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Abstract

In this thesis, common best proximity point theorems for weakly contrac-
tive mapping in b-metric spaces in the cases of non-self mappings are
proved, we introduced the notion of generalized proximal weakly contrac-
tive mappings in b-metric spaces and proved the existence and uniqueness
of common best proximity point for these mappings in complete b-metric
spaces. We also included some supporting examples that our finding s
more generalize that the references we used.



Chapter 1

Introduction

The metric fixed point theory gained impetus due to its wide range of
applicability to resolve diverse problems emanating from the theory of
nonlinear differential equations, theory of nonlinear integral equations,
game theory, mathematical economics and so forth. The first fixed point
theorem was given by Brouwer in 1912 [8], but the credit of making con-
cept useful and popular goes to polish mathematician, S. Banach [16] who
proved the famous contraction mapping theorem in 1922 in the setting
of metric space. This principle guarantees the existence and unique-
ness of fixed point of certain self maps of metric spaces and provides a
constructive method to find those fixed points. This principle includes
different directions in different spaces adopted by mathematicians for ex-
ample metric spaces, G-metric spaces, Partial metric spaces, Cone metric
spaces.

A classical best approximation theorem was introduced by Fan [6], which
states that: “if A is a non-empty compact convex subset of a Haus-
dorff locally convex topological vector space B and T : A — B is
a continuous mapping, then there exists an element x € A such that
d(xz,Tx) = d(Txz,A)”. Afterwards, Prolla [5], Reich [20], and Sehgal and
Singh [24] have derived extensions of Fan Theorem in many directions.
The common fixed point theorem insists to the authors to investigation
on common best proximity point theorem for non-self mappings. The
common best proximity point theorem, assures a common optimal solu-
tion at which both the real valued multi-objective functions = — d(z, Sx)
and © — d(z, Tz) attain the global minimal value d(A, B). A number of
authors have improved, generalized and extended this basic result either
by defining a new contractive mapping in the context of a complete met-



ric space or extend best proximity results from fixed point theory (see
3, 7, 11, 12]).

Definition 1.0.1. Let X be a non-empty set and T’ : X — X a self-map.
A point x € X 1s said to be fixed point of T if Tx = x.

Example 1.0.1. Let X = R and T : X — X defined by Tx = g, for

each v € X. .
Tx:x:>§:a:, we get x = 0 € X, is a fized point of T.

Definition 1.0.2. [13] A function 1 : [0,00) — [0,00) is called an alter-
ing distance function if the following properties are satisfied:
i) ¥ is monotone increasing and continuous;
i) ¥(t) =0 if and only if t = 0.
t2
Example 1.0.2. Define 1 : [0,00) — [0,00) by 1(t) = 7

2t
Y(t) = 5 = t > 0, which show 1 is non-decreasing, satisfies that
Y(t) =0 <= t =0, and ¢ is continuous.

Definition 1.0.3. [1/] Let X be a non-empty set and a mapping d :
X x X — [0,00) is said to be metric if and only if, for all z,y,z € X,
the following conditions are satisfied:

(i) d(x,y) =0 if and only if x =y and d(x,y) > 0if v # vy,
(it) d(z,y) = d(y, ),
(iit) d(x,y) < d(z,2) + d(z,y).

Example 1.0.3. Let X = R, then (X, |.|) that means d(x,y) = |x — y|,
for all x,y € X 1s a metric space.

Definition 1.0.4. [16] Let (X,d) be a metric space and T : X — X be
a self-map, then T is said to be a contraction mapping if there exists a
constant k € [0,1), such that d(Tx,Ty) < kd(z,y), V¥V x,y € X.

Example 1.0.4. Let X =R, d(x,y) = |x—y|, and a mapping T : R — R
defined by Tx = %, Va,yelR.

1 1 1
Then d(Tx, Ty) = |Ta—Ty| = |5 3| = |5 (e —y)| < Sle—y| = 3d(a,y),
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1
which implies that, d(Tx,Ty) < gd(x, y) and k =

€ X. Therefore, T is contraction mapping.

€ 10,1), for all x,y

W]

Definition 1.0.5. [10] Let (X, d) be a metric space. The mapping T :
X — X is said to be contractive mapping if

d(Tx,Ty) < d(x,y) for all x,y € X with x # y.

Example 1.0.5. Let X = R and d(z,y) = |r — y|, and a mapping
T:R — R defined byTx:g,Vx,yER.

Ty 1 1
Then d(Ta, Ty) = [T ~Ty| = [2 | = |2z~ )| < 5la—] < |2~y
which implies that, d(Tx, Ty) < d(x,y) with © # y.

Therefore, T 1s contractive mapping.

Definition 1.0.6. [2] Let (X,d) be a metric space and T : X — X a
mapping T 1s said to be weakly contractive if

d(Tz,Ty) < d(z,y) — o(d(z,y)), for all z,y € X,
where, ¢ : [0,00) — [0,00) is altering function.

Remark 1.0.1. If ¢(t) = (1 — k)t with k € [0,1) and t € [0,00), a weak
contraction reduces to a contraction.

