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Abstract

This paper explores best proximity point theorems whit in the framework of broad (6,7) proximal

reduction “mappings in rectangular quasi b-metric spaces”. “We introduce the class of rectangular
quasi b- metric” space as a broadening of rectangular metric space, “rectangular quasi” b-metric

space, “rectangular b-metric” space,define broad (#,7)proximal reduction mappings. Establish

situation under which a optimal proximity point exists and provide example to clear my results.

Extend previous work on fixed point theorems and contribute to the theory of proximity points

in non-standard metric spaces.

Key words: Best proximity point, Optimal approximate solution,rectangular

semi b-metric.
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Chapter 1
INTRODUCTION

1.1 Background of the study

The presence of fixed point of self-mappings and their singularity are guaranteed
by the Banach contraction principle. The most intriguing research focuses on
Banach’s contraction to non-self-relation 7' : Z — R, where (Z, R) is a pair of
subsets of the rectangular quasi-metric space (Z,d). In actuality, mapping does
not always have a fixed point. Finding the places where d(r,Tr) = d(Z, R)
are referred to as optimal proximity points for r € Z. Fan introduced an
optimal approximation theorem in 1969 [12]. A scenario for t presence proximal
reduction of 1% and 2" class for such places was later presented by Sadiq Basha
[5]. Almeida et al. (2014) [16] demonstrate the presence and ”uniqueness of”
optimum closeness points using concept of P-property. Our work focuses on
the broad 6-v proximal reduction relation in rectangular semi b- metric, which
is the optimal closeness point for non-self relations[8]. Since Z and R are two
subsets of X ,where (X, d) is the rectangular quasi b- metric space then the non-
self relation T : 7 — R may “not have a fixed point”, hence the approximate
solution of Tr = r such that r is near to Tr is used [15]. In the case when
d(Z,R) =inf{d(z,r): z € Z,r € R}, and d(r,T,) = d(Z,R), r € Z is referred

to as an ideal proximity point of the mapping 7' [8].



Definition 1.1 (1). Where X is non-empty set, and d : X x X — R is metric

space if a metric d must satisfy three defining properties:
1. d(w,b) =0 if and only if w=bV w,b € X
2. d(w,b) = d(b,w),Symmetry: for every w,b € X.

3. dw,r) <d(w,c)+d(e,7) ¥V w,r,ce X,

Then d is called metric on X and (X,d) metric space.

Example 1.1 (1). L et X = R? and d is defined as d: X x X — R by
d((f1, f2), (m1,ms)) = [(fr —m1)® + (fo — ms)?]2.Show that d is a metric on R,
Solution: Let f = (f1, f2) , m = (m1,ms) ;7 = (11, 75) € R?

d(f,m) =0,

d(f,m) =[(fr = m1)® + (fo — m2)*2 > 0

d(f,m) =0 <= f=m.

d(f,m) =0,

> [(fi —=m1)? + (fo—m2)}2 = 0

= (fi—mi)’+ (fo—m2)* =0

<~ fi—m1=0and fo —my =0

— fi =my and fy = my

— f=m

N

d(f,m) =d(m, f) 5(f,m) = [(fi —m1)* + (fo — ma2)’]
= [(m1 = f1)* + (ma2 — fo)]2

=o(m, [)

d(f,m) < d(f,r)+d(r,m),

Let ay = f1 — 11, ag = fo — 12, by =711 — my,by = r9 — mo.



N[

d(f,

f m) = [(all + b1)2 + (CLQ + 62)2] s
fom) = [y (ar + by)]2
fyr

d(
r) = (a} +a3)? = (34, a})
d(r,m) = (0} +08)2 = (34, 0})

This is [Yq_y (ar + )%z < (i ad)z + (i, b?)z

Then d is metric on R?

d(

Definition 1.2 (26). Let X # () and k > 1 is scalar . A function d : X x X —

R* is a distance function iff ” ¥ f,m,r € F, the following situation satisfied:
1.d(f,m) =0 if and only if f =m;
2. d(f,m) = d(m, f);
3. d(f,m) < kld(f,c)+ d(c,m)].
The pair (X,d) is called b—metric space.
Remark 1.1 The ” b - metric is a metric when” k = 1.

