the closed subsets:

A={(z,0): 0 <z <1},
B={(z,1):0< 2z <1}
Let T : A — B be the mapping defined by

16



Tﬁuo)::<20%ixyl>

Let a1
P(t) = b) fort>0.
t/2, 0<t<1:
Let o(t) = ¢ t/2+1/2, 1 <t <2
t) t> 2.

Then ¢ 1s lower semi-continuous and
t/2<p(t) <t fort>0.

Assume that a function ¢ : [0,00) — [0,00) is define by
3t
Y= rar
d(A, B) = inf{d((x,0), (z,1)) : (z,0) € A, (z,1) € B} = inf{|z—z|+]|0-1|} =1
implies that,
d(A,B) =1 and let Ay = A, By = B thus T(Ay) C By.

Now, we check that T is a generalized prorimal weakly contractive.
In fact, for (x,0), (y,0),(s,0),(r,0) € A, we have

d((s,0),T(x,0)) = d(A, B) implies that d <(s, 0), (2(19”"+ o 1)) =1

2

imply that s = and d((r,0),T(y,0)) = d(A, B) this implies

21+

d((r,0), ( i ; 1)) imply that r = T 9)

b(d((s,0), (r,0))+¢((s,0))+((r,0))) < P(m.((z,0), (y,0)(s,0), (r,0),d, ¢))
—¢(:(2,0),(y,0), (5,0, (,0), d,¢)).

Suppose that x >y (the same argument works for y > x).

Then we have,

mr((xao)v (y,O), (8,0), (Ta O)adv gp) =
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max{d((z,0), (y,0))+¢(x,0)+¢(y, 0), d((x,0), (s,0))

d((y,0), (r,0))+¢(y, 0)+¢((r,0)), 1/2{d((z,
d((y,0),(5,0)) +¢(y,0) +

1/2{d((z,0), (r, 0))+¢(z, 0)+¢((r,0))+d((y, 0), (s, 0))+¢(y, 0)+¢((s,0)) } }

> 1/20a((,0), ,0)) + T2+ 0 ((y,0), (5,00 + 122 4 50y
1212000, (1, 0)) (5 0+ (030, (50) - 01+ (5,00
= 1/2{d((x,0), (5-2—,0)) + (,0) + (5~ 0)+

21 +y)’ 2(1+y)

+o(2,0)+¢((s,0))
(,0))+¢(z,0)+¢((r, 0))+

0),
0),
»((5,0))}}-
0),

)+ (,0) + (57

= 1/4{(J = 5 s +10 = 0D+ (2,0) + (55 O

{1MK%® L) S0 )
1/2((z,0)

Thus we have,

,0)), otherwise.

my((x,0), (y,0), (s,0), (r,0), d, ¢)
= max{d((z,0), (y,0))+¢(z,0)+¢(y,0),d((z,0), (s,0))+¢(z,0)+¢(s, 0),
d((y,0), (r,0)) +@(y,0) + (1, 0),1/2{d((x,0), (r,0)) + ¢(x,0) +(r, 0)+
d((y,0), (s,0)) + ©(y,0) + ¢(s,0) } }
0) (

> max{d((z,0), (y,0))+(x,0)/2+(y,0)/2,d((,0), (s,0))+(z, 0)+(s,0) /2,

d((y,0), (r,0))+(y,0) +(y,0)/2,1/2{d((x,0), (r,0)) + (2, 0) /2+(y, 0)/2+
d((y,0),(s,0)) + (y,0)/2+ (5,0)} }
> 1/2{max{d((z,0), (y,0))+(z,0)+(y,0), d((x,0), (s,0)) +(z,0) +(s,0),

d((y,0), (r,0)) + (5, 0) + (r,0)),1/2{d((x,0), (r,0)) + (z,0) + (r,0)
+d((y,0), (5,0)) + (,0) + (s, 0))}}}

= 1/2{max{(Jx—y[+|0-0)+(z,0)+(y,0), (|z—

2T+ 1)) |+]0—0])+(x,0)+

18



2 2 2

G O = 3757 10— 0D+ 0,0 + (550 (5 O

::1/z{rnax{2(x,0),2(x,0),2(y,0),(3,0)} = (2,0).

Then
$me((,0),(5,0), 5,00, (,0), d, ) = 200 220
1:{(z,0),(y,0),(s,0),(r,0),d, 0} =
max{d((z,0), (y,0))+v(z,0)+p(y,0),d((y,0), (r,0))+p(y,0)+p(r,0)}
max{d((z,0), (y,0)) + (x,0) + (y,0),d((y, 0), (1,0)) + (y,0) + (r,0))}

y2 2

= max{2(x,0),2(y,0)} = 2(z,0).

A

max{ (|z—y|+|0—0])+(z, 0)+(y, 0), (|y—

Then
¢{lr(x7 O)? (y7 0)7 (87 0)7 (r7 0)7 d7 90)}
3% 2(x,0) 6(x,0) 3(x,0)

T 4+2+2(z,00 4+4(z,0) 201+ (z,0)

b(d((s,0), (,0)) + (5, 0) + ¢(r, 0)) < ¥(d((s,0), (r,0)) + (s,0) + (1, 0))

T Y z Y
=Gy Y Gy D Gy Ot Gy Y
=vGgro)~ G 10D+ a0 Gy )

2 7 322
=Gy ) =G Y = Gaaa O
Thus 242
Dd((5,0), (1,0)) +2(5,0) +9(,0)) < (57 —5,0)
Hence
$(me((@,0), (3,0, (5,0, (1. 0), d: ) = 6 (1 (x,0), (3, 0). (5, 0), (. 0), d. )
_3(z,0)  3(x,0) _ 6(x,0) + (6(x,0)%) — 6(x,0)
2 2(1+ (x,0)) 4(1 + (z,0))
= o 2 (5,0, (1,0) + 9(5,0)) + (1,0

19
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Which s tmplies that

(d((s,0), (r,0))+¢(s, 0)+¢(r,0)) < (m,((x,0),(y,0), (s,0), (r,0),d,¢))
_¢(l7‘(x7 0)7 (yu 0)7 (37 0)7 (Ta 0)7 d7 gp))

Therefore T is a generalized proximal weakly contractive mapping.

Hence,all the hypotheses of Theorem 4.0.1 are satisfied.

Thus T has a unique best proximity point, then there exist (z*,0) € A

such that
d((z*,0),T(z*,0)) =d(A,B) =1,

this tmplies that

d 0),T(z*,0)) =d 0),(=—/——,1)) =1
(.00, T 0)) = di(a".0). (52 1) = .
imply that
L (@)
- 0—1|=1.
= 2(1+ x*)' +| |
From this we get
. (@)’
) R N A——
2(1 + a*)
and
¥ =0and x* = -2,

But —2 ¢ [0,1]. The point
(*,0) € A is (0,0) € A,

Therefore (x*,0) = (0,0) is the best proximity point of T.
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Chapter 5

Conclusion and Future Scope

5.1 Conclusion

This study is concerned with the existence and uniqueness of best prox-
imity point for generalized proximal weakly contractive mapping in com-
plete metric spaces and in this study I have defined the notion of gener-
alized proximal weakly contractive mapping in metric spaces.

5.2 Future Scope

State best proximity point theorem for generalized proximal weakly con-
tractive mapping by changing the construction of other space should be
considered in the future work and prove the existence and uniqueness of
best proximity point.
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