Example 1.0.6. Let X = [0,00) be endowed by d(z,y) = |x —y| and let
T:X — X define by Tx = v for each, x € X.

t2
1+t

1+2

Define ¢ : [0,00) — [0,00) by ¢(t) =

Claim : T is weakly contractive.
2t + 17

/
) = ——
() (1+1)2
o(t) =0 <= t =0 and ¢ is continuous.

Then, d(Tz.Ty) = |—*— — Y| = =yl _le=gl _
l+z 14y  (Q+2)(1+y) — 1+ |z—y|
|z —y|”

[z —y| - Tilr—y d(z,y) — o(d(z,y)), for all z,y € X.

So T is weakly contractive.

> 0 which show ¢ is non-decreasing, satisfies that




Definition 1.0.7. [18] Let X be a non-empty set and s > 1 be a given
real number. A mapping d : X x X — [0,00) is said to be a b-metric if
and only if, for all x,y,z € X, the following conditions are satisfied:

(i) d(x,y) = 0 if and only if x =y and d(z,y) > 0 if x # vy,
(1) d(x,y) = d(y,z),
(11i) d(z,y) < sd(x,z) + sd(z,y).

Remark 1.0.2. [19/We should note that a b-metric space with s =1 is
a metric space. We can find several examples of b-metric spaces which
are not metric spaces.

Example 1.0.7. [1] Let (X, p) be a metric space, and d(x,y) = (p(x,y))?,
where p > 1 1is a real number. Then, d(z, y) is a b-metric space with
s =20 1

Definition 1.0.8. [9] Let (X,d) be a b-metric space with parameter
s > 1. Then, a sequence {x,} in X is said to be:

(i) b-convergent if and only if there exists x € X such that d(z,,x) — 0
as n — oo,

(1i) a b-Cauchy sequence if and only if d(x,, x,) — 0 as n,m — oo, for
all n,m € N,
In addition, a b-metric space is called complete if and only if each
Cauchy sequence in this space is b-convergent.

Example 1.0.8. Let X = [0,00) and d(z,y) = (x — y)?, then the space
(X,d) is a complete b-metric space.

Definition 1.0.9. /4] Let f and g be two self-mappings on a non-empty
set X. If w = fxr = gz, for some x € X, then x 1s said to be the
coincidence point of f and g, where w is called the point of coincidence
of f and g. Let C(f,g) denote the set of all coincidence points of f and

g.

Definition 1.0.10. [/ Let f and g be two self-mappings defined on a
non-empty set X. Then, f and g are said to be weakly compatible if they
commute at every coincidence point, that is, fx = gx = fgxr = gfx, for
every x € C(f,g).



Example 1.0.9. (i) f, g - R — R defined by f(z) = % and g(x) =

22, x € R. In this example f and g have coincidence point at x = 0,

and x = 3 but f and g are not weakly compatible.

(11) X =10,3] equipped with the usual metric space d(x,y) = |z -y |.
Define f,g : X — X by;

oz, if xe€]0,1),
f@%_{aifxeﬂﬁL

[ 8- if xe]0,1),
9@%‘{a if ©€1,3].
This example shows, for any x € [1,3|, fgx = gfx. Therefore, f
and g are weakly compatible maps on [0, 3].

In this study, motivated and inspired by Yan Hao and Hongyan Guan
(2021) [25], we introduce the notion of generalized proximal weakly con-
tractive mappings in b-metric spaces and prove a common best proximity
point theorem for generalized proximal weakly contractive mapping de-
fined on complete b-metric spaces.

1.1 Statement of the Problem

This study focuses on establishing the existence of common best proxim-
ity point theorem for generalized proximal weakly contractive mapping
in b-metric spaces and the uniqueness of common best proximity point
for generalized proximal weakly contractive mapping in b-metric spaces.

1.2 Objectives of the Study

1.2.1 General Objective of the Study

The main objective of this study is to prove common best proximity
point theorem for generalized proximal weakly contractive mapping in
b-metric spaces.



1.2.2 Specific Objectives of the Study

1. To introduce new generalized proximal weakly contractive mapping
in b-metric spaces.

2. To prove the existence of common best proximity point theorem for
generalized proximal weakly contractive mapping in b-metric spaces.

3. To prove the uniqueness of common best proximity point.

4. To provide an example to support the main result.

1.3 Significance of the Study

The researcher hopes that the result obtained in this study will contribute
to research activities in this area, help provide basic research skill to
researcher, help other researchers in this particular field of study in the
future as a reference and growth of research in the area.

1.4 Scope of the Study

This study is delimited to find the common best proximity point theorem
for generalized proximal weakly contractive mapping in b-metric spaces.



Chapter 2

Literature Review

Fixed point theory is essential for solving various equations of the form
Tx = x for self-mappings T" defined on subsets of metric spaces or others
spaces. Given non-empty subsets A and B of a metric space and a non-
self-mapping T': A — B, the equation T'x = = does not necessarily have
a solution, which is known as a fixed point of the mapping T". However,
in such conditions, it may be considered to determine an element x for
which the error d(x, T'z) is minimum, in which case z and T'x are in close
proximity to each other. It is remarked that best proximity point theo-
rems are relevant to this end. A best proximity point theorem provides
sufficient conditions that confirm the existence of an optimal solution
to the problem of globally minimizing the error d(z, T'z), and hence the
existence of a complete approximate solution to the equation Tz = x.