Definition 1.3 (28). Let X # 0 and d : X x X — R™ be a function satisfying
the following condition:
1. d(q,p) =0 if and only if q=p;
2. d(q,p) < d(q,u) + d(u,v) +d(v,p) ¥ q,p € X and all different point u,v €
X\{q,p}.

Then d is called a “rectangular” quasi metric on X, and the pair (X, d) is called

a “rectangular” quasi metric space.

Example 1.2 (28). Let X = {r,2r,3r,4r,5r} withr > 0 as a scalar, w > 0 and

defined : X x X — RT by



1.d(r,r)=0VreX;

2. d(r,2r) =d(2r,r) = 3w;

3. d(r,3r) = 86(2r,3r) = d(3r,7) = d(3r,2r) = w;

4. d(w,4r) = d(2r,4r) = d(3r,4r) = d(4r,r) = d(4r,2r) = d(4r,3r) = 2w;
5. d(r,5r) = d(2r,5r) = d(3r,5r) = d(4r,5r) = 3w;

6. d(5w,r) = d(5r,2r) = d(5r,3r) = d(5r,4r) = 2w.
Then (X,d) is a rectangular quasi metric space, d(r,5r) = Sw % %w =

d(5r,r), (X,d) is not a rectangular metric space.

1.2 Statements of the problem

Investigating the existence and characteristics of optimum closeness points for
broad (6, v)-proximal contraction mappings in rectangular quasi-b-metric spaces
is the issue this study attempts to solve, with a special emphasis on non-self
relations.

1. To confirm that broad (#,y)-proximal contraction mapping in rectangular
quasi-b-metric space has best proximity

2. In rectangular quasi b-metric space, to confirm that the optimal closeness

theorems for the generalized (6,7y)-proximal contraction mapping are unique.



1.3 Objectives of the study

1.3.1 General objective

The main objective of the study is to state the best closeness theorems for
generalized (6 ,v)-proximal contraction mapping in rectangular quasi b-metric
space.

1.3.2 Specific objectives of the study

This paper has three specific objectives:

e To establish best proximity point theorems for generalized (6, +)-proximal

contraction mapping.
e To show the singularity of best closeness points.

e To support results with examples

1.4  Significance of the study

e It helps to provide basic research skill to the researcher.

e It helps other researchers in this particular field of study for the future as

a reference .

1.5 Delimitation of the study

This thesis delimit to discovery the best proximity point theorem for generalized

(6 ,v)-proximal contraction correspondence in rectangular quasi b-metric space.



Chapter 2

Literature Review

Banach established the well-known fixed point theorem in 1922. If (R,d) is a full
metric manifold and Z : R — R is a reduction, then ag € R of Z.[2] is a unique
fixed point. In nonlinear analysis, this theorem—also known as the Banach

”  As a summarizetion of a metric”

reduction principle—is a powerful tool.
manifold in which the triangle inequality is substituted with (a,b) < m[d(a,c)+
d(c,b)], Czerwik introduced the idea of a b-metric manifold in R, m > 1,
Va,b,c. In 2014, Karapinar and Lak’zian established fixed point theorems for the
mappings introduced and defined (,~)-proximal reduction mapping in oblong
quasimetric manifold.[6]. Sadiq Basha S: Extensions of Banach’s reduction rule
provides an explanation of an ideal proximity point for reduction.[4]. Finding
an element c that is as close to Tc as possible is of great interest since a non-
self correspondence Z : H — W do n’t always have a fixed point.[5]. To put
it another way, if there isn’t an exact solution to the fixed point equation
Zc = ¢, then finding an nearest solution c¢ that minimizes ”"the error” J(r,
Zr) is considered.[19]. Using proximal normal structure,” Eldred, Kirk, and

Veeramani” demonstrated the presence of an optimal closeness point for non-

expansive relation. Eldred and Veeramani demonstrated the uniqueness of the



best closeness theorem in [3]. In fact, according to a traditional optimal ”approxi
mation theorem ”attributed to Ky Fan [10], if T : K — F is a single-valued
continuous relation and "K is a nonempty compact convex subset of a Banach
space X", then there exists an element ag € K such that d(ay, Zag) = inf{d(b, Zay) :
b € K}, where d is a metric on X. “In the current paper by Akbar and
Gabeleh (2013)[12]”, it was shown that using the idea of P-property, variants
of relevant existing results in the fixed point theory can produce some results
about the presence and uniqueness of optimum closeness “points” [25]. A
best closeness point theory for reduction has been described [12]. Anuradha
and Veeramani have looked into whether proximal point wise reduction have
a preferred closeness point. For different reduction variants, many optimal

closeness point theorems have been studied [24].

Definition 2.1. . Let T : K — R be a correspondence. “An element” r* “is

said to be a best closeness point of T if” d(r*,Tr*) = d(K, R)

Theorem 2.1. Let R,= and H be nonempty closed subsets of a complete metric
space (X, 8) such that Ry #0 . Consider a non - self - mapping T : R — H
satisfying the following : T(Ry) C Hy and the pair (R, H) “satisfies the P -
property”. There exist elements (y, (1 € A such that d((1,TCy) = d(R, H). there
exist § > maxo<p<s{Ok, 204} such that T is special broad prozimal 0 semi reducing

“Moreover , assume that one of the following state holds” : ( is continuous

; B> max{0,a3}. Then T has a unique best closeness point ( € A such that

(¢, TC) = 0(R, H).



Chapter 3

Methodology

3.1 Study Area

The study would be “conducted” at Wolkite “University under the department

of mathematics from September, 2024 G.C.to December 2024 G.C

3.2  Study Design

This thesis employed archived review and analytical method of design.

3.3 Source of information

“The relevant sources of information for this study” are Internet , “BooKs”
and research journals related to the best closeness for broad(f , «) -proximal

reduction mapping in oblong quasi b- metric space.

3.4 Mathematical Procedure

“In this study we” would follow “the procedures stated below”:

e Constructing a sequence x,,.



e show convergency of the sequence

e Show the z,, was oblong quasi b- Cauchy sequence
e Prove the presence of a best proximity point.

e Prove uniqueness of optimal proximity point.

e Give example that support our the primary result.



Chapter 4

Result and Discussion

In the context of rectangular semi b-metric space, we introduce rectangular quasi
b-metric spaces, establish generalized (6, )-proximal reduction mappings, and
determine the optimum closeness point for the mappings. Consider R and H
to be # () subsets of the rectangular quasi-metric space (X, d). The 6-proximal
permissible implies that #-admissible, obviously, if R = H.

We denote by v “the set of non decreasing functions” 7 : [0,00) — [0, 00) such
that

V t > 0, where 4" is then' iteration of s > 1 ,sy(t) < t. y(t) <tV t > 0.
d(R,H) =inf{d(i,j):i € R,j € H}
Ay={ie R:d(i,j) =d(R,H) forsome je€ H}
By={j€ H:d(i,j) =d(R,H) forsome i€ R}
Definition 4.1 (9,21). A pointi* € Kis best closeness point of the correspondence
T: K — Lf

d(i*,Ti") = d(K, L)

Definition 4.2 (16). Let Q ,H #0 subsets of rectangular quasi b- metric space
(F,d) with Qo # ¢. Then the pair (Q, H) have P-property if and only if.

(@, H)

) H)} = d(i1,12) = d(j1, jo)

where 11,19 € QQ and j1,j2 € H
Definition 4.3 (18). Let T : E — F and 0 : Ex E — [0,00). We say that T is

10



0-proximal permaissible if

O(e1,e2) > 1
d(ul, T€1) = d(E F) = (9(U1, UQ) >1
d(UQ, T@Q) d(E F)

Definition 4.4 (8,13,14,15). The correspondence T : S — R is generalized 0—y-
proximal reduction, where 6 : .S x S — [0,00) if

O(k, j)d(Ty, Ty) < A(M(k, ), ¥k, j € S

where M (k,j) = max{d(k,j),d(k,T}),d(j,T;)} Vk,jeS

Definition 4.5 (18). Let T : R — H and 0 : R x R — [0,00). We say that
T is (0, d)-reqular if ¥V (r,g) € 67([0,1]), 3 k € Ry such that O(r,k) > 1 and
0(g, k) = 1