In fact, with respect to the fact that d(x,Tx) > d(A, B) for all z, a
best proximity point theorem requires the global minimum of the error
d(xz, Tz) to be the least possible value d(A, B). Eventually, a best prox-
imity point theorem offers sufficient conditions for the existence of an
element x, called a best proximity point of the mapping T, satisfying the
condition that d(z,Tx) = d(A, B). Moreover, it is interesting to observe
that best proximity theorems also appear as a natural generalization of
fixed point theorems, for a best proximity point reduces to a fixed point
if the mapping under consideration is a self-mapping. [21] Let A and B
be nonempty subsets of a metric space (X, d). We denote by Ay and B
the following sets:

Ay={z € A:d(z,y) =d(A,B), for somey € B},
By={y € B:d(z,y) =d(A,B), for some x € A}.
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Where, d(A, B) = inf{d(x,y) : « € A,y € B} is the distance between A
and B.

Definition 2.0.1. /23] Let A, B be non-empty subset of metric space
(X,d). Given a non-self mapping T : A — B, then an element z* € A
15 called best proximity point of the mapping if

d(z*, Tz") = d(A, B).

Definition 2.0.2. [15] Let f,g : A — B be non-self mappings. An
element x* € A is said to be a common best proximity point of the pair
(f,9) if this condition is satisfied:

d(z*, fx*) = d(A, B) = d(z*, gx*).

Definition 2.0.3. [22] Let f,g : A — B be mappings. A pair (f,g) is
said to commute proximally if for each x, u, v € A,

d(u, fr) =d(v,gr) = d(A, B) = fv = gu.

Lemma 2.0.1. [1] Let (X,d) be a b-metric space with parameter s > 1.
Assume that z,, and y, are b-convergent to x and y, respectively. Then,
we have:

1
—d(z,y) < liminfd(z,, y,) < limsup d(z,, yn) < s*d(z,y).
S n—oo n—00
In particular, if x =y, then we have lim,_,o d(x,,y,) = 0.
Moreover, for each z € X, we have:

1

—d(z, z) <liminf d(z,, 2z) < limsupd(z,, z) < sd(z, z).
S n—00 n—00

Definition 2.0.4. [25] A function f : X — [0,00), where (X,d) is a

b-metric space, 1s called lower semi-continuous if, for all x € X, and a

sequence {x,} is b-convergent to x, we have

f(z) <liminf f(x,).

n—oo

Consider:
U = {¢:[0,00) — [0,00)|?) is continuous and non-decreasing function}.
Also, we denote
O = {¢:[0,00) = [0,00)|¢ is non-deacreasing, lower semi-continuous and,

8



o(t) =0<t=0}.

Yan Hao and Hongyan Guan(2021) [25] proved the following common
fixed point results for generalized weakly contractive mapping in b-metric
spaces:

Theorem 2.0.1. Let (X, d) be a complete b-metric space with parameter
s > 1, and let f,g : X — X be given self-mappings satisfying g as
injective and f(X) C g(X) where g(X) is closed. Suppose p : X —
[0,00) is a lower semi-continuous function and p > 2 is a constant. If
there are functions ¥ € W, ¢ € ® such that

(s"ld(fz, fy) + o(fz) + o(fy)]) < ¢(mlz,y,d, f,9,9))
—gb(l(SU, Y, d7 f7 9, 90))7

where
(9.4, 1,9,¢) = mar{d(gr, 95) + plor) + ploy), 51d(f7, 90) + o)
Fplgr) + d(fy, 90) + o(F9) + (g0)} o (T, 9u)

o(fz) +e(gy) +d(fy, gz) + o(fy) + o(g9x)}},

l(z,y,d, f,g9,¢) = max{d(gz, gy)+p(gz)+p(gy), d(fy, gy)+o(fy)+e(gy) },

then f and g have a unique coincidence point in X. Moreover, f and

g have a unique common fixed point provided that f and g are weakly
compatible.



Chapter 3

Materials and method

3.1 Study Area

Wolkite University, under the department of mathematics from March
2021 to August 2021.

3.2 Research Design

The study employs analytical method research design, which involves
in-depth study and evaluation of available information in an attempt to
explain complex phenomenon. Thus the researcher used fact and infor-
mation already exists and analyses them to make a critical evaluation.

3.3 Source of Information

The relevant source of data for this study used secondary source of data
like research articles, research journals related to common best proximity
point theorems for generalized proximal weakly contractive mapping in
b-metric spaces and related topics from different books.

3.4 Research procedures

In this study the procedure that the researcher followed the standard
procedures used in the published work of Yan Hao and Hongyan Guan
(2021) [25] and Seonghoon Cho (2018) [17].