11



Theorem 4.1. Let R and B are nonempty closed subset of compete rectangular
quasi b-metric manifold (X ,d) such that Ry # 0 and T : R — B continuous and
broad (0,~y)-proximal reduction mapping.  Suppose that

1. T is O-proximal permissible

2. There exist ro,r1,79 € Ry such that
d(ry,Tro) =d(R,B) and 6(rg,r1) > 1
and  d(re, T?r¢) = d(R,B) and 0(rg,r9) > 1

3. T(Ry) C By and (R,B) satisfies the p-property.
Then there exist optimal proximity point r* € Ry such that
d(r*,Tr*) = d(R, B)
Proof. step 1:By (ii) there exist 79,77 and 1y € Ry such that
d(r1,Tro) =d(R,B) and 6(rg,m1) > 1

Now we construct a sequence 7, € R by rpy1 =T, = T"r = T" g V> 0
Since ro € Ry such that d(rqy, Try) = d(R, B) Now

9(7“0,7“1) Z 1
d(Tl,TTo) = d(R, B)
d(Tg,TT’l) = d(R, B)

Since T is f-proximal permissible,this implies that 6(ry,rs) > 1.
thus d(re,Tr) = d(R,B) and 6(r1,7m9) > 1
since T'(Ry) C By,3 r3 € Ry such that d(rs, Try) = d(R, B).Now

O(ry,m) >1
d(ry,Tr1) = d(R, B)
d(rs,Tre) = d(R, B)
Since T is 6- permissible, this implies that 6(r9,r3) > 1,thus
d(rs, Tre) =d(R,B) and 6(ry,13) > 1
“ Continuing this process ,by induction ,we” fetch
O(rn, rn1) > 1
And construct a sequence {r,} C Ry such that
d(rpi1,Trp) =d(R,B) and 0(r,,r,e1)>1 ¥Yn >0 (4.1)

12



Similarly , we have d(rq, T?ry) = d(R, B) and 0(rg,r2) > 1 Since T'(Ry) C By
d r3 € Ry such that
d(?”g, TTQ) = d(R, B)

Now
9(7’0, 7“2) Z 1

d(’l“l, T?"()) = d(R, B)
d(?“g, TTQ) = d(R, B)

Since T is #-proximal permissible,this implies that 6(ry,r3) > 1, thusd(rs, Try) =
d(R, B) and 6(r1,73) > 1 Since T(Ry) C By 3y € Ry such that d(ry, Tr3) =
d(R, B) Now

9(7“1, 7”3) Z 1

d(?”g, TT’l) = d(R, B)
d(ry,Trs) = d(R, B)

Since T is 6- proximal permissible,this implies that 6(ro, r4) > 1,thus Continuing
this process ,by induction we fetch

O(rp, Tnio) > 1
And we make a sequence {r,} C Ry such that
d(rpio, T?r,) = d(R,B) and 0(r,,mh2) >1 ¥Yn >0 (4.2)

step 2:We show that lim,, . d(r,,7,41) =0 and  lim, o (7, 742) =0
since (R,B) satisfies the p-property ,we summarize from that

d(rp,roe1) = d(Trp_1,Try) Vn > 1 (4.3)
Since T is broad #-v-proximal reduction , V n€N, we have

d(rp,rne1) = d(Trp_1,Try) < O(rp_1,m)d(Trp_1,Try) < y(M(rp_1,7,))¥n > 1
(4.4)
where
M(Tn—la Tn) = max{d(Tn—la Tn)a d(rn—la Trn—l)a d(rny Trn)}
- max{d(rn_l, Tn)v d(rn—b Tﬂ): d(TTh Tn—i—l)}

= max{d(rn—1,7y), d(rn, Tns1)}

13



case(i)

whenM (ry_1,7,) = d(ry, r41) from(4)wehave
d(rp; Tn1) < yd(rn, Toy)
< Syd(rn, ris1)
< d(rp, Tny1)
whichcontradiction

case(ii) M(ry,—1,7) = d(rp_1,75)
from(4.4) we have

d(?“n, TnJrl) — d(TTnfla TTn) Se(rnfla Tn)d(Trnfln TT’n) < ’Y(d(rnfla Tn))
= fyd<Trn72> Trnfl)
< 72d(7nn—27 Tn—l)

<~"d(rg,r1) = 0 asn — oo.
d(rp,rpe1) >0 as n— o0

lim,, d(’l“n, TnJrl) =0
similarly, T is broad #-y-proximal reduction.

d(rm Tn+2> — d(TTnfla TTnJrl) < e(rnfla Tn+1)d(T7’n717 TTnJrl)

4.5
< ’YM(TTL—I: Tn+1) Vn >0 ( )

M(rn—h Tn+1) = max{d(rn,l, Tn+1)7 d(rnfla Trn—l)a d(?“n+1, Trn+1)}
= maz{d(rn-1, 1), d(ra-1,70), d(rns1, ri2) }
case(i) M(rp—1,7n+1) = d(rp—1,Tn+1)
d(rm Tn+2> = d(TTnfh TTnJrl) S '9(7“71717 Tn+1)d(T7’n717 TTnJrl)
< ’YM(TTL—I; Tn+1)
= ’Vd(rn—h Tn+1)
< A’d(rp—z, )

Where

from (4.5),we have

<A"d(rg,r2) =0 as n — oo

14



case(ii) M (r,_1,7ns1) = d(rp_1,70)

d<7nna Tn+2) :d(TTn—la Trn—i-l) S H(Tn_l, Tn+1)d(Trn—17 Tfrn—i-l) S ’Yd(/’nn—h Tn)
- f}/d(Trn—% Trn—l)
< Ad(rn-2,7n-1)

< A"d(rg,r2) = 0 asn — oo.

case(iii) M (r,—1,7p41) = d(Thi1, Tna2)
from[4.5] we have
d(rm Tn-|—2) — d(TTn—la Trn—&—l) S e(tn—la Tn—l—l)d(Trn—la Trn—l—l) S ’YM(Tn—la 7“n—i—l)

- ’Vd(rn+1a Tn+2)
= yd(Trn, Tryy1)

S ’}/Qd(Tn, Tn+1)

< 9"2d(rg,m1) = 0 as — oo

Therefore,

lim d(rp,7p2) =0
n—-ao0

step3: Prove that {r,} is rectangular quasi b-Cauchy sequence that

i.e lim d(rp,mp4p) =0 V peN

n—-aoo

Let n,m € N with m > n, we have r,, =1,

d(rny 1) = d(rp, Trn) = d(rm, Trm) = d(rm, rm+1)
< A" (d(rn, Tn+1))
< sv(d(rp, )
< d(rn, Tny1),
which is a contradiction.
Therefore, r,, # r,, for m #n

15



The case p=1 and p=2 is proved. = Now we take p > 3
case(i) Let p =2m,where m > 2. By the rectangular inequality

d(Tn; Tnvom) <8 [d(rm Tny2) + d(Tns2, Tnys) + d(Tns, Tn+2m)}
<sd(rp, Tnt2) + SA(rpt2, Tots) + 57 [d<7"n+3a Tna) + d(Tnsd, Tnys)
+ d(rn+5, Tn+2m)]
—=5d(T, Tnya) + 5d(Tnao, Tnes) + 52d(Tnaz, Tnea) + 52d(Thaa, Tnas)

+ 32d(7°n+5; Tnt2m)

SSd(Tm 7071—1-2) + S3d(7“n+2, Tn—i—?)) + 34d(rn+3a 7nn—i—él) + S5d(7“n+4, 7an—i—5) + -

2m
+ s d(rn—i—Qm—la rn+2m)
n+2m—1

:Sd(rnarn+2)+ Z Sk_nJrld(rkﬂ"kJrl)

k=n+2
n+2m—1

<sd(rp, Tni2) + Z s*y*d(ro, 1)
k=n+2

SSd(Tna 7’n+2) + Z Skad(Toa Tl)'
k=n+2

limy,— o0 d(7n, Tny2) = 0 and Y27 o s¥yFd(rg, 1) — 0 as n — oo.
Therefore 1My m—oo d(Th, Tniom) = 0.