10



Chapter 4

Result and Discussion

Definition 4.0.1. Let (X, d) be a b-metric space and A and B be two
non-empty subset of a b-metric space (X, d) with parameter s > 1 and p
> 2 is a constant. A pair of map f,qg: A — B is said to be a generalized
proximal weakly contractive mapping, if for all x,y, h,t,r,m € A,

d(h, fx) = d(A, B),

d(t, fy) = d(A, B),

d(r,gx) = d(A, B),

d(m: gy) - d(Aa B)v
then

(s[d(h,t) +@(h) + @(t)]) < d(malz, y, h,t,r,m, d, @)
_¢(ld(x7 y,h,t,r,m,d, 90))’

where,
e, g, 17,0, d, ) = mas{d(r,m) + p(r) + p(m), 3 d(h. 1) + o(B)
Fplr) - d(t,m) + (1) + olm)], -ld(h, m) +
p(h) + o) + (1, 7) + (1) + o]},
L, b, 7 d, p) = mas{d(r, m)(r) +p(m), d(t,m)o(0)+p(m)

Y eV ¢ e P, andyp : X — [0,00) is a lower semi-continuous function.
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Theorem 4.0.1. Let (A, B) be a pair of non-empty subsets of a complete
b-metric space (X,d) and assume that Ay and By are non-empty such
that Ag s closed. Define a pair of mapping f,q : A — B satisfying the
following conditions:

(i) f and g are generalized proximal weakly contractive mapping;
(ir) f(Ao) € By, and f(Ag) C g(Ao);
(i5i) f and g are continuous mapping;
() f and g are commute proximity.
Then f and g have a unique common best prorimity point.

Proof. We prove the existence of common best proximity point.
Let xg € Ag. Since f(Ag) C g(Ap), there exists 1 € Ay such that

fro = g1
Also x1 € Ay. Since f(Ag) C g(Ap), there exists z9 € Ay such that
fr1 = gxa.

Continuing this process in a similar fashion, obtain the sequence {x,}
and {x,.1} in Ap such that

fr, = grns1, (4.1)

for each n > 0.
Since f(Ag) C By and Ay is non-empty set, there exist u,, € Ay such that

d(uy, fr,) = d(A, B), (4.2)
for all n > 0.
Further, we obtain that
d(A, B) = d(uy, fr,) = d(up, gTni1), (4.3)
for all n > 0.

Our first goal is to show that fu = gu, for some u € A,.
Suppose that u,, = u,1, for some n > 0, by (4.2) and (4.3), we get that

d(unt1, frns1) = d(A, B) = d(uy, fr,) = d(uy, gTni1). (4.4)

12



Since f and g commute proximally, fu, = gu,+1 = gu,, and so we are
done.
Assume that u,, # u,41, for all n > 0. From (4.3), note that

d(una fxn) = d(un+17 fer—l) = d(A7 B) = d(un—h gxn) = d(una gxn+1)a
(4.5)
for all n > 1. Since a pair (f, g) is generalized proximal weakly contrac-
tive map with * = x,,, ¥y = x,,.1, we have that

P (d(tn, uni1) + o (un) + @(uni1))
< P("[d(un, uns1) + @(un) + @ (unta)l) (4.6)

S ¢(md<xn7 Lp41, Un—1,; Un, Up, Up+1, d7 90))
_¢(ld($n7 Tn+1, Up—1, Un, Up, Upi1, d? 90))7

where
w(md(xn, LTn4+1, Un—1, Up,y Up, Up41, d) SO))

= ma ({1, 42) + (1) + (), {0, 101) + ()

+(up—1) + d(Upt1, up) + @(Unt1) + @(un) }, Q_Z{d(u”’ ) (4.7)

+o(un) + ©(un) + d(Uni1, un—1) + (tns1) + @(un—1)}}
< maz{d(n, un-1) + ©(Un) + @(Un-1), d(Un, Upi1) + ©(uy)
‘H)O(un-i-l)}v
A(La( Ty Tty Un—1, Up, Up, Upy1, d, P))

= maz{d(up-1,un) + @(up-1) + ©(tn), d(n, ups1) + ©(un) + @(up+1)}-
(4.8)

If d(um un—i—l) + Sp(un) + Sp(un—kl) > d(un—la un) + Sp(un—l) =+ SO(UTL))
for some n € N, in view of (4.6), (4.7) and (4.8), we have

13



lb(d(un, UTH—I) + Qp(un) + gp(un—i—l))
S ¢<md(xm LTn41, Un—1, Up,y Up, Up41, d7 SO))
_¢(ld(xn7 Tn+1, Un—1, Un, Up, Up+1, d7 SO))

< Y(d(un, tnr1) + ©(un) + ©(unt1))
—P(d(Un, Ups1) + @(un) + @(tni1)),

(4.9)

which implies ¢(d(un, unt+1) + @(un) + @(tny1)) = 0.
Hence, u,, = u, 1, a contradiction.
Thus, we have

d(Un, Upt1) + () + O(Uni1) < d(tn-1,up) + @(Un-1) + ©(uy,), (4.10)

md(xnu Tn4+1, Un—1, Up, Up, Up41, d7 QO) S d(un—17 un) + @(un—l) + gO(Un),
(4.11)

ld(xna Lp41; Un—1, Up, Up, Up+1, d; 90) — d(un—ly un) + Sp(un—l) + Qp(un)
(4.12)
It follows from (4.10) that {d(u, unt1) + @(un) + ©(Uns1)} is a non-
increasing sequence, and so there exists » > 0 such that

lm (d(w, Uni1) + @(un) + @(tpi1)) =1 (4.13)

n—oo

By (4.6), (4.11) and (4.12), we can obtain

Y(d(un, tni1) + ©(un) + @ (Uni1))

< w(md(l‘n) Tty Up—1, Un, Un, Upi1, d, @))
_¢(ld(xn7 Tn+1, Un—1, Un, Up, Up+1, d7 90))

< (d(un—1,un) + P(Un-1) + @(un))
—¢(d(un—1,un) + ©(un—1) + @(un)).