16



Case (ii) Let p = 2m+1, where m > 1. By the rectangular inequality, we get
AT, Toyoms1) <S[A(Tn, Toi1) + d(rag1; Tova) + d(Tag2, Togamin)]
<8d(r, 1) + SA(Fni1, Tnso) + 87 [d(rng2, Toss) + d(Tugs, Tngs)
+ d(T 44, 7°n+2m+1)]
=sd(rp, rp41) + 5d(Tnt1, Tnr2) + 32d(7“n+2, Tnts) + 32d(””n+3, Tnta)

+ 32d<7"n+4, Tn+2m+1)

SSd(Tna Tn—i—l) + SQd(Tn—H; Tn—|-2) + Sgd(rn+27 Tn—l-S) + 34d(7nn+37 Tn_|_4) + .-

2m+1
+ s d(rn—|—2m7 Tn—|—2m—|—1)
n+2m

=) s, rps)

k=n
n+2m

= Z S* N d (g, )
k=n

n+2m

< Z sk'ykd(ro, 1)

k=n

< Zskykd(ro,m) — 0 as k — oo.
k=n
Thus limy, ;—e0 d(7n, Tnt2m+1) = 0.

Finally lim,,_ o d(rp,7p4p) =0 for all p>3

Thus {r,} is oblong quasi b- ”Cauchy sequence in” (X, d)

Since (X, d) ”is complete and R is closed” ,3 r* € R such that r,, — r* asn — o
Since T is ” continuous mapping ,then” Tr, — Tr* asn — oo

The continuity of the rectangular quasi b-metric implies that

d(R,B) = d(rp41,Trn) = d(r*, Tr*) as n— oo

Therefore, d(r*,Tr*) =d(R,B) Point r* € Ry is best proximity point.
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Theorem 4.2. Let K and B are nonempty closed subset of rectangular quast
b-metric space (X ,d) such that Ko#£ () and T : K — B be continuous and broad
(0,7)-proximal reduction mapping. Suppose

1. T is @-proximal permissible.

2. 3 ko, k1, k2 € Ko such that. d(k1,Tky) = d(K,B) and delta(ko, k1) > 1
and d(kQ,T2]€0) = d(K, B) and 9(]60, kg) 2 1

3. T(Ky) C By and (K,B) satisfies the p-property.
4. Tis (0,d) "regular,then T has a unique optimal proximity point”

Proof. From theorem (4.1) T # () (k* € K, is best closeness point).Suppose
y* € Ky is an other best closeness of T that is

Ak, T = d(y", Ty") = d(K, B) (4.6
Since (K,B) satisfies p-property and (4.6),we get that
d(TE" Ty") = d(k*,y") (4.7)

We distinguish two case
case 1. If (k*,y*) > 1 Since T is broad 6-v proximal reduction using (4.7) we
fetch that

d(k*,y*) = d(Tk", Ty") < O(k*, y")d(Tk*, Ty") < vd(k",y") < sy(d(k",y")) < d(k*,y"

since sy(t) <tV ¢t > 0, the above inequality holds only if d(k*,y*) = 0 that is
k* — y*

case 2’ If O(k*,y*) < 1

let 3 2y € K such that 6(k*, zp) > 1 and 6(y*, 29) > 1

since T'(Ky) C By,3 z1 € Ky such that

d(z1,Tz) = d(K, B)

now,

d(k*, Tk:*) d(K,
d(Zl,TZO) (K,
(

B)
B)

Since T is f-proximal permissible ;,we get #(k*, z1) > 1 we have
d(zl,TZ()) d K, B)

and O(k*, z1) > 1

18



since T'(Ky) C By,3 22 € Kpsuch that

d(ZQ, TZl) = d(K, B)

Now
O(k*,z1) > 1
d(k*,Tk™) = d(K, B)
d(z2,Tz) =d(K, B)
Since T is f-proximal permissible ,we get 6(k*, z5) > 1,thus

d(z2,Tz) = d(K, B)andf(k*, z5) > 1

“continuing this step, by induction ,we can make a sequence”z, in K such that

d(zps1, Tz,) = d(K, B)andf(k*, z,) > 1¥n > 0
Using the p-property an (4.8),we get
d(zps1, k*) = d(Tz,, TE*)¥Vn > 0
Since T is 6-y proximal reduction, we have
d(zna1, k*) < 0(zper, K)d(T 2, TE") < y(d(2p, k%)) Yn >0