(4.14)

14



Now assume that r > 0. Taking the upper limit as n — oo in (4.14),
we have

lim sup,, o0 Y(d(tn, Uns1) + @(Un) + (Uns1))

S hm Ssup ¢(md(xn7 Tn+1, Un—1, Up, Up, Un+1, d7 QO))
e (4.15)

— lim Sup ¢(ld(xna Ln+1, Un—1, Up, Up, Un+1, d7 90))
n—00

< limsup,, o Y(d(tp—1,up) + @(un—1) + @(un))
— liminf,, o O(d(Up_1,Un) + @(Un_1) + p(uy)),

which implies that 1 (r) < ¥(r) - ¢(r), a contradiction. Thus, we have
lim (d(tp, unt1) + @(un) + @(unt1)) =7 = 0. (4.16)

n—oo

It follows that
lim d(ty, une1) = 0, 7};120 ¢(uy,) = 0. (4.17)

n—o0

Now, we claim that {u,} is a Cauchy sequence.
Suppose contradiction, that is, {u,} is not a Cauchy sequence. Then
there exist € > 0 such that there are sub sequences {u,,, } and {u,,} of
{u,} so that for all k£ € N with ny > my, > k, we obtain

€ < d(Upy, Un, ), (4.18)

d (U, Up,—1) < €. (4.19)

By triangular inequality in b-metric space and (4.18) and (4.19),
we have

€ < d(Upy,, Un,) < SA(Upy s Uny—1) + SA(Upy—1, Up, ) < SE+ SA(Up,—1, Up, )
(4.20)
Taking the upper limit as £ — oo in the above inequality, we have

e < limsup d(ty, , Un, ) < S€, (4.21)
n—o0

£ < limsup d(tp, , Un, ,) < €. (4.22)

S n—00

Also, we have

€ S d(umkn U’nk) S Sd(umk; umk—l) + Sd(umk—].? U’nk) S
SA(Uny s Unny—1) + 82d (U1, Uy ) + 82d (U, Uy, ) (4.23)

< sd(Upy s Upny—1) + $2d(umk_1, Up,,) + s3e.
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Then by taking the upper limit as k — oo in (4.23), we have

e < limsup sd(up, —1,un,) < S°¢,
n—oo

which implies
¢ < lim sup d(tp,—1, U, ) < 5%€. (4.24)
s

n—oo

From

€ S d(umka unk) S Sd(umku umk—l) + Sd(umk—lv unk) S

Sd(umm umk—l) + SQd(umk—la unk—l) + 52d(unk—17 unk)

4.25
< Sd(umka umk—l) + S3d(umk—17 umk) + 53d(umk7 unk—l) ( )
< 5d(Upy s Upny—1) + 8°A(Upy—1, U, ) + S°€.
By taking the upper limit as & — oo in (4.25), we have
€ .
? < hfzn—fololp d(umk—la Unk—l) < se. (426)

In similar fashion by taking the lower limit, we can obtain
€
e < liminf d(up, , un,) < se, — < liminf d(wy,,, w,, ,) < €,
n—00 S n—00
€ . 9 € ..
. < hggg)lf d(Upmy—1, Up, ) < S7€, =2 < 117£I_1>g)1f AUy —1, Un,—1) < SE.
(4.27)

Since {uy,, } and {u,,} satisfy equations (4.2) and (4.3), we obtain
that

d(tny, f0,) = d(A, B) = d(uy, ,, gzn,), (4.28)
( |

d(umk7 f'rmk) = d(A, B) - d(umk—N gxmk)7

for each £ € N. Since f and g are generalized proximal weakly contrac-

tive mapping with = x,,, and y = z,,,, we have

Y(d(ny s Umy,) + ©(Un,) + @(Um,))

< w(md(xnm Ly Unys Umy, s Unge_y s Uy, 5 d, 90))

(4.29)
_¢(ld(xnk7 Lmys Ungs Umyy Uny_yy Umy_y 5 d, 90)
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From the definition, we have

md('rnk7 xmka unka umka U’nkfp umk,p d7 90)

1
S max{d(umk—la unk—l) + Sp(umk—l) + Sp(unkfl)a §{d<unk7 unk_l)

Fplttn,) + @lttn, )+ Aty tm, ) + 9ty + (i, )}, 5= (430
{d(un,, um,_,) +p(n,) + @(tmy, ) + Aty Um,) + @ (Un,_,)
+@(tmy, )} }-
Taking the upper limt as k& — oo, we obtain
lm sup mg(Tp, , Ty Ungs Umgs Ung 1y Uy 15 Ay )
e s (4.31)

} = se.

< max{Se,0,
- { 25

Also, we have
ld(wnk; Tmy, s Unygs Umy s Ung_15 Umy_q 5 d, 90)
- max{d(umk—lv unk_l) + @(umk—l) + @(unkflﬁ (4'32)

d(umw umk—l) + Sp(umk) + Sp(umk-—l)}'

By taking the lower limit as k& — oo, we have

o €
se > Hminf lg(Tn, , Ty, Ung, Wings Ung_y s Uing_y &y ) = =5 (4.33)
n—00 S

By applying generalized proximal weakly contractive mapping with
r = xp,, and y = x,,,, we have

P(se) < (sPe) < P(s” limsupld(um,, un,) + @(Um,) + @(un,)])

n—00

< ¢(hm sSup md(xnka Ty Unyy Umy,y Ung_qs Wmy_q 5 d, 90))
= (4.34)

- hm lnf Qb(ld(fnk, xmka U’nka U’mk7 uTLk_17 umk_17 d7 90))

n—00
S w(SE) - ¢(hm 1nf ld(xnka xmk7 unk; umka U”nkfp umkfp d? )7
n—00
which implies that

Hminf Li(2n, , Ty Ung s Wing s Ung_ys Umg_ys &y ) = 0, (4.35)

n—oo
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a contradiction to (4.33). Hence the sequence {u,} is Cauchy. Since Ay
be a closed sub set of the complete b-metric space X, there exist u € A
such that

lim u,, = u.
n—0o0

By the definition of ¢, we have

o(u) < liminf p(u,) =0 = ¢(u) = 0.

n—oo

Consider, by (4.2) and (4.3), that
d(Up, fr,) = d(up_1, gx,) = d(A, B).
Since f and g are commute proximally,
fun—1 = gun, (4.36)
for all n € N. By continuity of f and g,

fu= lim fu, ;= lim gu, = gu (4.37)
n—o0

n—oo

Now, we claim that the existence of common best proximity point of
f and g. Since f(Ay) C By, there exist * € Ay such that

d(x*, fu) = d(x*, gu) = d(A, B). (4.38)
By the assumption that f and ¢ commute proximally, foz* = gx™.
According to the assumption that f(Ay) C By, there exist z* € Ay

such that
d(z*, fa*) = d(z", g=*) = d(A, B). (4.39)

Next, we claim that * = 2*. Suppose that z* # 2*, that is d(z*, z*)
> 0. By applying generalized proximal weakly contractive mapping with
x =u and y = x*, we observe that
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where
mq(u, 2%, x*, 2% a2, d, )
= maz{d(z”, 2) + @(z7) + (27), %{d(ﬂf*a ") + @(x7) + p(27)
+d(27, 2") + (%) + (")}, %{d(x*, 27) (") + o(27)+

d(z%,27) + p(27) + p(a7)}} < d(a7, 27) + (@) + (27),

(4.41)

la(u, x*, a*, 2% x*, 2%, d, )
= mazx{d(z*, %) + p(z*) + p(27),d(z", 2*) + p(z*) + p(z")}  (4.42)
= d(z*,2%) + o(z*) + (7).
From (4.40), (4.41) and (4.42), we have

(d(2™, 27) + (") + p(27)) < p(d(@”, 27) + o(27) + 9(27))

o, ) + o) + o), )

which implies
d(z*, 2%) + o(z*) + ¢(2*) = 0,
= d(x*,2z*) = 0 and ¢(z*) = 0.
This contradicts the assumption x* # 2*. Thus x* = 2z*. Hence,

d(z*, fo*) = d(A, B) = d(z*, gx™). (4.44)

That is, the element x* € A is a common best proximity point of f
and g.

Finally, we have to show that the point x* is unique.

Let y* € A be another common best proximity point of f and g. Then

d(z”, fz*) = d(y", fy") = d(A, B) = d(z", g2™) = d(y", gy")  (4.45)

Since f and g are generalized proximal weakly contractive mapping,
we obtain that

d(e™, y") + (@") +(y7) < P(sld(@™, y7) + @(@7) + o (y7)])
< Y(ma(a”, ¥ 2%, y" 2%, ", d, @) (4.46)
_¢(ld( 7y 733 7y 733 Y 7d790))7
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where
ma(z*, y*, x*, y*, 2%, y*, d, )
= maz{d(z", y") + o(z") + »(y"), %{d(w*, ") + o(a”) + o(a”) (447
() + o) + o)) g {d ) + et + o)
d(y*,«*) +o(y*) + e(a)}} < d(a*,y%) + (@) + (y),
la(@*, y*, 2%, y*, 2, ¥, d, )
= maz{d(z",y") + p(z") + o (y"), d(y", y") + ¢(y") + o(y")}  (4.48)
= d(z*,y") + (z%) + o (y").
Now, from (4.47) and (4.48), we have

Y(d(x™, y") + p(a”) + o(y")) < Y(d(@”,y") + (@) + »(y"))

N N . (4.49)
—o(d(z", ") + (@") + ¢(y")).
By the properties of ¢ and from (4.49), we have
d(x”,y") + (") + (y") = 0, (4.50)

= d(z*,y*) = 0 and ¢(z*) = 0.
Which contradict the supposition that x* # y*. Thus x* = y~.