This implies
d(zn41, k%) < y(d(zp, k")) Yn >0

By induction ,we derive
d(zn, k") < ~"(d(z0, k")) n>0
Suppose zp = k* in this case from (4.9), we get
d(z1, k") = d(Tz, Tk™) = d(Tk*, Tk*) =0

this implies that z; = k*
Again
d(z9, k") = d(Tz, Tk™) = d(Tk*, Tk™) =

this implies that zo = k*

(4.8)

(4.9)

(4.10)

continuing this process , by induction z, = k* n > 0 Suppose d(zp, k") > 1 let

n — oo in (4.10),we fetch
z, — K* that means lim,,__,,, 2, = k*

Similarly,by hypothesis 3 zy € K such that 6(y*, zp) > 1 Since T(K,) C By3

z1 € K\ such that
d(Zl, TZ()) = d(K, B)
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Now
e(y*a ZO) >

d(y*, Ty") = d(

d(Zl, TZO) = d(
0

(

Since T is f-proximal permissible ,we get 8(y*, 21) > 1 we have
B)

d(z1,Tz) = d(K

and 6(y*,z1) > 1
since T'(Ky) C By,3 22 € Kpsuch that

d(ZQ, TZl) = d(K, B)

Now
e(y*a Zl) > 1
dy*, Ty") = d(K, B)
d(Zg, TZl) = (K, B)
Since T is f-proximal permissible ,we get 0(y*, z9) > 1,thus
d(z9,Tz) = d(K, B)andf(y*, z2) > 1

2

continuing this process, by induction ,we can make a sequence” z, in K such
that
d(zn+1,Tz,) = d(K, B)andf(y*, z,) > 1¥n > 0 (4.11)

Using the p-property and (4.11),we get
d(zns1,y") = d(Tz,, Ty*)Vn > 0 (4.12)
Since T is 6-v proximal reduction, we have
d(2p+1,Y") < 02041,y )d(T2n, Ty") < v(d(zn,y*)) YN >0

This implies
d(znt1,y7) < v(d(zn,y7)) VR 20

By induction ,we derive
d(zn,y*) < 7"(d(20,y7)) n >0 (4.13)
Suppose zp = y* in this case from (4.12), we get

d(z1,y") = d(T2,Ty") =d(Ty", Ty*) =0
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this implies that z; = y* Again
d(22,y") = d(Tz,Ty") = d(Ty*, Ty") = 0

this implies that zo = y*

” continuing this process , by induction, we get” z, =y* n >0

Suppose d(zg,y*) > 1 let n — oo in(4.13),we obtain z, — y*.

So in all cases , we have lim,,__.. 2, = y*.

By uniqueness of the limit (i.e lim,, . 2, = k*andlim,,__, 2, = y*)

We fetch k* = y*.

This completes the proof []

Example 4.1. Let X = AU B, where A= {},5,1,3} and B =[1,2].
Define the broad metric d on X as follows

d(%, %) — d(%, %) = 03;; 1

d(? %) = d(? %) d(3,7) = 0.1,

d(?? %) = d(? §) = 0.6;

d(3,3) = 1.05;

d(5,3) = d(3,3) = 05;

d(i i)_d(i i) d —d(i 1Y =0-

(272)_ (3 3)_ ( )_ (575)_ )

and d(a,b) = |a — b zfa beBoracA,be Bora€ B,be A.

Then (X, d) is a rectangular quasi b -metric space with coefficient m = 3 > 1.
Case (Z) If a, bGA, then d(a,b) = d(3,3) = 0.3 < m[d(3,w) + d(w,v) + d(v, 3)]