Therefore, f and g have a unique common best proximity point.
The proof is completed. ]
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Example 4.0.1. Let X = R? and d : X x X — [0,00) be defined by
d((z1,22), (y1.92)) = |21 = > + |22 =y, for all (v1,22), (y1,92) € X
and (X,d) is a complete b-metric space with parameter s = 2.
Suppose:
A={(z,0):0<x <1}
B={(z,1):0<z <1}

Let f,g : A — B be the mapping defined by

x
f(CE',O) = (ga 1)7
x
¢ : X — [0,00), defined by
p(2,0) = a”
and define a mapping ¥, ¢ : [0,00) — [0,00) with ¥(t) =t, and
o(t) = 9% Clearly, ¢ 1s lower semi-continuous function, 1 1s contin-

uous and non-decreasing function. Further, ¢ is non-decreasing, lower
semi-continuous and ¢(t) = 0 < t = 0.

d(A, B) = inf{d((z,0),(z,1)) : (z,0) € A, (z,1) € B}, imply that
d(A, B) = inf{|x — z|* + 10 — 1)*} =1, implies that d(A, B) = 1.

Notice that f and g are continuous. Now, we check that f and g are
generalized proximal weakly contractive mapping.

In fact, for all (z,0), (y,0), (h,0),(t,0),(r,0),(m,0) € A, we have
d((h,0), f(z,0)) = d(A, B) implies that d((h,0), (g, 1)) =
implies that h =

d((t,0), f(y,0)) = d(A, B) this implies d((t,0), (%, 1) =1,

|8

implies that t =
d((r,0),9(z,0))
implies that r = 7(%), and

d((m,0),9(y,0)) = d(A, B) implies that d((m,0), (7(?;),1)) =1,

d(A, B) implies that d((r,0), (7(%), 1) =1,
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gy,

implies that m = 7(8

Then by applying the generalized proximal weakly contractive mapping
definition with s = p = 2, we have:

P(s”[d((h,0), (£,0))+¢(h, 0)+¢(t,0)]) < ¢ (ma((x,0), (y,0), (h,0), (£, 0),

(r,0), (m,0),d, ) = ¢(la((,0), (y,0), (h, 0), (£,0), (r,0), (m,0), d, ¢)).

Now, we have

W(sP[d((h,0), (t,0)) + ¢(h,0) + ©(,0)])

=2 [d((5,0,(%,0) + ¢(5,0) + o (£,0))]
T y Tyo | (Y2

=4. [d((gao)(g’o)) + (g) + (g) ]

=4 [l — 2P+ 10— 0P + (57 + (3]
r Yo Lo Yo

=4[l =3P+ P+ Q)]
r Y9 L9 Yo

=4 . [(g—g) + (g) + (g) ]

<4. 6i4 C2 (22 +97)

1 2 2

b(ma((z,0), (y,0), (h,0), (t,0), (r,0), (m, 0), d, p))
= maz{d((r,0), (m,0)) + ¢(r,0) + ¢(m, 0), %{d((h, 0), (r,0)) + ¢ (h,0)
+d((t,0), (m, 0)) 4+ ¢(t,0) + ¢(m,0)}, 2%{61((}% 0), (m,0)) + ¢ (h,0)

+o(m, 0) +d((t,0), (r,0)) + ¢(£,0) + ¢(r,0)} }
1

> Y [d((h,0), (7,0)) + (1. 0) + (1, 0) + (1, 0), (m, 0)) + p(t,0)
p(m, 0))) = S5, 0), (5,0)+o(5,0) + (5 0) +d((£,0), (2, 0))
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Y Ty Tx, 5 Ty 1T,
Z.0 —=.0 S 0—0 = —

+s0(8,)+s0(8,)] [I \ + | |+(8)+(8)
Yy Ty, 2 7y
Z _ < 0—0 Z -~

+|8 *+ | |+(8) +(8)]

1

:§.6—(36x2+3:2+49:U2+36y2+y2+49y2)

~ 1L g6a? 4 86y2)

T2 Y

—6—4(37 +v°),

¢(la((x,0), (y,0), (h,0), (¢, 0), (r,0), (m,0),d, ¢))
= ¢(maz{d((r,0), (m,0)) + ¢(r,0) + ¢©(m,0),d((¢,0), (m,0)) + ¢(t, 0)
35 Tx Ty T Ty

+p(m 0)) = Samar{d((5,0), (2,0)) + ¢ 0) + (2, 0),
a((20), (L 0) +oL,0) + o2, 0))
35 T 9 2 7.4 Yo ¥ 1Y 2
= Smar{| 5~ L1007 + (5 + (D 1L~ 2P+ o o)
Yo | TYyy 35 49 13
(24 (D)) = Smar{ 3 +47), 3507)
<2 (@442,
— 64

According to above inequalities, we get that

AR, 0) (4,0)) + 5(7,0) + (5, 0]
S = S 4y - (a4 )
< G lmal(@,0), (40), (0, 0), (1,0), (7,0, (m. ). d. )

- ¢(la((x,0), (y,0), (h,0), (£,0), (r,0), (m, 0), d, p)).
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Hence, f and g are generalized proximal weakly contractive mappings.

Next, consider, by the definition of Ay, By, that Ay = A, By = B thus,
f(Ao), 9(Ao) C By. Additionally,

F(Ao) = (1)1 0< e < S} (1) :0< o < 1) = g(A)

Now, it remains to show that f and g commute proximally.
Let x, u, v € A such that

d(u, fxr) =d(v,gr) = d(A, B).

Consequently, x = (Z,0), u = (u,0), v = (v,0),

z T
U = — v=—.T
where u 3 and v 3 hus
R z
fx:f(x,O) :(§71)7
~ 163
or = o(.0) = (2.1),
- . x z
d(u, fr) = d((u,0), f(z,0)) = d((g,O), (gv 1)) =1=d(4, B),
T T

d(v,gx) = d((@\, 0)79(557 0)) = d((_7 O)? (?7 1)) =1= d(Av B)
Therefore,
d(u, fr) = d(v, gx) = d(A, B).

Now, we claim that

fv=gu.
~ T T
gu = g(U,O) - g(%,()) - (6_2(;7 )7
N X X
Jv= f(U,O) :f(gao) = (6_47 )7

which implies, fv = gu.
Hence, d(u, fz) = d(v, gx) = d(A, B) = fv = gu.
Therefore, f and g are commute proximally.

Finally, by Theorem 4.0.1, we can conclude that there is a unique
common best proximity point of the pair (f,g). In fact, the point (0,0)
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is the unique common best prozimity point of (f,g).

To show this, there exist (x*,0) € A such that
d((2”,0), f(27,0)) = d((«",0),g(2",0)) = d(A, B) = 1,
where, (z*,0) is common best proximity point of f and g. Now find x*
d((z",0), f(27,0)) = d(A, B) = 1,

this tmplies that

*

. x
d((l’ 70)7 (§7 1)) =1,
imply that X
\:c*—%|2+ 0-1?2=1.

From this, we get
* T 2
——|"=0.
o~
Hence, x* = 0, and also from
d((z*,0),9(z*,0)) =d(A,B) =1,

we have .
Tx

(@, 0), (55

1)) =1,

imply that

7*
7 — g|2+\0—1\2:1.

From this, we get
Tx*

8

*

|z 2 =0.

Hence, x* = 0.

Therefore, the point (z*,0) = (0,0) € A is a unique common best
proximaity point of f and g.

If o =0 in Theorem 4.0.1, we can get the following result:

Corollary 4.0.1. Let (A, B) be a pair of non-empty subsets of a complete
b-metric space (X,d) and assume that Ay and By are non-empty such
that Ay is closed. Define a pair of mapping f,g : A — B satisfying the
following conditions:
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(i) For all z,y,h,t,r,m € A,
d(h, fx) = d(A, B),
d(t, fy) = d(A, B),
d(r, gz) = d(A, B),
d(m, gy) = d(A, B),
then
w(spd(hv t)) S ¢(md(37» Y, h7 t) r,m, d)) - ¢(ld(x7 Y, h) t: r,m, d))7

where,

1
ma(x,y, h,t,r,m,d) = max{d(r,m), §[d(h, r) + d(t,m)],

—ld(h,m) + d(t, )]}

la(x,y, h,t,r,m,d) = max{d(r,m),d(t,m)} and € U, ¢ € ;
(i) f(Ao) C Bo, and f(Ag) C g(Ao);
(111) f and g are continuous mapping;
() fand g are commute proximity.
Then f and g have a unique common best proximity point.

If we consider the corresponding problem in the setting of metric space,
that is, s = 1 in Theorem 4.0.1, we can obtain the following:

Corollary 4.0.2. Let (A, B) be a pair of non-empty subsets of a complete
b-metric space (X,d) and assume that Ay and By are non-empty such
that Ag s closed. Define a pair of mapping f,q : A — B satisfying the
following conditions:

(i) For all z,y,h,t,r,m € A,
d(h, fx) = d(A, B),
d(t, fy) = d(A, B),
d(r,gr) = d(A, B),
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d(m, gy) = d(A, B),
then
(d(h,t) + ¢(h) + ¢(t) < Y(ma(z,y, b t,r,m,d, p))
_Qb(ld(xa Y, h7 t,r,m, dn 90))7

where,

mq(z,y, h,t,r,m,d, ) = max{d(r,m)+e(r)+p(m), %[d(h, r)+(h)

+p(r) +d(t,m) + olt) + (m)], 5 d(h,m)
+ (k) + @(m) +d(t, r) + o(t) + o(r)]},

li(z,y, h,t,r,m,d, o) = max{d(r,m) + ¢(r) + ¢(m), d(t,m) + ¢(t)
+@(m)} is the same as Theorem 4.0.1, % € ¥, ¢ € ¢, and p : X —
[0,00) is a lower semi-continuous function;

(ii) f(Ao) C Bo, and f(Ag) C g(Ao);
(11i) f and g are continuous mapping;
() [ and g are commute proximity.

Then f and g have a unique common best proximity point.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

This study is concerned with the existence and uniqueness of common
best proximity point for generalized proximal weakly contractive map-
ping in complete b-metric spaces and in this study I have defined the
notion of generalized proximal weakly contractive mapping in b-metric
spaces.

5.2 Future Work

It possible to state common best proximity point theorem for general-
ized proximal weakly contractive mapping by changing the construction
of other space should be considered in the future work and prove the
existence and uniqueness of common best proximity point. Moreover,
state common best proximity point theorem and prove the existence and
uniqueness on other mapping which is higher than contractive mappings.
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