&
>~
[qy)
3
E
S
m
—~ S
ul

[

d(a,b) = d(% %) O 1 < m[d(3,w) + d(w,v) + d(v, 3)] when w,v € {4, 8
d(a,b) = d(3, ) = 0.1 <m[d(5,w) + d(w,v) + d(v, })] when w,v € {3, 3}.
d(a,b) = d(1,3) = 0.5 < m[d(},w) + d(w,v) + d(v, 3)] when w,v € {35, 3}.
d(a,b) = d(3,%) = 0.3 <mld(3,w) + d(w,v) + d(v, )] when w,v € {%,% .
d(a,b) = d(£,1) = 0.1 <m[d(3,w) + d(w,v) + d(v, })] when w,v € {2, 18
d(a.8) = d(1, 1) = 0.6 < mla(d, ) + d(w,v) + d(v, 1] when w,v € {31},
d(a,b) = d(1,3) = 0.4 < m[d(},w) + d(w,v) + d(v, §)] when w,v € {5, 3}
d(a,b) = d(, 1) = 1.05 < m[d(},w) + d(w,v) + d(v, })] when w,v € {1,1}.
d(a,b) = d(1,1) = 0.5 <mld(},w) + d(w,v) + d(v, )] when w,v € {1,1}.
d(a,b) = d(%, %) =0.6 < m[d(%,w) + d(w,v) + d(v, %)] when w,v € {% i}
d(a,b) = d(2,3) = 0.4 < m[d(3,w) + d(w,v) + d(v, 5)] when w,v € {3, 1}
Case (2) If a,b € B ora € A be Borae B,be A, then d(a,b) = |a — b| <

mla —w| + |w —v| + |[v = b| for all distinct points w,v € F\{a,b}.

But (F,d) 7is neither a metric manifold, a rectangular metric space nor a
rectangular semi metric space because the triangle inequality, symmetry, and
rectangular inequality faz'l respectively as follows:”

d(3,3) =06 £04=4d(3,3) +d(5,1) =03+0.1,
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d(3,1) =06 #04=d(},}),

and d(1,1)=1.05£0.7=d(1, 1) +d(% 1) +d3. ).

We next give the definitions of oblong quasi b - convergence of a sequence and
completeness of rectangular quasi b -metric space.

Then, (X,d) is a complete rectangular quasi b -metric space with coefficient
m = % > 1.

We defineT : A— B, v:Rt - R" and 0 : X x X — R" by

Taz{%—a, ifa € A,

Y(t)=3tVteR" and 0: X x X — R" as
>1, ifabe X
apy=q =t TerER
0, otherwise.

1. We show T is an 0 -proximal permissible relation.
To show this assume that a,b € X such that 6(a,b) > 1.

O(a,b) > 1
d(c,Ta) =d(A,B) ) = 0(c,e) > 1
d(e,Tb) = d(A, B)

Thus, T 1s 0 -proximal permissible.

)
9(1,%)21
1 11 11
d(5,T1) d(5,2) 0.5=d(A,B) p = (5,4)_
1.7 11
—T-)Y=d(-,=)=05=d(A,B

2. Moreover, 3 ag € F such that 0(ag, Tag) > 1 .
In fact for ay = %, we have 9(%,7%) = «9(%, 1) >1.

3. Now, we show that if {a,} is a sequence in F such that 0(a,,a,+1) > 1V
n € N, then {a,} C B.
If a, — w as n — 00, we have d(x,,w) = |a, — w| — 0 as n — oo.
Hence w € B and hence 6(a,,w) > 1.

4. Now, we show that T is a broad (6,~) prozimal reduction relation.

Let a,b € F such that 0(a,b) > 1, so a,b € A, We have

22



Then 6(a,b)d(Ta,Tb) = 0./Ta —Tb| =0 < v(M(a,b)).

Note that for s = 3 and v(t) = it, we have > ooy s"y"(t) = t> o (3)" <
and 3~(t) <tV ¢ > 0.

Since d(A, B) =inf{d(a,b) :a € A and be B} =0.5

now d(a*,Ta*) = d(A, B)

d(3,T3) = d(3.1) =3 -1 =05

Here a* = % 1s a best proximaty point of T
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

This thesis explores the Best Proximity Point Theorem in the context of generalized

(0, ) proximal reduction relation within rectangular semi b-metric space. Improvemen
to some best proximity point theorems are proposed. The theorem generalize the

fixed point theorem into best proximity point, We provide a relevant example

to support our findings.

5.2 Future Work

The future work of this thesis are:

1. Investigate the best proximity point for the function that has no fixed point.
2.Expand our understanding of generalized proximal contractions and also pave
the way for further research and practical applications in related fields.
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